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PREFACE TO THE SECOND EDITION. 


In this work will be found all the Propositions which 
usually appear in treatises on Theoretical Static To the 
different Chapters Examples are appended, which have 
been principally selected from the University and College 
Examination Papers; these will furnish ample exercise 
in the application of the principles of the subject. 

1 Some of the Examples in the earlier Chapters assume 
results which are obtained at a later part of the book; the 
student who has no previous acquaintance with the subject 
may therefore, on his first perusal of the book, omit the 
more difficult Examples of the first six Chapters. 

In the first three Chapters and in the ninth Chapter 
1 have made considerable use of Mr Pratt's Treatise on 
Mechanical Philosophy, which was placed at my disposal 
by the Publishers. 

In the second edition the work has been thoroughly 
revised and has received large additions; these additions 
have been made with the view of rendering the subject 
more readily intelligible by explaining and illustrating those 
parts which were found by the experience of teachers to be 

difficult for beginners. 
| I. TODHUNTER. 


Sr Joss Coltzox, 
Aug. 28, 1858. 


In the third edition many additions have been made, in 
order to illustrate the application of the principles of the 
subject to the solution of problems. 


April, 1866. 
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STATICS. 


CHAPTER I. 


INTRODUCTION. 


: 1. A Bopy is a portion of matter limited in every 


PPP i, ay J 


4 direction, 
and is consequently of a determinate form and volume, A 
material particle is n 
tion; we shall speak of it for shortness as a particle. 


2. A body is in motion when the body or its parts occupy 

successively different positions in space. But we cannot 

of the state of rest or motion of a body without com- 

it with other bodies, and for this reason all motions 

ich come under our observation are necessarily relative 
motions. 


8. Force is that which uces or tends to produce motion 
in a body. 75 


4. When several forces act simultaneously on a body, it 
may happen that they neutralise each other; when a Lear 
remains at rest though acted on by forces, it is said to be in 
equilibrium ; or, in other words, the forces are said to main- 
tain equilibrium. 


5. Mechanics is the science which treats of the laws of 
rest and motion of bodies. Statics treats of the laws of the 


equilibrium of bodies, and Dynamics of the laws of motion of 


6. There are three things to consider in a force acti 
on a particle: the position of the particle: the direction 
T. . 1 


7 


— 


2 INTRODUCTION, 


the force, that is, the direction in which it tends to make 
the particle start; and the 7 of the force. As the 
dimensions of a particle are indefinitely small its position 
may be determined in the same manner as that of a point 
in geometry, and the direction of the foree may be determined 
in the same manner as that of a straight line in geometry. 
ys proceed then to consider the magnitude or intensity of 
a force. 


7. Forces can be measured by taking some force as the 
unit, and N numbers the ratios Which other forces 
bear to this unit. Two forces are equal when being applied 
in opposite directions to a particle they maintain equilibrium. 
If we take two egual forces and apply them to a particle in the 
same direction we obtain a force double of either; if we unite 
three equal forces we obtain a triple force; and so on. 


When we say then that a force applied to a particle is a 
certain multiple of another force, we mean that the first force 
may be supposed to be composed of a certain number of forces 
equal to the second and all acting in the same direction. In 
this way forces become measurable quantities, which can be 
expressed by numbers, like all other quantities, by referring 
them to a unit of their own kind. Forces may also be repre- 
sented by straight lines proportional in length to these num- 
bers, drawn from the point at which the forces act and in the 
directions in which they act. } . 


8. Experience teaches us that if a body be let free from 
the hand, it will fall downwards in a certain direction; how- 
ever frequently the experiment be made, the result is thie 
same, the body strikes the same spot on the ground in each 
trial, provided the place from which it is dropped remain the 
same. The cause of this undeviating effect is assumed to be 
an affinity which all bodies have for the earth, and is termed 
the force of attraction. If the body be prevented from falling 
by the interposition of a table or of the 1 the body exerts 
a pressure on the table or hand. Weight is the name given to 
the pressure which the attraction of the earth causes a body to 
exert on another with which it is in contact. 


E ˙—0w . i i tl 


at A and P' at B will neutralise each other, and ba 


— of the body; then there remains the 
Pat B producing the same effect cs when 
it acted at 4. 


33 ity a sensible magnitude, we shall suppose that 
body has assumed its figure of equilibrium, and then 
consider the points of application of the forces as a of 
invariable form. By body, hereafter, we mean rigid body. 


as 
an axiom or as an experimental fact. We may shew the 
amount of assumption involved in the axiom, by the follow- 
ing process. 

Su a body to be kept in equilibrium by a system 
of — one of which is the — 25 applied at * 
the point A. Take any point B which lies on * 
the Keen ion of this force, and suppose B so con- 
nected with A that the distance AB is unchange- 
75 der if at B we bag eer two forces, n 

5 in magnitude and acting in oppo- 

3 along the straight line AZ, it seems 
evident that no change is made in the effect of bf 
the force P at A. Let us now assume that P 


may therefore be removed without disturbing the 
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12. We shall have occasion hereafter to assume what may 
be called the converse of the principle of the transmissibility of 
force, namely, that if a force can be transferred from its point 
of application to a second point without altering its effect, 
then the second point must be in the direction of the force, 


See Art, 17. 


13. When we find it useful to change the point of applica- 
tion of a force, we shall for shortness not always state that the 
new point is tnvariably connected with the old point, but this 
must be always understood, | 


a es, re 


(6) 


CHAPTER II. 


THE COMPOSITION AND EQUILIBRIUM OF FORCES ACTING 
ON A PARTICLE. 


14. Wurx a particle is acted on by forces which do not 
maintain equilibrium it will begin to move in some deter- 
minate direction. It is clear then that a single force ma 
r 

te to that in which the motion would take place this 


ticle would still remain at rest. is force, which is equiva- 
lent in its effect to the combined effect of the original forces, is 


It will be necessary then to begin by deducing rules for 
e 


15. To find the resultant of a given number of forces acting 
ona cle in the same ht line; and to find the condition 
I Nr r 
When two or more forces act on a icle in the same 
direction it is evident that the resultant is equal to their 
sum and acts in the same direction, 

straight li rae it is y clear ir re- 
sultant is equal to sindifiecense’and sete it the direction of 
the greater component, 


6 FORCES IN THE SAME STRAIGHT LINE. 


When several forces act in different directions, but in the 
same straight line, on a particle, the resultant of the forces 
acting in one direction is equal to the sum of these forces, 
and acts in the same direction; and so of the forces acting in 
the opposite direction. The resultant, therefore, of all the 
forces is equal to the difference of these sums, and acts in the 
direction of the greater sum. 


If the forces acting in one direction are reckoned positive, 
and those in the opposite direction negative, then their re- 
sultant is equal to their algebraical sum; its sign i 
the direction in which it acts, 


In order that the forces may be im equilibrium, their 
resultant, and therefore their algebraical sum, must vanish. ~ 


16. There is another case in which we can easily deter- 
mine the magnitude and direction of the resultant, 


Let AB, 40, AD be the directions of three equal forces 
acting on the * A; suppose these forces all in the 
same plane and the three angles BAO, CAD, DAB each 
equal to 120°; the particle will remain at rest, for there is 
no reason why it should move in one direction rather than 
another. Each of the forces is therefore equal and opposite 
to the resultant of thie other two, 
But if we take on the directions 
of two of them, AB, AC, two equal 
straight lines AG, AZ to repre- 
sent the forces, and complete the 

llelogram GAHE, the diago- A. 
nal AF will lie in the same straight 
line with AD. Also the triangle 
AGE will be equilateral, and there- 
fore A= AG. Hence, the diago- 
nal AZ of the parallelogram con- : 
structed on AG, AH represents | | 
the resultant of the two forces which AG and AH respec- 


tively represent. 2 
1 


now 


* 


This Proposition is called the Purallelogram of Forces. 
I. To find the direction of the resultant. 


When the forces are equal it is clear that the direction 
of the resultant will bisect the angle between the directions 
of the forces; or, if we represent the forces in magnitude 
and direction by two straight lines drawn from point 


Let us assume that this e 
at any angle, and also for forces p and u inclined at the same 
angle; we can shew that it must then be true for two forces 
p and m+x also inclined at the same angle. 

A 


AB, AC their directions and pro- A c * 


the Helogram BO, and 
8 — AD; then, by 
hypothesis, the resultant of p and m 
acts along AD, 1 
Again, take CE in the same ratio 
to AC that u bears tom. By Art. 11 9 Ls a 
we may suppose the force u which acta in the direction AE 
to be applied at A or C; and therefore the forces h, m, and u, 
in the straight lines AB, AC, and CE, are the same as p and 
m+n in the straight lines AB and 
Now replace p and m by their resultant and transfer its 
point of ication from A to D; then resolve this force 
at D into two parallel to AB and AC ively; these 
resolved must evidently be p and m, the former acting 
in the ion DF, and the latter in the direction DG. 
Then transfer p to C and m to C. . 


8 PARALLELOGRAM OF FORCES. 


B the er anden acting at O have a re- 
stent 2 the 2 ae pr — 8 pg Ian 
laced by their resultant and its point of application 

feel 10 0 e alee hens circa G. Hence 
by this we have removed the forces which acted 
at A to the point G without altering their effect. We may 
infer then (see Art. 12) that & is a point in the direction of 
the resultant of p and m+n at A; that is, the resultant of p 
and m+n acts in the direction of the diagonal AG, provided 
the hypothesis is correct. But the hypothesis is correct for 
equal forces, as p, , and therefore it is true for forces p, 2p; 
consequently for p, 3p, and so on; hence it is true for p, r. P. 


Hence it is true for p, r. p, and p, r. p, and consequently 
for 2p, r.p, and so on; and it is finally true for s.p and r.p, 
where r and s are positive integers. 


We have still to shew that the Proposition is true for 
incommensurable forces. 


This may be inferred from the fact that when two mag- 
nitudes are incommensurable, so that the ratio of one to the 
other cannot be expressed exactly by a fraction, we can still 
find a fraction which differs from the true ratio by a fraction 
less than any assigned fraction, Or it may be established 
indirectly thus. 


Let AB, AC represent two such forces. Complete the 
parallelogram BC. Then if their 9 
resultant do not act along AD sup- 
pose it to act along AZ; draw LF 
parallel to BD. Divide AC into a 
number of equal portions, each less 
than DE; mark off from CD por- 1 
tions equal to these, and let A be ©£ ae 
the last division; this evidently * 
falls between D and E; draw GK parallel to AC. Then 
two forces 5 by AC, AG have a resultant in the 
direction AK, because they are commensurable; therefore the 
forces AC and AB are equivalent to AK together with a 
force equal to GB applied at A along AB, And we may 
assume as obvious that the resultant of these forces must lie 


between AK and AB; but by ition the resultant is AE 
which is not between AK and This is absurd. 


In the same manner we may shew that every direction 
besides AD leads to an absurdity, and therefore the resultant 
; e 


II. To find the magnitude of the resultant. 
Let AB, AC be the directions of the given forces, AD 
that of their resultant; take 4. 2 
AD, and of such a length as to represent the 
magnitude of the resultant. Then the forces , 


with AF; hence FD is a parallelogram; and 
therefore AN=FB=AD. Hence the re- 
sultant is represented in itude us well 
Gi divection by the diagonal of the parillelogram. 
Thus the sition called the Parallelogram of Forces is 


R= P* + GF +2PQ cos a. 


190. When three forces acting on a particle are in equi- 


librium respectively in the proportion as the 
2 the directions of the other 
two. 


For if we refer to the third figure of Art. 17 we have 
: P: O: NA AB: AC (or BD) : AD 

2 sin ADB: sin BAD: sin ABD 
:: sin CAE: sin BAE: sin BAC. 


10 POLYGON OF FORCES. 
Conversely if three forces act on a particle, and each foree 


is as the sine of the angle between the directions of the other 


a 

nitude to the resultant of the other two, and acts either i 

same direction or in the 8 direction: in the 

the three forces are in equilibrium. | . 
It should be noticed that if the sides of a triangle be drawn 

parallel to the directions of the forces, the length of any side 

will be proportional to the sine of the angle between the forces 

which correspond to the other two sides. 


20. Any force acting on a particle may be replaced by 
two others, if the sides of a triangle drawn el to the 
directions of the forces have the same relative proportion 
that the forces have. For by the parallelogram of forces 
= resultant of the latter two forces is equal to the given 
orce. 


This is called the resolution of a force. 


21. Since the resultant of two forces acting on a particle 
is represented in magnitude and direction by the diagonal 
of the parallelogram constructed upon the straight lines which 
represent these forces in abet, and direction, it follows 
that, in order to obtain the resultant of the forces H, F, P,,... 
which act on a particle A, and are represented by the straight 
lines AH, AP, AH, we may proceed as follows. 


Find the resultant of P, and F, compound this resultant 
with E, this new resultant with P,, and soon, It follows 


two, it may be shewn that one of the e 
in 
latter case 


3 


PORCES ON A PARTICLE. 11 
—— me of which 
“AP... 


4 . Sayry with 2 peg, 15 


Ai wil represent in magnitude nod d 


rr sufficient con- 
in 


i 
28 
8 


number of forces acting on 
D should coincide with 4; 


the 

hal te thet’ the figue 4 PB. D should be a ete 
ae are not necessarily all in 
one 


to the ö Ir t. — 
the directions of the 1 py 
This proposition is called the Polygon of Forces. 
The student must carefully notice the conditions under 
8 which this proposition is asserted to hold; — oe 

all to act at one int, and are to be represen the 


sides of a polygon taken in order. 8 
latter cago suppose a aN. ABCD; then if — 


which ma AB, BO, CD, DA, act at a 
og fm Ay fake poppe wilibrium: but the forces will not 
f AB BD, OD, AD. 3 by AB, BC, DC, DA, or by 


The direction and magnitude of the resultant may also be 
determined analytically, as in the following Articles. 


22 eee 


Let P. P, Py... be the forces, and 
N 
} 


their directions make with a fixed seaight Hes ‘scwn throggh 
* Take this fixed straight line for the axis 


1 dicular to it for that of y. Then, by 
Sanat P, may e ein a, acting 
ively other forces may 
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be similarly resolved. By algebraical addition of the forces 
which act in the same straight line we have 


P. eos a, + H cos a, + P, cos a, .. along the axis of a, 
P sin a, +P, sin a, + P, sin +... along the axis of . 


We shall express the former by =P cos a and the latter by 
sin a, where the symbol = denotes that we take the sum 
of all the quantities of which the quantity before which it is 
placed is the type. 


If we put N cos a, = X, and N sina, = V, and use a similar 
notation for the other components, we have two forces replacin 
the whole system, namely =X along the axis of h and 2 
along that of T. If I denote the resultant of these forces and 
a the angle at which it is inclined to the axis of æ, we have, 


by Art. 17, 
R (2X)*+ (T),, 
41 
tan a - 
Also cosa =F; ein ag 


23. To find the conditions of . 04 when any number 
of forces act on a particle in one plane. 


When the forces are in equilibrium we must have E =0; 


therefore 
(=X)*+ ETO; 
therefore =X=0; T=; 


and these are the conditions among the forces that they may 
be in equilibrium. | 

24. Three forces act on a particle in directions malting 
right angles with each other; required to find the magni 
and direction of their resultant. 


Let AB, AC, AD represent the three forces X, Y, Z in 
magnitude and direction, Complete the parallelogram BC, 


FORCES ON A PARTICLE, 13 


: w the diagonal AZ; then AE represents the resultant 
ofa Y in magnitude and direction, by Art. 17. Now 


eee 
sen is re in and direction 
by AF, the di of the parallelogram DE. Hence the 
resultant of X, I, Z is represented in magnitude and direction 
(AF. Let I be the itude of the resultant, and a, h, ¢ 
— R makes with those of X, T. Z. 


| AF*= AE + AD = AB + AC*+ AD, 


therefore HP = X*+ Y°+Z. 


AB X AC Y AD 2 
Also cosa Ae oo - cee Ayr 


Thus the magnitude and direction of the resultant are deter- 


25. It follows from the last Article that any force N the 
direction of which 94 b, e with three rect- 
angular axes fixed in by the three 
forces N cos a, N cos b, Broce te N the 
particle on which I acts, and ovale, their directions parallel 
to the axes of coordinates respective! 


14 PORCES ON A PARTICLE. 

26, Any number of forces act on a particle in any direo- 
tions ; repeal 4 % Bee ede tnd dee 
resultant. ö 

Let B, P., P,,...be the forces; let a,, 8,, J be the angles 


which the direction of Lie with 18 rectangular axes 
wn through the pro point; let a,, B., y, be the angles 
which the directibn of P, makes with the same axes; and 
80 on. 


Then, by Art. 25, the components of P, in the directions of 


the axes are 
J cos a,, P cos B., P,cosy,, (or X., T., Z., suppose). 
Resolve each of the other forces in the same way, and reduce 


the system to three forces, by adding those which act in the 
same straight line, Art. 15; we thus have 


N cos a, ＋ P, cos ad. ... or YP eos a, or L, 
P cos g; + P,cos8,+... or TPeos g, or VY, 
I cos , +P, cos q, .. or SP cosy, or LZ, 
acting in the directions of the axes of x, y, and z respectively. 
If we call the resultant 2, and the angles which its direc- 
tion makes with the axes a, b, e, we have, by Art. 24, 
Ht = (CA) ET (22), 


> 4 =Z 


and cos a = cos b 008g = Hi: 


‘oa ? 
27. To find the conditions of equilibrium when any number 
of forces act on a particle, 


When the forces are in equilibrium, we must have R =; 
therefore 
CAU (2 ¥)*+ (2Z)* o, 
therefore ~X=0; TY=0; 2Z=0; 


and these are the conditions among the forces that they may 
be in equilibrium. 


Nr 
ol cos"a, + cos"B, + o, 
and that the coefficient of P,P, is 
2 (cos.a, cos a, I og, cos 8, + cos 7, cos +y,). 
Now we know from Analytical Geometry of three dimensions 


that 
cos" a, + co 8, + c = 1; 
and that 
dos a, cos a, + cos cos 8, + cos y, cos vy, 


terms; and the result may be expressed thus, 
R= P+ 2=PP’ cos (F. F) 
where by P, P' we mean any two of the forces. 


29. The equation I oo = cosa, in Art. 26, shews 
that the resolved part of the resultant in any direction és 
to the sum of the parts of the in the 
direction; for since the axes were taken arbitrarily, that of 2 
might have been made to coincide with any assigned direc- 
tion. Or we may establish the proposition thus, Su 
a straight line drawn through the point of icati 2 
forces, and inclined to the axes at angles 4, CH, J. Take the 
three equations of Art. 26, 

Ros a = P, cos 2, + P, cosa, . 
N cos b = cos 8, + I eos 8, . 


Roos c= P, cosy, + FE. + »-+-+. 
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Multiply the first by cos a’, the second by cos H, and the third 
by cos , and add. Then, if @,, @,,...denote the angles which 
4 , P,... make with the arbitrarily drawn straight line, and 
@ the angle which the resultant 2 makes with it, we have, by 
the formula quoted in Art. 28 for the cosine of the angle be- 
tween two straight lines 


R cos 0 =P, cos 0, + P, cos C, . . 


30. From Art. 20 it is obvious that a given force may 
be resolved into two others in an infinite number of ways. 
When we speak of the resolved * of a force in a given 
direction, as in the preceding Article, we shall always suppose, 
unless the contrary is expressed, that the given force is re- 
solved into two forces, one in the given direction and the 
other in a direction at right angles to the given direction. The 
former component we shall call the resolved force in the given 
direction. 

When forces act on a particle it will be in equilibrium, 
provided the sums of the forces resolved along any three 
directions not lying in one plane are zero. For if the forces 
do not balance, they must have a single resultant; and as 
a straight line cannot be at right angles to three straight 
lines which meet at a point and are not in the same plane, the 
resolved part of the resultant, and therefore the sum of the 
resolved parts of the given forces, along these three straight 
lines, could not vanish, which is contrary to the hypothesis. 


31. In Art. 26 we resolved each force of a system into 
three others along three rectangular axes. In the same way 
we may, if we please, resolve each force along three straight 
lines forming a system of oblique axes. For whether the 
figure in Art. 24 represent an oblique or rectangular parallele- 
piped, the force AV may be resolved into AD and A, and 
the latter again resolved into AB and AC, Hence the re- 
sultant of a system of forces may be represented by the diago- 
nal of an oblique i and for equilibrium it will 
be necessary that this diagonal should vanish, and therefore 
that the edges of the parallelepiped should vanish. 


The following three artieles are particular cases of the 
equilibrium of a particle. 


rea cat Tee che eee on) ake wil ie 
axes are >, 2. da? Tespectively. The forces acting on 
| icle being resolved along the tangent to the curve, 


Unless this vanishes, there will be nothing to prevent the 
particle from moving; for equilibrium then we must have 


dz 


Conversely if this relation holds the particle will remain at 
Steet, for, thers ia.n0 force to make it move along the curee, 
Which is the only motion of which it is capable. 

11 particle to be placed inside a tube 
which has the form of the curve. If, hooded the particle be 


33. To determine the conditions of jum of a particle 
acted on by any forces and constra to remain on d given 


7. & 2 


18 PARTICLE ON A SURFACE; — 


A smooth surface is one which can exert no force on the 
particle except in a direction normal to the surface. ’ 


Let X, Y, Z denote the forces acting on the particle in 
directions parallel to three rectangular axes, exclusive of the 
action of the surface. The resultant of X, Y, Z must act in 
a direction normal to the surface at the point where the 

article is situated; for if it did not, we might decompose 
it into two forces, one in the normal and one at right angles 
to the normal, of which the latter would set the particle in 
motion. The cosines of the angles which the resultant of 
X, Y, Z makes with the axes are proportional to X, Y, Z 
respectively; and if F(a, , z2)=0 be the equation to the 
surface, the cosines of the angles which the normal to the 
surface at the point (x, , 2) makes with the axes, are by 
Analytical Geometry of three dimensions proportional to 


2. a , and 4 respectively. Hence for equilibrium we 


4 


must have 
r 
F dr dF’ 
5 


If these relations are satisfied, the resultant force is directed 
along the normal; hence, if we suppose the particle incapable 
of leaving the surface, the above conditions will be suftcient 
to ensure its equilibrium; but if the particle be merely placed 
on a surface, it will be further necessary that X, V, Z should 
act so that their resultant may press the particle against the 
surface. For example, if the particle be placed on the outside 
of a sphere, the resultant of X, Y, and Z must act towards the 
centre of the sphere, 


34. Suppose it required to determine the action which the 
enrve or the surface exerts on the particle in the preceding 
cases. Denote it by I, and let a, H, y be the angles its diree- 
tion makes with the axes. Since I and the forces X, V, Z 
maintain the particle in equilibrium, we have by Art. 27, 


N cos aK =, I cos g Y=0, Reosy+Z=0......(1). 


oe 
75 


a 


— 


75 


+ 
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Also when the particle rests on a curve surface whose equation 
: 1. 2 = 9, cosa, cos 8, and cosy are known in terms 
so-cadinates of tho particle, since they are proportional 
a’? dy’ I Tespectively. Hence the equations (1) and 


the surface will determine z, , 2, and N, if X, V. Z 


h particle rest on a curve line, then, since the direction 
. r 
the following equation from ytical Geometry of 
dimensions, 

cosa eg f + cosy 0 2 * (2). 


ba 
F 


d da 
Since 45, , and 4. can be expressed, theoretically at 


least, in terms of 2, y, and z, the equation (2) gives a relation 
between cos a, cos 8, and cosy, and x, , and z, seen laos 
(2) together with the two equations to the curve the 


co + co + cos*y = 1, 


ere sufficient to determine the seven quantities N, x, y, 2, 


cos a, cos 8, and cos +. 


Me may observe that from (1) 


Ft = X*+ Y*+Z*, 


an their directions, and & the magnitude of the 
resultant, then A must be some function of P and 2; suppose 
R=f (P, 2). 


In this equation, if we change our unit of force, the numerical 


2—2 


. 
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values of P and N will change; but as the above equation 
must be true, whatever unit of force we adopt, it follows that the 
function f (P, ) must be of the form P¢(@). Hence we have 


R= Po (x). 


Let M represent the position of the particle; MA, MB 
the directions of the equal forces 
acting on it; MD the direction of the 
resultant. Draw the four straight lines 
MC, MG, MH, ME, making the an- 
gles CMA, GMA, HMB, EMB all 
equal, and let z denote the magnitude 
ot each angle. Sup the foree P 
acting along MA to be resolved into 
two equal forces acting along MC 
and MG respectively; denote each D 
of these components by ; then 

P= Od (). 

Resolve P acting along MB in like manner into two 
forces each equal to Q, acting along M and MH respec- 
tively. Thus the two ſorces P are replaced by the four 
torces Q; and consequently the resultant of these four forces 


must coincide in magnitude and direction with the resultant r 
of the two forces F. 


Let Q denote the resultant of the two forces O, acting along 
MG and MH; since G = HMD = zx —z, we have 


} Q ny Qd ( * 2), 
and J/D is the direction of O. 


Similarly, the resultant Q” of the other forces O will act 
along MD; and since CVD = EMD =z + z, we have 


= Qo ( +2). 


Since O and “ both act along the straight line MD, their 
resultant, which is also the resultant of the four forces O, must 
be equal to their sum; hence 


h=Q+ Q. 
But we have = T = Q(z) S (. 


Hence (r) (e) Te TC -2) . . (I). 
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ple, if Ser rot meme 

9 dos c, or here c is an 

Al ston ee . shew 

| y solution in the present question is 
the following, 


© (@) =D C08 W000 . eee eee (2). 
We may observe that we need not consider any value of z 
greater than =, for the directions of two forces acting at a 


will always include an angle less than +; we may then 
point wil aber d an angle nw than x we math 


We shall first shew that if ¢(x) = 2 cos 2 when æ has any 
value a, then & H must = 2 cos when x has the value 3. In 


(1) put 2 and 2 each equal to 5. so that ¢(z+ 2) becomes 
equal to 2 cosa; thus 


909 9 (3) m (0) + 2 COS a (3). 
But the resultant of two equal forces acting in the same 
straight line is equal to twice either of the component forces; 


thus $(0) = 9; therefore by (3) 
96 ( D- + cosa) =A cos" 5. 
Henee ¢ (3) = + 2.008 ; but by supposition > ~ is less than 
7 and 601 must be a positive quantity; thus 
(j)-20m5. 
‘Similarly if ꝙ (r) = 2 cos 2 when 922, then G (= = 2 c 
when g= 4 ; and soon. Thus we conclude that if g (=) =2 ce 
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when cme, then & (r = 2 cosa when = „where n is any 


2* 
positive integer. 
Me shall next shew that if & ( = 2 cos when & =, and 
when & =, and when =-, then (x) = 2 cos when 
1 2 . From (1) 


$(8 +7) = $(8) -= 
= 4 cos H cos - 2 cos (8 - 
=2cos (8 +7). 


Thus if (2) holds when æ = g, it will hold when æ = 28; this 
we obtain by supposing y=. Then if (2) holds when & = 
and when = 28, it also holds when &= 38; and so on; that 
is, if (2) holds when a= it will hold when = ng. Thus 
we conclude that if (2) holds when æ = a it will hold when 


ma 
* oe where m and n are any integers. 

But since the numbers m anden may be as great as we 
please, we can take them such that the expression = may 
differ as little as we please from any assigned value of 2. 
We may therefore consider (2) as completely demonstrated 
if it holds for any value of & different from zero. But by 


Art. 16, it does hold when n=, for then ¢ (x) = 1=2c0s}7; 
hence it holds always. Hence 


R=2Pcosz. 


If then the forces P be represented by straight lines drawn 
from their point of application, the reat ink will be repre- 
sented by that diagonal of the parallelogram described on 
these straight lines which passes through the point of appli- 
cation. 


Next, let two unequal forces P and O act on the particle M 
along the straight lines MA and MB; N 9 
represent their intensities by the ‘ 4 h 
straight lines M and MH taken 
on their directions, and complete 
the parallelogram MGKH. 


First suppose AMB a right an- 
gle. Draw the two diagonals MK 


‘and GH, which meet at Lz through G and H draw GN ana 
parallel to L. meeting at N and O the parallel to G 
—— Then 7 
soos: GL = Li'= LM. 


2 
Hence NZ and OL are equilateral paralle and there- 
fore, by what has been alread 2 — —— 4a tants 
as the resultant of and ML, and the force MH 

as the resultant of MO and ML. Hence we may substitute 
1 8 the two forces ML; 
an , Since they are opposite, destroy each 
other, and we have — the two forces M., "which 
together give a force represented in magnitade and direction 


Secondly, su the angle AMB 
not a right N 18 and 7 
aca 1 MK. dGN 1 HO paral fc | 
, an an el to 
this straight line. Through A — NMO : 
at right angles to MK, Then we have 
GE=HF. As we have already shewn, | 
the force MG may be replaced by MN ¢ 
and ME, and the force MH by MO and 
MF. Since MN and MO are equal and 
Spat they will destroy each other, and 
and MZ remain; since MF= KE, 
we have MK as the resultant in mag- x 
nitude and direction of MG and MHZ. 


Hence the Perallelogram of Forces is completely proved. 


36. A proof of the Parallelogram of Forces has been 
given by Laplace (Mécanique Céleste, Liv. 1. Chap. 1). In this 
proof the component forces are at first supposed to be at right 

les; the magnitude of their resultant is then determined 

afterwards its direction. The first part of the proof is so 
simple, that it may be conveniently introduced here; it is 
substantially as follows. Let æ and y denote two forces which 
are inclined at a right angle, and let z denote their resultant; 
we propose to find the value of 2. It is obvious that if the 
components instead of being æ and y were 2x and 2y respec 
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tively, the resultant would be 2z and would have the same 
direction as before; so if the components were 3x and 3y 
respectively, the resultant would be 32 and would have the 
same direction as before; and so on. We may therefore 
assume conversely, that if the inclination of the resultant to 
each component remains unchanged, the ratio of each com- 
ponent to the resultant will also remain unchan Now 
consider the force a as the resultant of two forces ꝙ and a”, of 
which 2’ is in the direction of z, and &“ is at right angles to 
that direction. Then by the principle just assumed, we have 


so that 1 and 2” =—., 


Similarly y may be resolved into 2 along the direction of 2 


and at right angles to that direction, Thus the forces 


x and y are equivalent to four forces, two in the direction of z 
and the other two at right angles to that direction; the latter 
two are equal in magnitude and opposite in direction, so that 
they counteract each other; hence the resultant of the former 
two must be equal to 2. Thus 


an ary therefore 2 = 2” . 


* 


We shall now give some simple propositions which will 
serve to exemplify and illustrate the principles of the present 
Chapter. 


I. ABC is à triangle; 8 
D, E, F are the middle points 
of the sides BC, CA, AB 
respectively: shew that forces 
represen by the straight 
lines AD, BE, CF will be in 
equilibrium. A F 
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It is known that the straight lines AD, BE, CF meet at a 
—— — Let G denote this point, 
three forces may be supposed to act at C. 
Since D is the middle point of BC, the de- 
bed on AB and AC as adjacent sides wi have a diagonal 
| the direction AD; hence twice AD will represent the 
re e e eee And 
conversely the force re ted by AD may be resolved into 
two forces represented by half AB and half AC. Similarl 
1 the force BE may be resolved into half BC and half BA; and 
_ the force CV may be resolved into half CA and half CZ. 


But the force half AB is equal and ite to the force 
half BA; and soon, Thus, finally, the AD, BE, CF 
are in equilibrium, 


II. In the figure of the ing ition forces re- 
presented by the straight lines GA, GB, GC will be in 
equilibrium. 


The resultant of the forces GB and GC acts GD, 
If then there is not equilibrium the three forces GA, GB, 
GC have a resultant acting either from A towards D or from 
D towards A, that is in the straight line AD. But in the 
same way it may be shewn that if the forees GA, GB, GC 
are not in equilibrium their resultant must act in the straight 
line BE, also in the straight line CF. But it is impossi 
ble that the resultant can act in three different straight li 
Therefore the forces GA, GB, GC must be in equilibrium. 

As the student is probably aware, it may be shewn by 

that AG is equal to twice GD; and thus the pre- 
sent theorem may be established directly; but we have used 
the method here given for the purpose of illustrating me- 
chanical principles. We may observe that we have thus by 
the aid of mechanical principles, in fact, demonstrated that 
AG=2GD;; for the resultant of GB and GC is represented 
by twice GD. 

Since AD =D, BE=3GE, and CF =3GF, the forces 
AD, CF have the same relative proportion as the forces 
GD, GE, GF; so that the first proposition may be deduced 
immediately from the second. . 
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III. Forces act at the middle points of a triangle, in the 
plane of the triangle, at right angles to the sides and respee- 
tively proportional to the sides: shew that if they all act 
inwards or all act outwards they will be in equilibrium, 


The directions of the forces meet at a point, namely, the 
centre of the circle which circumscribes the triangle. And 
the angle between the directions of two forces is the supple- 
ment of the angle between the corresponding sides. us 
each force is as the sine of the angle between the other two. 
Hence by Art. 19 the forces are in equilibrium, 


IV. Forces act at the angular points of a triangle along 


the perpendiculars drawn from the angular points on the 
respectively opposite sides; and the forces are respectively 
proportional to the sides; shew that the forces will be in 
equilibrium. 


It is known that the perpendiculars meet at a point: sce 
Appendix to Euclid. Hews by the preceding proposition 
the forces are in equilibrium. 


V. ABC is a triangle; V. J, K are points in the sides 
BC, CA, AB respectively such that 
BH _ OF AK 
HU’ IA” KB 
Shew that if forces represented by AH, BI, CK act at a point 
they will be in equilibrium, 


© 


A K F B 


Let D, E, F be the middle points of the sides; and suppose 
AD, BE, and CF to be drawn. 
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The force AH may be resolved into the forces AD, DH; 
the force BJ into the forces BE, EI; and the foree CK into 
the forces CF, FK. Sce Art. 20. 


The forces AD, BE, CF are in equilibrium by the first 
proj . 
And we have from the hypothesis as to I, I, K, 

DH Z. K, 

BC CA AB’ 
so that the forces DH, EI. FK are proportional to the sides of 
the N and they are therefore in equilibrium by 
Art. 21 if they act at a point, 
* Hence if the forees AI, BI, CK act at a point they are in 
equilibrium. 

The straight lines AH, BI, CK by their intersections form 
a triangle; and therefore by Art. 19 the sides of this triangle 
n forces. Hence we arrive by mechanical 

es 


principles at the following geometrical result: the sides of the 
Single formed by the intersections of AH, BI, CK are 


proportional to AH, BE, CK respectively. 


VI. A, B, Care three points on the circumference of a 
circle; forces act along AB and BC inversely proportional to 
these straight lines in magnitude: shew the resultant 


acts along the tangent at B. 


Denote the forces by 43 and BO respectively. Resolve 


them at right angles to the tangent at B; thus we obtain by 
Euclid, III. 32, 
4 4 8 
and this is zero, since 
CB _ sin CAB 
AB sin ACB’ 
Hence the resultant must act along the tangent at H. 
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VII. If one of two forces be given in magnitude and 
position, and also the direction of their resultant, the locus 
of the extremity of the straight line representing the other 
force will be a straight line. 


Let a and r denote the . of two forces; N 
the former to make an angle a with the direction of the 
resultant, and the latter an angle 0, 


Then, resolving along the straight line which is at right 
angles to the direction of the resultant, we have 


a sin a - sin 00. 


Now a and a being given, while r and @ are variable, this 
equation represents a straight line which is parallel to the 
direction of the resultant, and at a distance asina from it. 
See Conic Sections, Chap. II. 


VIII. From any point within a regular polygon - 
diculars are drawn 3 the sides of the . 
the direction of the resultant of all the forces represented 
by these perpendiculars passes through the centre of the 
circle circumscribing the polygon, and find the magnitude of 
the resultant. | 


Let p denote the perpendicular from the centre on a side, 
e the distance of the point at which the forces act from the 
centre, a the angle which this distance makes with a fixed 
straight line which coincides with the perpendicular from the 
centre on a side, n the number of sides in the polygon; and let 

27 

p=" | 

Then the magnitude of the m™ force may be denoted by 
p—ccos(mB—a), and the direction of this force will make 
an angle mf with the fixed straight line. 


Hence the resolved parts of the forces parallel to the fixed 
straight line, and at right angles to it, will be respectively, 


= {p—ccos (mB a)] eos m and & (y- c cos (mB a)] sin mB, 


where L denotes a summation to be taken with respect to m 
from m =I to mn. : 
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Also cos (mf —a) cos mA = 5 {cos (2m — a) +008 a}, 


£08 (m2 — a) sin m8 = 5 (sin (2m8—c) +sin a) 


RR 


ne 4 N . 
77 cosa an 7724 


Hence, with the notation of Art. 22, 
tan a tan a, E-. 


The former equation shews that the direction of the result - 
ant coincides with the straight line which joins the centre to 
the point at which the forces act; and latter equation 
determines the magnitude of the resultant. 


IX. Suppose three forces P, Q, I to act at a point O. and 
to be in equilibrium; let a circle be described with O as 
centre, and any radius, cutting the directions of the forces 
at the points A, B, C respectively: then shall J, Q, 2 be 

ively proportional to the areas of the triangles 
OBC, OCA, OA. 
Bice a eageseed by olf the prods of two side Ino 

i is ex e product of two sides into 
sine of the included ale 


a four forces B O, N, S to act at a point 0. 
and to te f erallibriun; let a sphere be described wath O as 
centre, and any radius, cutting the directions of the forces at 
0 2 B. C, D mi ety ta — r C. A, S 

to volumes yramids 
OBCD, OCDA 0 AB, OABC, 0 

Take O as the origin of a set n 
be the co-ordinates of A; z,, % 2, the co-ordinates of and 
soon. Then, by Art. 27, 

Fr. + Or. + Rx, + Sx,=0, 


Py, + Qy, + Ry, + Sy, = 0, 
Ps, + Qs, + le, + K. o. 
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Hence, eliminating O and , we shall obtain 


pas % (4, 2 —½ 2% +4, (2, , — %, w) + 2, (, Yq 2 Ys) 
41 ( , % Xs) + Ys En *r — Hy %) +4, (ay — M2) 
Hence, by the aid of the expression for the volume of a 


pyramid given in works on Analytical Geometry of three 
dimensions, we have 


volume of pyramid OBCD 
volume of pyramid OABC" 


Similarly we obtain the value of 8 and of 7 ° 


EXAMPLES, 


1. Two forces P and Q have a resultant R which makes 
an angle a with P; if P be increased by t while O remains 
unchanged, shew that the new resultant makes an angle 


2 with P. 
2 


2. Two forces in the ratio of 2 to /3 - 1, are inclined to 
each other at an angle of 60°; what must be the direction and 
magnitude of a third force which produces equilibrium? 


Result. The required force must be to the first of the given 
forces as /6 to 2; and its direction produced makes an angle 
of 15° with that force. ) 


8. The resultant of two forces P and Q is equal to O /s, 
and makes an angle of 30° with ; find P in terms of O. 


Result. Either P= Q or P=2Q; in the former case the 
angle between P and Q is 60°, in the latter 120°, 


4. If D, E, V be the middle points of the sides of the 
triangle ABC and O any other point, shew that the system 
of forces represented by OD, OE, OF is equivalent to that 
represented by OA, OB, OC, 


Result, Sin- 10 (10 - 2% l. 


6. The resultant of two forces P, O, acting at an angle 6, 
is equal to (2m +1) /(J*+ @); when they act at an angle 
ur, it is equal to (260 — 1) „(F O shew 


7. r 
it at rest in u position one of its 
1 ae 


F sec a’ = F" seca = W cosec (a +’), 


where W is the weight of the lelogram, a and a’ the 
angles between its diagonals and D side. 


8. If a particle be placed on a sphere, and be acted on 
by three forces represented in magnitude and direction by 

ree chords mutually at right angles drawn through the 
particle, it will remain at rest. 


| 9. Three forces P, Q, R acting on a point and keeping 
it at rest are represented by straight lines drawn from that 
point. If P be given in magnitude and direction, and C in 


* only, find the locus of the extremity of the line 
which represents the third force 2, 


. Result. A sphere. 


10. A circle whose plane is vertical has a centre of con- 
stant repulsive force at one extremity of the horizontal dia- 
meter; find the position of equilibrium of a particle within 
the circle, the repulsive force being equal to the weight of 

e. 


me straight line joining tho particle with tho 
centre of the circle m an angle of 60° with the horizon. 


~ 
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11. A particle is placed on a smooth square table whose 
side is @ at distances o ¢,, ¢,, e, from the corners, and to it are 
attached strings passing over smooth pullies at the corners 
and supporting weights N, I, In, I.; shew that if there is 
equilibrium, 


S Ry RPL. (BLP) (BBY, 


r 0% a % % 8 % 
Shew also that 


(B4+54+24 7) 2429 (% 50. 


„ % E 


12. Two small rings slide on the are of a smooth vertical 
circle; a string passes through both rings, and has three equal 
weights attached to it, one at each end and one between the 
rings; find the position of the rings when they are in equi- 
librium. The rings are supposed without weight. 


Result, Each of the rings must be 30° distant from the 
highest point of the circle. 


13. The extremities of a string without weight are fastened 
to two equal heavy rings which slide on smooth fixed rods in 
the same vertical plane and equally inclined to the vertical; 
and to the middle point of the string a weight is fastened 
equal to twice the weight of each ring; find the position of 
equilibrium and the tension of the string. 


If the point to which the weight is fastened be not the 
middle point of the string, shew that in the position of equi- 
librium the tensions of its two portions will be equal. 


14. A light cord with one end attached to a fixed point 
passes over a pully in the same horizontal line with the fixed 
point and supports a weight hanging freely at its other end. 
A heavy ring being fastened to the cord in different places 
between the fixed point and the pully, it is required to find 
the locus of its positions of equilibrium. If the weight of the 
ring be small compared with the other weight, the locus will 
be approximately a parabola. 


a r 
parallel to the axes of respectively; find its 
position of equilibrium. Explain * in wie 20 1. 


17. A particle is placed on the outer surface of a smooth 
n is acted on by a fixed centre of force lying 
| ically above the centre of the sphere, at a distance ¢ from it 
and attracting directly as the distance. Shew that the particle 
eee oe cay part of Ce sphere if the weight of the 
i uals the attraction on it by the fixed centre of force 
when at a distance c from it. 


18. A particle is placed on the surface of an ellipsoid in 
the centre of which is resident an attractive force: determine 
_ the direction in which the particle will begin to move. 


1379. Find the point on the surface 24045 =1, where 
ae to the origin will rest in equi- 


20. ABCD is a quadrilateral inscribed in a circle, and 
_ forces inversely proportional to AB, BC, AD, DC act along 
the sides in the directions indicated by the letters: shew that 
their resultant acts along the straight line joining the inter- 
Section of the diagonals with the intersection of the tan- 
gents to the circle at B, D. 


634) 


CHAPTER III. 
RESULTANT OF TWO PARALLEL FORCES. COUPLES. 


37. To find the magnitude and direction of the resultant 
of two parallel forces acting on a rigid body. 
Let P and be the forces; A and B their points of ap- 


Q’ 


plication: let P and O act in the same direction, making 
angles a with AB. The effect of the forces will not be 
altered if we apply two forces equal in magnitude and acting 
in opposite directions along the straight line AB. Let S de- 
5 each of these forces, and suppose one to act at A and the 
other at B. 


Then Pand S acting at A are equivalent to some force Y 
acting in some direction AP’ inclined to AP (Art. 17); and 
Q od S acting at B are equivalent to some force Q acting in 
some direction BQ’ inclined to BQ. 


Produce PA, B to cut each other at C, and draw CD 
parallel to AP, meeting AB at D; suppose C rigidly con- 
nected with AB. 


Transfer P’ and Q’ to C (Art. 11), and resolve them alon 
CD and a straight line parallel to AB; the latter parts wi 
each be equal to S but act in opposite directions, and the sum 
of the former is P+ O. Hence , the resultant of P and , 
= P+ O and acts parallel to P and Q in the straight line CD. 
We ov now determine the point where this straight line 
cuts AD, 
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ern 
Ro pay and similarly 92 

i therefore = - a") if AB=a and AD= 2; 
therefore 2 % 


this determines the point D through which the direction of 
the resultant passes. It will be observed that AB is divided 
ö e Nie 
B respectively. 

If the force P act in a direction opposite to that of Q 


D Which way be derived from the formule’ of the preceding 
. e —P. 

It will be observed that AB produced is divided at D into 
segments which are inversely as the forces at 4 and B re- 
_ Spectively, 


36 a A COUPLE. 


38. The point D possesses this remarkable 3 that 
however P — Q are turned about their ints of application 
A and B, their directions remaining parallel, D determined as 
above remains fixed, This point is in consequence called 
the centre of the parallel forces P and Q. 


39. If P=@Q in the second case of Art. 37, then R=0 
and a2 =o, a result perfectly nugatory. It shews us that the 
method fails by which we Been attempted to compound two 
equal and opposite parallel forces, In fact the addition of the 
two forces 2 still gives, in this case, two equal forces parallel 
and opposite in their directions. 


Such a system of forces is called a Couple. 


We shall investigate the laws of the composition and 
resolution of couples, since to these we shall reduce the com- 
position and resolution of forces of every description acting 
on a rigid body. 


40. From Art. 39 we might conjecture that two equal 
forces acting in parallel and opposite directions do not admit of 
a single resultant, which may be shewn as follows. 


Suppose, if possible, that the single force N will maintain 
equilibrium with two forces, each denoted by , acting in 
parallel and opposite directions. 


Draw a straight line meeting at A and I the directions of 
the forces I, and that of N at E. Make AD = BE, and apply 
at D two forces 7’ and & each= and parallel to A but 
in opposite directions; this will not disturb the equilibrium. 
Hence the five forces I, P, J, S, Tare in equilibrium. But 
since P, P and I form a system in equilibrium, so by sym- 


A COUPLE, aT 
do P, Pand T. Hence if we remove the last three 


Rand & left maintaining equilibrium. But this is obviously 
n the same direction. Hence the 
lel forces P cannot be balanced by a single force, 

do not admit of a single resultant. 


. BF 


The arm of a couple is the perpendicular distance between 
the directions of its 

The moment of a couple is the product of either of its forces 

The ais of a couple is a straight line icular to the 
plane of the couple and proportional in to the moment. 


Two couples in the same plane may differ with respect to 
irecti For suppose the middle point of the arm of a 
to be fixed, and the arm to move in the direction in 
which the two forces of the couple tend to urge it; there are 
two different directions in which the arm may rotate. Sup- 
pose a icular drawn to the plane of the couple 
the middle point of its arm, so that when an observer is 
laced along this straight line with his feet against the plane, 
the rotation which the forces give to the arm appears to take 
place from left to right; the perpendicular so drawn we shall 
take for the axis of the couple. 


propositions that a rigid body is in equilibrium under 
action of certain forces, including an assigned couple; and i 
shewn that then the equilibrium will not be disturbed by the 
specified changes with respect to the couple, 


38 A COUPLE MAY BE TRANSFERRED. 


Let the plane of the paper be the plane of the couple, AB 
the arm, and AP’ its new position; the forces P,, P, are equal 


and act on the arm AB. At B and A let the equal and 
opposite forces P., P,P,, each equal to P, or P, be applied, 
acting at right angles to AB’; this will not affect the action 
of P, and H. | 

Let BR, B meet at C; join AC; AC manifestly bisects 
the angle BAB. 

Now P, and P, are equivalent to some force in the direction 
CA, and P, and P, are equivalent to an equal force in the diree- 
tion AC. Therefore B, P., P,, P, are in equilibrium with 
each other; therefore the remaining forces H, P, acting at 
, A respectively produce the same effect as P,, P, acting at 
B, A respectively. Hence the proposition is true. 

We may now turn the arm of the couple through any angle 
about B’; and by proceeding in this way we may n 
couple to any position in its own plane, 


43. The effect of a couple is not altered if we transfer the 
couple to Ss parallel to its own, the arm remaining 


parallel to itself. N 
Let AB be the arm, 4 its new position parallel to A. 


1 ue 
c n 
te =f — v. 
— ae 
PY eee ee — n 


But N and T. are equivalent to 2P, acting at G in 
the direction Ga parallel to the direction of I, and I. and 
H are equivalent to 2P, acting at G in the opposite diree- 
tion Gd. 

Hence N, B, B, I. are in equilibrium with each other; 

the remaining forees P and P. — at A’ and BF 
Teapeatively produce the same effect as J and „ acting at A 
B respectively. Hence the proposition is true. 


1 


same and the arms the straight 
rene Ty 


Let AB be the arm; let P, ave 
re ots | 0 


P= R; let AB= 
Q+ a, 4 | 


der arm 40-5; 8 — 


ly two opposite forces each 
re and . — to P; this 1 


not alter the effect of the P-OeR 


Now RB at A and O at C will balance OA R at B, 
ifAB: BC: O: RB, (Art. 37), 
or if AB: AC: Q: Q+R, 
that is, if C. 5 =P. a; 


we have then remaining the couple Q, O acting on the arm 
AC. Hence the couple P, P en on AB may be replaced 


ee aren Bi Casting on Ging, 327. a, that ia; if 


45. From the last three Articles it appears that, without 
altering the effect of a couple, we may change it into another 
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of equal moment, and transfer it to any position, either in 
its own plane or in a plane parallel to its own. The couple 
must remain unchanged so far as concerns the direction of 
the rotation which its forces would tend to give the arm, su 
posing its middle point fixed as in Art. 41. In other words, 
the straight line which we have called the axis, measured as 
indicated in that Article, must always remain on the same 
side of the plane of the couple. 


46. We may infer from Art. 44 that couples may be mea- 
sured by their moments, Let there be two couples, one in 
which each force = P, and one in which each force = , the 
arms of the couples being equal, these couples will be in the 
ratio of Pto . For suppose, for example, that P is to O as 
3 to 5; then each of the forces Y may be divided into 3 equal 
forces and each of the forces Q into 5 such equal forces. Then 
the couple of which each force is P may be considered as the 
sum of 3 equal couples of the same kind, and the couple of 
which each force is Q as the sum of 5 such equal couples. 
The effects of the couples will therefore be as 3 to 5. Next, 
suppose the arms of the couples wnequal, and denote them by 
p and q respectively. The couple which has each of its 
forces = Q and its arm = is equivalent to a couple having 


each of its forces =“! and its arm =p, by Art, 44. The 
0 


couples are therefore by the first case in the ratio of P to 
that is of Pp to O. 


47. With respect to the effect of a couple, we may observe 
that it is shewn in works on rigid dynamics that if a couple 
act on a free rigid body it will set the body in rotation about 
an axis passing ly a certain point in the body called 
its centre of gravity, but not necessarily perpendicular to the 
plane of the couple. 


48. To find the resultant of any number of es actin 
on a body, the planes of the couples being to 3 
other. 

First, suppose all the couples transferred to the same plane 
(Art. 43); next, let them be all transferred so as to have 
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their arms in the and 
2 
having the same arm (Art. 44). 


we shall have them replaced by the following forces (supposing 
@ the common arm), 


ee. acting on the arm · a. 


P. 2, 9. 4 


rennen 
a | 


; P. 24 041 85 —— . 
a 4 a 
and the arm = a, 
or of which the moment equals 


P. aT C. TR. e 4 


Hence the moment of the resultant couple is equal to the sum 
of the moments of the original couples. 


If one of the couples, as Q, a ee ae 
the couple P, P, then the force at each extremity of the arm 


of the resultant couple will be 


and the moment of the resultant couple will be 
P. a- Q.b6+ Bitt ccc ; 
or the algebraical sum of the moments of the original couples ; 


the moments of those cou which tend in the direction 
opposite to the couple P, being reckoned negative. 
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49. To find the resultant of two couples not acting in the 
same plane, 


Let the planes of the eouples intersect in the straight line 


a 75 jf 
a 0 2 1 
rn AN Sr 
7 1 
1 Bb Q 


AB, which is perpendicular to the plane of the paper, and let 
the couples be referred to the common arm AB, and let their 
forces thus altered be P and O. 


In the plane of the paper draw Aa, Ab at right angles to 
the planes of the couples P, Pand Q, Q; and equal in length 
to their axes. 


Let N be the resultant of the forces P and O at A, acting 
in the direction AR; and of P and Q at , acting in the 
direction BR.. 


Since AP, AQ are parallel to BP, BQ respectively, there- 
fore AR is parallel to BR. 


Hence the two couples are equivalent to the single couple 
N, I acting on the arm AB. | 


Draw Ac perpendicular to the plane of N, I, and in the 
same proportion to Aa, Ab that the moment of the couple 
ii, I is to those of P, P and , respectively. Then Ac 
is the ais of It, R. Now the three straight lines Aa, Ac, Ab 
make the same angles with each other that AP, AR, AQ 
make with each other; also they are in the same propor- 
tion in which AB. I, AB. R, AB. O are; that is in which 
P, Rh, O are. / 

But £ is the resultant of P and ; therefore Ac is the 
diagonal of the parallelogram on Aa, Ab (see Art. 17). 


Hence if two straight lines, having a common extremity, 
represent the axes of two couples, that diagonal of the paral- 
— described on these straight lines as adjacent sides 
which passes through their common extremity represents the 
axis of the resultant couple. 


24). Complete the lelogram CB, and draw 
— Then AZ is the axis of the couple which 
is the resultant of the two couples of which the axes are 
AB, AC. Complete the parallelogram DE, and draw AF 
the diagonal. Then AJ’ is the axis of the couple which is 
the resultant of the couples of which the axes are AZ, AD, 
or of those of which the axes are AB, AC, AD. 


Now AF? =AE*+ ADP = AB’ + AC*+ AD. 


Let & be the moment of the resultant couple; L. M. N 
those of the given couples; 


therefore G = I? + M* +N’; 


and if X, pw, v be the angles the axis of the resultant makes 
with those of the components, 


» = 428 L. M. a W 
a ae ge tee Te 


51. Hence conversely any couple may be replaced by 
three couples acting in planes at right angles to each other; 
their moments being G cos x, @ eos h, G cs, where is 
the moment of the given couple, and A, #, » the angles its 
axis makes with the axes of the three couples, 


Thus couples follow, as to their composition and resolution, 
laws similar to those which apply to forces, the axis of the 
couple corresponding to the direction of the force and the 
moment of the couple to the tntensity of the force. Hence 
for example, 29, the resolved part of a resultant 
couple in any direction is equal to the sum of the resolved 
parts of the component couples in the same direction, 


( 44 ) 


CHAPTER IV. 


RESULTANT OF FORCES IN ONE PLANE. CONDITIONS OF 
EQUILIBRIUM. MOMENTS, 


52. To find the resultant of any number of parallel forces 
acting on a rigid body in one plane. 


Let B, P,, P,......denote the forees. Take any point in 
y 
P, 
hs 
0 A, ¥ 
iP, 


the plane of the forces as origin and draw rectangular axes 
Ox, Oy, the latter parallel to the forces. Let A, be the point 
where Ox meets the direction of N, and let OA. π 


Apply at O two forces each equal and parallel to N, in 
opposite directions. Thus the force P, is replaced by P, 
at O along Oy, and a couple of which the moment is H. OA,, 
that is P,.2,. Transform the other forces in a similar manner, 
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a similar notation, and the whole will be reduced 
toa AI＋R TP. T. . or TP along Oy, and a couple 
r 8 or T Hr in the plane of the forces 
- ng to turn the body from the axis of r to the axis 

. 


53. To find the conditions of equilibrium of a 
TE Sole acting on 4 rigid telly te ont plant my 


A system of parallel forces can be reduced to a single 
force and a couple. If neither of these vanish equilibriam 
is impossible, becanse a single force cannot neutralize a couple 
(Art. 40), If the single force alone vanish equilibrium is 
impossible, because there remains an unbal If 
the couple alone vanish equilibrium is impossible, 
there remains an unbalanced force. Hence, for equilibrium 
it is necessary that both the force and the couple should 
vanish; that is 


TP=-0 and X Hr. 


54. The product of a force into the icular drawn 
upon its direction from any point, is called the moment of 
the force with respect to that point. Hence the conditions of 
equilibrium which have just been obtained may be thus 
enunciated : 


A sys'em of parolel forces acting on a rigid bedy in one 

‘will be tn salto td if the sum of the forces vanishes, 

and the sum of the moments of the forces round an origin in 
the plane also vanishes. 


Conversely, if the forces are in equilibrium their sum must 
vanish, and also the sum of their moments round any origin 
in the plane. 


The word sum must be understood algebraically. Forces 
which act in one direction being considered positive, those 
which act in the opposite direction must be considered sege- 
tive. Also moments being considered positive when the cor- 
‘responding couples tend to turn the body in one direction, 
must be considered negative when the cor 
couples tend to turn the body in the opposite direction. 
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55. When the sum of the forces vanishes in Art. 52, 


the forces reduce to a couple. 


When =P is not zero, the “ 


forces can be reduced to 
a single resultant. For if 
ro, then =P acting 
at O is the single resultant. 
If {Px be not=0, let the 
couple be transformed to one 
in which each of the forces 
is equal to =P, and conse- 
quently, by Art. 44, the arm 


Tr ; 
is Sp Let =P acting at A 


r rp 


12 


ly’ 


and =P acting along C/ form this couple. The latter force 
is destroyed by the force =P along Oy. Hence the single 
resultant is =P acting at A, that is, at a point the distance 


5 Tr 
of which from O is 2 


56. To find the resultant of any number of forces which act 


on a rigid body in one plane. 


Let the system be referred to any rectangular axes Oz, Oy 


in the plane of the forces, 
y 


1 


P, 


el 


r, B. ope denote the forces; a,, d, %% 
the angles which their directions make with the axis of æ; 


IN ONE PLANE. 47 


let , y, be the co-ordinates of the ve pepe pa 
1 H, and 60 on. 


Hence P, acting at A, is equivalent to P. acting at 0 
le of which 05, sem: andictsh Sones ta. 
which t to turn the body from the axis of & to that 
y. Now 
Op, = x, sin a, — y, 008 a, 


Hence the moment of the couple is 
P, (x, sina, —y, cos a,). 


The other forces may be similarly replaced. Hence the 
system is equivalent to the forces 


Big Bay Fay cocees acting at 0, 
in directions lel to those of the original forces; and the 
couples of wlch the moments are 
P, (x, sin a, — y, cos a,, 
H (, sin a, — , 008 ,), 
P, (x, sin a, — y, cos a,), 


Let R be the resultant of the forces acting at O, let a be 
the angle which 2 makes with the axis of , and @ the 
moment of the resultant couple; then (by Art. 22) 


Reosa=SPcsa; Rsina= Pein a; 


and (by Art. 48) 
: G = XP (zx sina —y cosa). 
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If A cos a, A, and P sina, V, and a similar notation 
be used for the other forces, the above equations may be 
written 


B= CAN ET; na 
and G => (Ya—Xy). 


57. To find the conditions for the equilibrium of a system 
of forces acting on a rigid body in one plane. 

Any system of forces acting in one plane may be reduced 
to a single force R, and a couple whose moment is G. If 
neither 1 nor G@ vanish equilibrium is impossible, since a 
single force cannot balance a couple. If & alone vanish equi- 
librium is impossible, because there remains an unbalanced 
couple G; if G alone vanish equilibrium is impossible, be- 
cause there remains an unbalanced force. Hence, for equi- 
librium we must have R=0 and G=0. Also R=0 requires 
that TA = O and X Y=0. 


Since G is equal to the sum of the moments of the forces 
with respect to O, we may enunciate the result thus: A sys- 
tem of forces acting in one plane on a rigid body will be in 
equilibrium if the sums of the resolved parts of the forces pa- 
rallel to two rectangular axes in the plane vanish, and the sum 
of the moments round an origin in the plane also vanishes. 


Conversely, if the forces are in equilibrium the sum of 
the resolved parts of the forces parallel to any direction will 
vanish, and also the sum of the moments of the forces round 
any origin. 


58. If three forces acting in one plane maintain a rigid 
body in equilibrium their directions either all meet at a point or 
are all parallel. 


For suppose two of the directions to meet at a point, and 
take this point for the origin; then the moment of each of 
these two forces vanishes, and the equation G=0 requires 
that the moment of the third force should vanish, that is, the 
third force must also pass through the origin. Hence, if any 
two of the forces meet, the third must pass through their point 
of intersection, which proves the proposition. This pro- 


_" 


N 
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eee any, cise be ebtablished withoet referring to Ast. 57. 
or if two of the forces meet at a point, may be supposed 
both to act at that point and may be 


ro- 
aKultant acting at the same point; ig retitent ard the thind 


these forces destroy each other and we have 
at the extremity of 


_ the axis of æ at an angle a, found by the equation tana = yp 


force must keep the body on which they act in equilibrium, 


and must th be equal and opposite; that i, the thin 
| force must pass throug ay apr 


intersection of the 
first two. 


_ 69. If R=0 in Art. 56, the forces reduce to a couple; if 


N be not =0, the forces can be reduced to a single resultant. 


For if the le G=0, the resultant force is N acting 
r be not — 0, let it be trans- 


_ formed into one having each of its forces = and its arm con- 


a 


sh km 


sequently = (Art. 44). Let this couple be turned in its own 
until one of its forces acts at the origin exactly i 

to the force N, which by hypothesis acts at 1 ence 

R acting 

the arm OA, in a direction Soa 

(Art. 56). If this direction meet the axis of « at B, we have 


GR G 
OB= OA oosec a- FFI 
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and the equation to the line of action of the single resultant is 


* 


A 2 5 
l 

or, * CT- CX = = (Ya—Xy), 
x, y' being the variable co-ordinates. 


60. The result of the last Article may also be obtained 
thus. Suppose that the given forces have a single resultant 
acting at the point (9, /), and equivalent to the components 
X and V parallel to the co-ordinate axes. It follows that the 
given forces will, with - A, — V acting at the point (9, ), 
form a system in equilibrium. Hence, by Art. 57, | 


X-! =O, CT- FSO, G- FX =. 


Of these three equations the first determines X,, the second 
V', and the third assigns a relation between a and / which 
is in fact the equation to the line in which the single re- 
sultant acts and at any point of which it may be supposed 
to act. If XA and T both vanish, it is impossible to find 
values of a’ and / that satisfy the last equation of the three, 
so long as @ does not vanish; this shews that if the forces 
reduce to a couple, it is impossible to find a single force equi- 
valent to them. 


61. In Art. 56, we have for the moment of the force P, 
about the origin the expression 


P,(a, sin a, — N COs a,), 
and this we may express by 
Tri Xy,- 


Since X, and Y, are the rectangular components of N, we 
see by comparing the two expressions that the moment of 
a force about any origin is equal to the algebraical sum of 
the moments of its rectangular components about the same 
origin. (See Art. 54.) There are many such theorems con- 
nected with moments, and the demonstration of some of them 
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facilitated by observing that according to the defini- 
| of a moment, it may be geometrically represented 

_ twice the area of the triangle having for its the 1 
line which represents the force for its vertex the point 
about which moments are taken. For example, we may 
prove the theorem which we have already deduced. 


62. The algebraical sum of the moments o r sere 
* — 


with an int tn the con 
Es couat'es tht eee 


e 40 1 two component forces; complete the 


! ogram and draw the 
tiga AD representing the AN 
thos 


(1) Let O, the point about | 
2 


which the moments are to bo 
taken, fall without the angle 
_ BAC and that which a \ 

tically opposite to it. Join 0 

04, OB. 0 OD. 

The triangle OAC having for its base AC and for its 
height the perpendicular from O on AC is equivalent to a 
triangle having AC for its base and for its height the perpen- 
_ dicular from B on AC, together with a triangle having BD 

for its base and for its height the dicular from O on BD. 
n ual cee abr 

i m O on is equal to the perpendicular 
O on BD together with the perpendicular from B on AC. 
Hence we have 


AAOC=ABOD+AACD. 
Hence, adding the triangle A OB, we have 
AAOC+ AAOB=ABOD + AABD + AAOB@=AAOD; 


that is, the moment of AC+the moment of AB=the mo- 
ment of AD. 


— 
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(2) Let O fall within the angle BAC or its vertically 
opposite angle. 
AAOC=AABD-—ABOD 
=AAOB+AAOD, 


Therefore 
AAOD = AAOC—AAOB; 


that is, the moment of AD=the moment of AC the 
moment of AB. As the moments of AC and AB about 0 
are now of opposite characters, the moment of the resultant 
is still equal to the algebraical sum of the moments of the 
components. 


The proposition may also be readily shewn in the case 
where the two component forces are parallel; see Art. 37. 


In this example, however, nothing is gained in brevity or 
simplicity by the aid of Geometry; for the required result is 
an immediate consequence of the mechanical principle that the 
resolved part of the resultant along a straight line through A 
at right angles to AO is equal to the algebraical sum of the 
resolved parts of the components in the same direction. 


63. Forces are represented in nitude and position by 
2 sides of a plane polygon ee ; aan e, the re- 
sultant. 


Let the sides of the figure ABCDEF represent the forces 
in magnitude and position; the first force being supposed to 


* 


— 


~ > > 
composed of all the forces AB, , moved each 
to O; the resultant consequently — rg 


eee 
sented by twice the trian le AOB+ twice the triangle B00 


forces reduce to a resultant couple measured by twice the area 


We may observe that the algebraical sum of the moments 
of the two forces which form a couple is the same about 
e it is in equal to the moment 
of the 


64. If the sum of the moments of the forces P, Y, F.. 
be required about a point whose co-ordinates are J, E instead 
of about the origin, we must in the expression for C, in 
aay * ~~ *. — A, * .+. respectively, and 

— 123% Or at Veo *** respects . Hence, denoting 
ir Sige bars 4 


G,=3{¥(e—h)-—X(y—b)} 
=k X-AZY+E(Ya—Xy) 
=k X-AS ¥+ G. 


Hence the value of G, depends in general on the situation 
of the point about which we take moments, If, however, 


k= X — AX Y =a constant, 


ne 2 then G, 
remains unchanged. 
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If three different points exist with respect to which the sum 
of the moments vanishes, we have three equations 
ki X-h=iY+ G=0, 
kiX-h ZY + G=0, 
kX - LT G=0. 
Hence we deduce 
(k,—k,) [X= (h, —h,) VY, 
G. — I) BX = (i — he) BY. 
Unless the point (I., %,), the point (, %,), and the point 
(A., ks) lie in a straight line, it is impossible that 
k,—-k, L, — I. 
h,—-h, I. 
we must therefore have 
X=, YY=0, G=0. 


Hence if the sum of the moments of a system of forces in one 
plane vanish with respect to three points in the plane not in a 
straight line, that system is in equilibrium. 


When a system of forces in one plane can be reduced to a 
single resultant, we have found in Art. 59 that the equation 
to the direction of the resultant is 


* XY —7=X= (T -A). 
This may be written 
3{¥(e'-2)-X(y'-g)}=0. 


The equation to the direction of the resultant thus in fact 
determines the locus of the points for which the algebraical 
sum of the moments of the forces is zero. 


65. Hitherto we have supposed our axes rectangular. If 


they are oblique and inclined at an angle o, we may shew, * 


as in Art. 56, that a system of forces in one plane may be 
reduced to A along the axis of , XV along the axis of , 
and a couple the moment of which is sin (T- Ay). The 
latter part will be easily obtained, since the moment of the 
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to the algebraical sum of the moments 
its components A, and V.; and the on the 


The conditions for equilibrium are, as before, 
X=, LT, ¥(¥e—Xy) =0. 


The following Examples may be solved by means of the 
principles given in 8 Articles. "When different 
rigid occur in a question, the equations of Art. 57 
must hold with respect to each, in order that there may be 
equilibrium. In cases where only three forces act on a body, 
it is often convenient to use the ition of Art. 58, Since 
by Art. 57 the moments of the with respect to any 
rr igi 

form the corresponding equation for each. See Art. 


subsequent so far as to assume that the weight of 
any body acts a definite and known point, which is 
the centre of gravity of the body. two bodies are in 


other the latter exerts an equal and opposite force on the 
2 this force acts in the direction 


We restrict ourselves to the supposition of smooth bodies 
until Chapter x. 


In attempting to solve the problems the student will find 
it advisable when the system involves more than one ney 
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two of the bodies are connected by a string a letter sh 
er 
of the tension must be found from the conditions 
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librium of the body or bodies which are capable of motion. 
Beginners often fall into error by assuming incorrect values 
for the tensions of strings and the mutual forces between 
bodies in contact, ins of determining the correct values 
from the equations of equilibrium. 


We will give here two propositions, respecting forces acting 
in a plane, which involve important results. 


I. Forces act at the middle points of the sides of a rigid 
polygon in the plans of the polygon; the forces act at right 
angles to the sides, and are respectively proportional to the 
sides in magnitude: shew that the forces be in equili- 
brium if they all act inwards or all act outwards, 


The result here enunciated has been already shewn to be 
true in the case of a triangle; see the Proposition Iv. at the 
end of Chapter II.; the general proposition is obtained by 
an inductive method. 


Suppose for example that the proposition were known to be 

true for a four-sided figure also; 

7 then we can shew that it must be 

true for a five-sided figure. Let 

ABCDE be a five-sided figure; and 

let forces act at the middle points of 

the sides in the plane of the figure, 

5 at right angles to the sides . 

spectively proportional to the sides 

in magnitude: suppose for the sake of distinctness that the 
forces all act outwards, 


Join AD. By hypothesis a certain system of forces acting 
outwards on the four-sided figure ABCD would be in equili- 
brium; and from this it follows that the assigned forces acting 
on AB, BC, CD must be equivalent to a single force acting 
at the middle point of AD, towards the inside of the four- 
sided figure ABOD, proportional to AD in magnitude. 


Also the assigned forces acting on DE, EA must in like 
manner be equivalent to a sing force acting at the middle 
point of AD, towards the inside of the triangle ALD, pro- 
portional to AD in magnitude. 


A 


Ee eee * 


I. Rigid rods without weight are joined together 
amen. tages of, theiz . — 
orces act at the middle points of the sides of the 
U in the plane of the polygon; the forces act at right 
ern orces all act inwards 
here there is equilibrium, a circle can 
gon. 


of 
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Let ABCDEF represent the polygon. Consider 
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80 
that the actions at A B 
! must be equal; we will denote 
them by N. Resolve the forces at right angles to AB: thus 
8 pAB=2R sin AR. 

The action at B on the rod BC is equal and opposite to 
that on the rod BA; hence we obtain in the same manner 
uBC=2R sin CBL. 

5 ein ABK AB 8 A0 

| Therefore iim OBL 50 sin OAB’ 

This shews that XBL. touches at B the circle described 

round ABC. 

__ Similarly AX touches at A the circle described round 


~ 
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But AK and BK are equally inclined to AB. Hence the 
two circles must coincide; that is, the points J, A, B, C lie 
on the circumference of a circle, 


In this way we shew that any four consecutive angular 
points of the polygon lie on the circumference of a circle; 
and hence it follows that all the angular points must lie on 
the circumference of the same circle. 


It will be seen from the preceding results that the action 
at every hinge is the same, and is denoted by the product of 
u into the radius of the circle described round the polygon. 


EXAMPLES. 


1. ABCD is a quadrilateral and is acted on by forces 
which are represented in magnitude and direction by AB, 
AD, CB, CD; shew that the resultant coincides in direction 
with the straight line which joins the middle points of the 
diagonals AO, BD, and is represented in magnitude by four 
times this straight line. 


2. Forces whose intensities are proportional to the sides 
of an isosceles rr act along the sides of the triangle, 
those acting along the equal sides tending from the vertex; 
find the magnitude and position of their resultant. 


Result. The required resultant is represented by a straight 
line which passes through the middle point of the base of the 
triangle, is parallel to one of the sides, and double that side 
in length. 


3. The upper end of a uniform heavy rod rests against 
a smooth vertical wall; one end of a string is fastened to the 
lower end of the rod and the other end of the string is fastened 
to the wall; the position of the rod being given, find the point 
of the wall to which the string must be fastened, in order that 
the rod may be in equilibrium. 


4. A uniform heavy rod is placed across a smooth hori- 
zontal rail, and rests with one end against a smooth vertical 
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wall, the distance of which from the rail is ig th of the length 

of the rod; find the position of equilibrium. 

Result, The rod makes an angle of 60° with the horizon. 
5. ABC is a triangular lamina; AD, BE, CF are the 

7 diculars on the sides, and forces represented by the 

{ t lines BD, CD, CE, AE, AF, BF are ied to the 
lamina; shew that their resultant will pass the 

centre of the circle described about the triangle. 


7. r 
of conjugate diameters by forces in its own plane tending 


8. A heavy sphere hangs from a by a string whose 
length is equal 10 the 5 and LA 
pre ree y below the former, the distance between the 
. being equal to the diameter. Find the tension of the 
string and the pressure on the lower peg. 

Results. The tension is equal to the weight of the sphere 
and the pressure to half the weight of the sphere. 


9. Two * rods without weight are connected at their 
middle points by a pin which allows free motion in a vertical 
plane; they stand upon a horizontal plane, and their u 
e: ities are connected by a thread which carries a weight. 
Fer that the weight will rest half way between the pin and 
the horizontal line joining the upper of the rods. 
10. Two equal circular discs with smooth edges, placed on 
their flat sides in the corner between two smooth vertical 
gle, touch each other in the 
Straight line bisecting the angle. Find the radius of the least 
| — them without causing 


ul 
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11. A flat semicircular board with its plane vertical and 
curved edge upwards rests on a smooth horizontal plane, and 
is pressed at two given points of its circumference by two 
beams which slide in smooth vertical tubes; find the ratio 
of the weights of the beams that the board may be in equi- 
librium. | 

12. Two smooth cylinders of equal radii just fit in between 
two parallel vertical walls, and rest on a smooth horizontal 

lane without pressing against the walls; if a third cylinder 
placed on the top of them, find the resulting pressure 
against either wall. 


13. A smooth circular ring rests on two pegs not in the 
same horizontal plane; find the pressure on each peg. 


14. Two spheres are supported by 3 attached to a 
given point, and rest against one another; find the tensions 
of the strings. 


15. Two equal smooth spheres, connected * string, are 
laid upon the surface of a cylinder, the string being so short 
as not to touch the cylinder; determine the position of rest 
and the tension of the string. 


16. A heavy regular polygon is attached to a smooth 
vertical wall by a string which is fastened to the middle 
point of one of its sides; the plane of the polygon is vertical 
and perpendicular to the wall, and one of the extremities of 
the side to which the string is attached rests against the wall; 
shew that whatever be the length of the string when the 
polygon is in equilibrium, the tension of the string and the 
pressure on the wall are constant. 


17. A straight rod without weight is placed between two 

gs, and forces P and act at its extremities in parallel 

irections inclined to the rod; required the conditions under 
which the rod will be at rest and the pressures on the pegs. 


18. Forces P, Q, R, S act along the sides of a rectangle; 
find the direction of the resultant force. 


19. Two weights P, P are attached to the ends of two 
strings which pass over the same smooth peg and have their 
other extremities attached to the ends of a beam AB, the 
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_ weight of which is W; shew that the inclination of the beam 
to the horizon = tan (aT tan a); a, 5 being the distances 


20. <A square is placed with its plane vertical between 
r 
that it will be in equilibrium when the inclination of one 


the 
21. One a string is fixed to the extremity of a 
smooth uniform rod, and the other to a ring without weight 
which passes over the rod, and the string ia hung over a 
smooth peg. Determine the least length of the string for 
which equilibrium is possible, and shew that the inclination of 
the rod to the vertical cannot be less than 45°. 


22. A string 9 feet long has one end attached to the 
extremity of a smooth uniform heavy rod two feet in length, 
and at the other end carries a ring without weight which slides 
on the rod. The rod is suspended by means of the string 
from a smooth peg; shew that if @ be the angle which the 

rod makes with the horizon, then 


tan 031371. 


23. A square rests with its plane perpendicular to a 
smooth wall, one corner being attached to a point in the wall 
fe string whose length is equal to a side of the square; 
that the distances of three of its angular points from the 
wall are as 1, 3, and 4. 

24. One end of a beam, whose weight is W, is placed 
| eee 
is fastened, rests against another smooth plane inclined at an 
angle a to the horizon; the string passing over a pally at 
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the a of the inclined plane hangs vertically, supportin 
a weight P. Shew that the beam will rest in all positions 
a certain relation hold between P, W, and a. 


25. Ifa weight be suspended from one extremity of a rod 
moveable about the other extremity A, which remains fixed, 
and a string of given length be attached to any point B in 
the rod, and also to a fixed point C above A, and in the same 
vertical line with it, then the tension of the string varies 
inversely as the distance AB, 


26. One end of a uniform beam is placed on the ground 
against a fixed obstacle, and to the other end is attached a 
string which runs in a horizontal direction to a fixed point in 
the same vertical line as the obstacle, and passing freely over 
it, is kept in tension by a weight W suspended at its extremity, 
the beam being thus held at rest at an inclination of 45° to 
the horizon. Bhew that if the string were attached to the 
centre instead of to the end of the beam, and passed over the 
same fixed point, a weight =./2W would keep the beam in 
the same position. 


27. Two equal beams AB, AC connected by a pee at 
A are placed in a vertical plane with their extremities B, C 
resting on a horizontal plane; they are kept from 1 by 
strings connecting B and C with the middle points of the 
opposite sides; shew that the ratio of the tension of each 
string to the weight of each beam 
VS cot + cosec’ 6), 
@ being the inclination of each beam to the horizon. 


28. One end of a string is attached to a beam at the point 
B, and the other end is fastened to the highest point A of a 
fixed sphere of radius r. If the points of contact of the beam 
and string trisect the quadrant AC, shew that the distance 
between 2 and the centre of gravity of the beam must be 
21 (2 -). 

29. A heavy rod can turn freely about a fixed hinge at 
one extremity, and it carries a heavy ring which is attached 
to a fixed point in the same horizontal plane with the hinge 

means of a string of length equal to the distance between 
the point and the hinge. Find the position in which the 
rod will rest. 
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80. Two equal heavy beams of sufficient 

‘the same ty hing, a by so sma pi 

determine the position of equilibrium. 

. 

inscribed and circumscribed circles; shew that 

P: Q: Rs: cos - cos O: cos C—cos A : cos A co I. 


83. A uniform beam PQ of given weight and rests 
Sts na, eat earthed Geeks Thee eae Sino 


34. eee eee 

partly without a fixed smooth hemispherical bowl at an ineli- 

nation to the horizon greater than fin- j 

1 are acted on 

all the fi ing i proportional thm i 
o forces acting in 

inwards; also the Aus 8 


where ua represents the force applied to any side a of the 
polygon. 


( 64 ) 


CHAPTER V. 
FORCES IN DIFFERENT PLANES. 


66. To find the magnitude and direction of the resultant of 
any number of parallel forces acting on a rigid body, and to 
determine the centre of parallel forces. 


Let the points of application of the forces be referred to a 
system of rectangular co-ordinate axes. Let m,, m,,... be the 


25 
4 
25 


i 
8 


2 


ec 


points of application; let &, y,, 2,, be the co-ordinates of 
the first point, 4, y,, 2, those of the second, and so on; let 
B, Pie, be the forces acting at these points, those being 
reckoned positive which act in the direction of P,, and those 
negative which act in the opposite direction. 


Join mm,; and take the point m on mm, such that 


5 
Wan * 
mm = P E. mim! 
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then the resultant of P, and P, is P+ A, and it acts through 
parallel to R. (Art. 37.) 

Draw mia, mb, me perpendicular to the f ’ 
mideting that plane af af 8,0, draw mde pen l 10 2. 
ing mb at d and my at e. „ by similar triangles, 


f therefore mb —s,— 55 ( — 8%; 


This gives the ordinate lel to the axis of 2 of the point 
of application of the resultant of P, and F. 


Then supposing P, and I to be replaced by P, + P, acting 
at m, the — P+, ond Pris P+? P, and the 
ordinate of its point of application 


— t+ P,) mb + BE, B e Ee, 
PrP +h, NE ; 
and this process may be extended to any number of parallel 
forces. 15 g 


t 2 denote the resultant force and à the ordinate of 
its point of application ; then 


EP 
22 
Similarly, if , y be the other co-ordinates of the point of 
application of the resultant, 
r. a 
a= Spi 9~ Sp 
The values of , 7, 7 are independent of the angles which 
the directions of the forces make with the axes. Hence if 


these directions be turned about the points of application of 
the forces,*their parallelism being preserved, the point of 


T. 8. 5 


R=tP, 7 
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application of the resultant will not move. For this reason 
is point is called the centre of the parallel forces. 


67. The moment of a force with respect to a plane is the 
product of the force into the perpendicular distance of its point 
of application from the plane. 

In consequence of this definition, the equations for deter- 
mining the position of the centre of parallel forces shew that 
the sum of the moments of any number of parallel forces with 
respect to any plane is equal to the moment of their resultant. 


68. If the parallel forces all act in the same direction the 
ression T cannot vanish; hence the values of the co- 
ordinates of the centre of parallel forces found in Art. 66 cannot 
become infinite or indeterminate, and we are certain that the 
centre exists. But if some of the forces are positive and some 
negative, =P may vanish, and the results of Art. 66 become 
nugatory. In this case, since the sum of the positive forces is 
equal to the sum of the negative forces, the resultant of the 
former will be equal to the resultant of the latter. Hence the 
resultant of the whole system of forces is a couple, unless the 
resultant of the positive forces should happen to lie in the 
same straight line as the resultant of the negative forces. 


We shall give another method of reducing a system of 


parallel forces: 


69. To nd the resultant of a system of parallel forces 
acting upon a rigid body. 

Let P, P,,... denote the forces. Take the axis of 2 

llel to the forces. Let the plane of (#, y) meet the 
1 of P, at M., and suppose 2,, y, the co-ordinates of 
this point. . 

Draw M. N. perpendicular to the axis of ꝙ meeting it at N. 
At the origin O, and also at Ni, apply two forces each equal 
and parallel to P, and in opposite directions. Hence the force 
P at M. is equivalent to the following system, 

(1) Pat 0; 
(2) a couple formed of P at M. and P at N.,; 
(3) a couple formed of P, at N and H at O. 
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| we effect a similar transformation of all the forces, we 
a as the resultant of the system the following system, 
..) a force =P acting at O; 


(2) a couple {Py in the plane of (y, 2); 
(8) a couple {Pz in the plane of (, 2). 


ie first tends to turn the body from or ore 
sat of z, and the second from the axis of z to that of 2. We 
therefore take Ox as the ais of the first couple according 
o the definition in Art. 41. For the second couple, however, 

must either take Oy’ as the axis, or consider it as a couple 
rning from z to , of which the moment is — Tr and the 
is Oy. Adopting the latter method, we may replace the 

9 couples by a single couple of which the moment is C, 


F GP = Pe)" + (SPy) 
nd the axis is inclined to the axis of & at an angle a given 


cosa = AY; 11 a. 


4 7 8 


—2 


ee — — — —— et 
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70. To find the conditions of equilibrium of a system of 
parallel forces acting on a rigid 25 

A system of parallel forces can always be reduced to a 
single force and a couple. Since these cannot balance, and 


neither of them singly can maintain equilibrium, they must 
both vanish, That is, 


Po, and G=0; 
the latter requires that 
Fro, and /o. 


Hence a system allel forces acting on a rigid body will 
be in equilibrium if the sum of the forces vanishes, and aes the 
sum of the moments vanishes with respect to two planes at right 
angles to each other and parallel to the forces. 


Conversely, if the forces are in equilibrium the sum of 
the forces will vanish, and also the sum of the moments with 
respect to any two planes at right angles to each other and 
parallel to the forces, 


71. When XP o, the forces reduce to a couple of which 
the moment is G. When =P is not = O, the forces can always 


be reduced to a single force; this has already .appeared in 


Art. 66, and may also be shewn thus. The forces will reduce 


to a resultant aching at the point (a’, /), parallel to the 
original forces, provided a force — N acting at this point will 
with the given forces maintain equilibrium. The necessary 
and sufficient conditions for this are, by Art. 70, 


~P-R=0, Tr HR = O, Ty N =. 
2 2 

Hence N EP, eT ee Y= sp° 
These results agree with those of Art. 66. 

72. To find the resultants of any number of forces acting 
on a rigid body in any directions. 

Let the forces be referred to three rectangular axes Oz, 12 

e 


a — 


Oz; and suppose P, P,, P,,... the forces; let i, 10 z, be 
co-ordinates of the point of application of P,; let , y,, 2 
be the co-ordinates of the point of application of J.; an 
80 on. 
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Let A, be the point of resolve ., into 
| components „ ., a dare to the ee let 


* 


7 
6 7 — 
2. 
rere 
ALN, to Or. Apply at N. and also at O two 
forces equal and parallel to Z,, and in opposite directions, 
Hence Z, at A, or is equivalent to Z, at O, and two 
couples, the former having — moment Z. * ., and which 


may be supposed to act in the plane of z), and the latter 
having i . ON, 22 100 the plane of (, 4. 


We shall consider those couples as positive which tend to 
turn the body round the axis of & from y to 2, also those 
which tend to turn the body round the axis of from 2 to , 
and those which tend to turn the body round the axis of « 
from @ to . 

Hence Z, is replaced b SO eee. te 
of (y, 2), anda eats — af in the aes of (e Similarly 

may be arene T i de fis Xi in mY 

z, x), and a couple — in the plane of (x, 

7 7 by 5 2, he pipe of iy tthe 
‘of (x, y), and a couple — } rig : erefore 
193 7 r Se 0 and 
couples ‘of which the the moments are, by Art. 48, 
Zy,— T., in the plane of (, 2), 
XB, — Ar . . . . . (e, z), 


T.. J.. .... . . . (x, y). 


28 — . ä 


> 
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By a similar resolution of all the forces we shall have them 
replaced by the forces 


2X, UY, 22, 
acting at O along the axes, and the couples 
= (Zy — Yz) = L suppose, in the plane of (y, 2), 
> (Xe — Za) = M .....000 ee e (2, x), 


Let R be the resultant of the forces which act at O; a, b, ¢ 
the angles its direction makes with the axes; then, by Art. 24, 


Rt = (2X)'+ (ZY) + (22), 


e cosh = K cosc = =Z 
ft’ R * 


Let G be the moment of the couple which is the resultant 
of the three couples L, M, N; X, u, v the angles its axis 
makes with the co-ordinate axes; then, by Art. 50, 


G =I? + M*+ N’, 
88 cos 4 1 
71 B 7 F 


The convention adopted in the present Article for distin- 
guishing the signs of couples agrees with that in Art. 41 when 
the axes of x, , and z are drawn as in the present figure, but 
the conventions will not necessarily coincide if the figure be 
modified; for example, if the axes of y and z be retained as in 
the figure, but the positive part of the axis of ꝙ directed to the 
left instead of the right, they will not coincide. The conven- 
tion of the present Article is that which we shall hereafter 
always retain. | 


=— Fs 


73. To find the conditions of equilibrium of any number of 


jorces acting on a rigid body in any directions. 


A system of forces acting on a rigid body can always 
be reduced to a single force and a couple. Since these can- 


DEFINITION OF MOMENT, 71 
not balance each other r 


UÜbrium they must both vanish. Hence 2 = 
therefore (=X)*+ EDA, 
and D* + M* + N* = 0. 
These lead to the six conditions 
LX, TT., Z- o, 
=(Zy—Yz)=0, TC. -o, L (V- =0. 
74. A verbal enunciation may be given of the last three 
n For the sake of 


conveni we re two definitions already given in 
Arts. 54 and 67. me + 


and G= 0; 


Moment of a force with respect to a point, The moment 
e ere ce ©. pent & She protest te Hass 
into the perpendi from the point on the direction of the 


Moment of a force with respect to a plane. The moment 
_ of a force with respect to a plane is the product of the force 
into the distance of its point of application from the plane. 
Moment of a force with respect to a straight line. Resolve 
the force into two components respectively lel and per- 
pendicular to the straight line; the product of the component 
— lar to the line into the shortest distance between 
straight line and the direction of this component is called 
the moment of the force with respect to the straight line. 


Hence the moment of a force with respect to a straight line 
a to the moment of the component of the force 

di to the straight line with respect to the point at which 
a plane drawn through this component ; to the 
straight line meets the straight line. Hence, by Art. 62, the 
moment of the force may be found by taking the sum of the 
moments of any two forces into which the perpendicular com- 
ponent may be resolved. 

If the force is el to the given straight line, its moment 
about the straight line is zero. If the force is perpendicular 
to the gi ight line, its moment about the straight line 
is the product of the force into the shortest distance between it 
and the given straight line. 
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75. Suppose we require the moment of the foree Y about 
the axis of 2; we resolve I into the forces , parallel to the 
axis of 2 and Q, perpendicular to the axis of 2, where Q, is 
itself the resultant of X, and Y,. The moment of Q, with 
respect to the axis of z is equal to the algebraical sum of the 
moments of its components X, and I.; that is, to Ver, -A 
Hence N in Art. 72 denotes the sum of the moments of 
eS round the awis of z, and similar meanings arise for L 
and M. 


Hence, the forces acting on a rigid body will be in equili- 
brium if the sums of the resolved parts of the forces parallel to 
three straight lines at right angles to each other vanish, and 
the sums of the moments of the forces with respect to these 


straight lines also vanish. 


Conversely, if the forces are in equilibrium, the sum of 
the resolved parts of the forces in any direction will vanish, 
and also the sum of the moments of the forces with respect to 
any straight line. | 


76. In order to interpret the meaning of G we observe 
that if we keep to the same origin, the moment of this couple 
and the direction of its axis must be independent of the 
directions of the co-ordinate axes. For , being the resultant 
of all the given forces, supposing them applied at a point, is of 
course independent of the directions of the axes. It by a new 
choice of axes we obtain G’ as the resultant couple, then A 
and G must be equivalent to * and G, and therefore 
Rh, G, - , —G must form a system in equilibrium. But 
this is impossible unless = and the axes of & and & are 
coincident or parallel. 


Since the direction of the co-ordinate axes is arbitrary, sup- 
the axis of æ to coincide with the axis of @; then M=, 
, and L and G are identical. 


Hence ( is equal to the sum of the moments of the given 
forces with respect to the straight line which is the axis of U. 


77. Suppose a force P acting at the point (x, y, 2), and let 
X, Y, Z be its components parallel to the axes. Then, by 
Art. 72, P at the point (a, , 2) is equivalent to P at the 
origin, together with the couples Zy— Yz, Xz Er, Ya— A 


— — EO EE 


*** — 


MEANING OF d. 73 
ee. on pe Lt H be the resultant 


Pinta tho ong E between ied Fy n 
7 HT" = (Zy — Yz)" + (Xz — Ze) + (Ya—Xy)’ 
e ¥" + Z") — (2X +yV+2Z) 


erg pty F) 
P- cos'a), 


therefore T= sin a. 


ne 


N P at the point (æ, y, 2), and a force at the 
ein pegen =< gt i ating sponte and opposite diree- 


compounding the 
erer the system, 


9 5 a 15 2 of Art. 73 vee, ie noo | in 
w the forces are parallel. ta, , angles 
which the direction of the forces P,, P,,...... . with the 
axes. Then the equations of equilibrium reduce to 


220, 
=P(y cosy — cos 8) = 0, 
=P (z cos a- x cosy) = 0, 
=P (x cos 8 — cos a) = 0. 


nne 
Ar ZRT 


cosa cosp cosy’ 


Hence we can deduce the conditions that a ; mab 

forces may maintain a pare in equilibrium, 

de turned about their Y 

equations must then Ea wie whatever a, 8, y may be. Thus we 
must have 


SP=0, Tro, LI -O, XI. 


74 CONDITION FOR A SINGLE RESULTANT. 


79. In Art. 72 we have reduced the forces acting on a body 
to a force IN and a couple G. If @ vanish there remains a 
single force; and if It vanish, a single couple. If neither R 
nor G vanish the forces may reduce to a single force ; we pro- 
ceed to shew when this is possible. 


To find the condition among the forces that they may have a 
single resultant. 


Any system of forces can be reduced to a single force R and 
a couple G; if then the forces can be reduced to a single 
resultant &, it follows that G, , and —S are in equilibrium. 
If R and —S do not form a couple, they can be reduced to a 
couple & and a force E; therefore N must balance the couple 
compounded of G and G. This is impossible by Art. 40, 
Hence I and — & must form a couple, and this couple must 


have its plane coincident with that of G, or parallel to that 


of G, in order that it may balance G. Therefore that the 
forces may have a single resultant, the direction of I must be 

arallel to the plane of G, or coincident with it; that is, must 
be at right angles to the axis of G. Hence, using the notation 
of Art. 72, 


cos a cos Xx + cos bd cos uw + cose cosy =0, 
therefore LEX + MXY+NEZ=0. 


80. Conversely, if LL XMS TTNLZ = o, and EX, LY, 
A do not all vanish, the forces can be reduced to a single force. 
For the plane of the couple G may be made to contain the 
force I, and the couple may be supposed to have each of its 


forces = R and its arm consequently = 14 the couple may 


then be turned round in its own plane until the force at one 
end of its arm balances the resultant force 2, and there re- 
mains A at the other end of the arm. 


81. When the forces are reducible to a single resultant, to 
Jind the equations to the straight line in which it acts. 


Let L. M, N denote the moments of the forces round the 
co-ordinate axes; L, M, N’ the moments of the forces round 


———— ee 
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: to the co-ordinate drawn through i 
„, 2). — y, 9 tory 9 
senonce 7 8 2. — 9 pression 
20 5. Therefore ey aie 
L=%(Z(y-y) — Y¥(e-#)} 
L-. 
Similarly 


M' = {X(2—2')-—Z(e2-—2’)} 
= M— 22 X+2'SZ, 
N'==[Y¥(e-2')-X(y—y)} 
= N—2tY+y=X. 
If , „, =’ can be 80 taken as to make L, V., and N’ 


| vanish, the forces reduce to a single resultant passing through 
the point (&, , 2). The on cannes 


Dm VEZ TTT. (1), 
MM — SEX + WEZ 0. .. e (2), 
N= BLY + VL O on . . . (3), 


are equivalent to two independent equations; for if we climi- 
hated from (1) and (2), cokers 2 3 
LLXYTMZTTLCUQTLT-—V NY) =0. 

But LEX +MSEY+ NEZ=0, by Art. 79, 
therefore N-wv i V¥+ytX=0. 

Thus (3) is a necessary consequence of (1) and (2). Hence 
a) (2) will determine 4 ttraight line at every point of 
which the resultant couple vanishes ; that is, the straight line 
in which the single resultant force acts. 


82. By the following method we may determine at once 
the condition for the existence of a single resultant and the 
equations to its direction. 

_ Suppose that the forces can be reduced to a single force 
acting at the point (v, , =’). Let the single force be resolved 
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into components X', T', Z parallel to the co-ordinate axes ; 
then if we add to the given N — a —Y’, emer . 
acting at the point (2’, /, 2’) parallel to the axes respectively 
there will be equilibrium. nee, by Art. 73, 


T. Ted Er- F- 
L—Z'y+¥2'=0 
M-— X'z' +Z'x = 0 see ** i 


NFF A/ =0 


Equations (1) determine X, Y’, Z“. It might at first appear 
that equations (2) would determine a’, /, ; but if we pro- 
ceed to solve them, we find that they cannot be simultaneously 


true unless 
LUX +MSEY+NIZ=0; 


and if this condition be satisfied, and TX, XT, EZ do not all 
vanish, then any one of the equations may be derived from 
the other two, so that there are only two independent equations. 
Hence that the forces may have a single resultant the above 
condition must be satisfied, and then any two of equations (2) 
will determine the locus of points at which this single result- 
ant may be supposed to act. From the form of equations (2) 
it is obvious that this locus is a straight line, and that its 
direction cosines are proportional to X’, Y’, Z, as might 
have been anticipated. 

In order that the force which replaces the system may pass 
through the origin, we must have 


L=0, M=0, N=0. 


83. Although a system of forces cannot always be reduced 
to a single resultant, it can always be reduced to two forces. 
For we have shewn that the system may be replaced by a 
force I at the origin, and a pi G lying in a plane through 
the origin; one of the forces of & may be “ey rea to act at 
the origin, and may be compounded with 1 so that this 
resultant and the other force of G are equivalent to the whole 
system. Since the origin is arbitrary, we see that when a 
system of forces is not reducible to a single force it can be re- 

uced to two forces, one of which can be made to pass through 
any assigned point. 


CT I -r . 


— any straight line er the directions of two 
i 


of the forces and not parallel to the third force, and take this 
straight line for the axis of r. Then the first two forces have 
no ent round the axis of ; therefore the equation L = 0 
requires that the third force should have no moment round 
_ the axis of 2; that is, the direction of the third force must 
pass th the axis of &. Since then any straight line, 
which meets the directions of two of the forces, is not 
to the direction of the third, meets that direction, the 

three forces must lie in one plane. 
Combining this proposition with that in Art. 58, we see 
that if three forces keep a body in equilibrium, they must all 
lie in the same plane and must mect at a point or be parallel. 


85. If the axes of co-ordinates be — Hy suppose J, mm, = 
to denote the sines of the angles between the axes of y and 2, 
and , & and , respectively; then we may shew, as in 
Art. 72, that any system of forces can be reduced to XX, SY, 
=Z, acting at the origin along the axes of &, . 2 respectively, 
and three couples in the three co-ordinate planes, having their 
moments equal to IL, mM, nN respectively, where, as 


L=%(Zy-—Yz), MS (-), N=X(Ya—Xy). 
Also for equilibrium, we must have, as before, 
X, IT-, ZZ; 
2 L=0, M=0, N=0. 
That the forces may admit of a single resultant we must have, 


as 
LEX+MSY+NEZ=0, 

and SX, SY, L not all vanishing. 

The followin itions are connected with the subject 

of the present Chapter. 


78 PROPOSITIONS RESPECTING 


I. Forces act at the angular points of a tetrahedron in 
directions respectively perpendicular to the opposite faces and 
proportional to the areas of the faces in magnitude: shew that 
the forces will be in equilibrium. 


Let ABCD represent the tetrahe- 
n. 


dro 

00 Resolve the forces parallel 
to AB. Let p denote the perpen- 
dicular from A on the face BCD; 
then the resolved part of the force 


A 
* at A is 2 x area of BCD, that is, 
i ida 3 volume of tetrahedron 
D AB } 
We obtain the same expression for the resolved part of the 
force at B. The forces at C and D have no resolved 


parallel to AB. Thus the forces resolved parallel to AB 


vanish. 


@) Take moments round AB. Let g denote the perpen- 
dicular from C on the straight line 45; @ the angle between 
the planes BAD and BAC. Then the moment of the force 
at 00 is ꝙ cos 0. area of ABD, that is, 


A cos O. area of 4 2 cos H. area of ABC. area of ABD 
AB ny AB 
We obtain the same expression for the moment of the 


force at D. Thus the moments round AB vanish. 


Since these results hold for any edge of the tetrahedron 
the forces must be in equilibrium. 


2 


II. Four forces act on a tetrahedron at right angles to 
the faces and proportional to their areas, the points of 
application of the forces being the centres of the circles cir- 
cumscribing the faces: shew that if the forces all act in- 
wards or all act outwards they will be in equilibrium. 


In this case the forces all pass through a point, namely 
the centre of the sphere described round the tetrahedron. 


FORCES IN DIFFERENT PLANES. 


79 
Hence we only require the first of the investigation in 
the preceding proposition to that the forces are in 
equilibrium. 


we have one force represen 
resolved of the other forces are ome by 
| i the oy ee areas BAC, CAD, DAB on BCD. 


Similarly the forces lved at right to other 
1 reso right angles to any 


III. By a process similar to that used in ishing the 
Proposition 1. at thé end of Chapter Iv. we can ex the 
ing Proposition to the case of any polyhedron bounded 
triangular faces. Thus we obtain the ollowing result: 
| 1 bounded by triangular faces at 
right angles to the 8 to their areas, the 
points of application of the forces being the centres of the 
Circles circumscribing the faces; shew that if the forces all act 
inwards or all act outwards they will be in equilibrium. 


IV. If four forces acting on a rigid body are in equi- 
librium, and a tetrahedron be constructed by drawing planes 
at right angles to the directions of the forces, the forces 
will be respectively proportional to the areas of the faces, 


This is the converse of II. and may be readily demon- 
‘strated: for by resolving the forces in any direction, and 
projecting the areas on a plane at right angles to that direo- 
tion, we find that the four forces are connected by the same 
linear relation as the four areas. 

We infer from this result that the areas in the present 
theorem must be respectively proportional to the volumes 
considered in the Proposition x. at the end of Chapter 11; 
thus we indirectly arrive at a geometrical truth. 
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; 


EXAMPLES. 


1. Four parallel forces act at the angles of a plane quad- 
rilateral and are inversely proportional to the segments of its 
cm nearest to them; shew that the point of application 
of their resultant lies at the intersection of the diagonals. 


2. Parallel forces act at the angles A, B, C of a triangle 
and are respectively proportional to a, 6, c; shew that their 
resultant acts at the centre of the inscribed circle. 


3. A cone whose vertical angle is 30°, and whose weight 
is W, is placed with its vertex on a smooth horizontal plane; 
shew that it may be kept with its slant side in a verti 
position by a couple whose arm is equal to the length of the 


slant side of the cone, and each force 14 ° 


4, Six equal forces act along the edges of a cube which 
+ not meet a given diagonal, taken in order; find their re- 
sultant, 


Result, A couple, the moment of which is 2Pa./3, where 
P denotes each force and a the edge of the cube. 


5. A cube is acted on by four forces; one force is in a 
diagonal, and the others in edges no two of which are in the 
same plane and which do not meet the diagonal; find the 
condition that the forces may have a single resultant. 


Result. (XY+YZ+ZX)/3+P(X+ Y+Z)=0; where 
X, Y, Z denote the forces along the edges, and P the force 
along the diagonal. 


6. Ifa triangle is suspended from a fixed point by strings 
attached to the angles, the tension of each string is propor- 
tional to its length. 


7. A uniform heavy triangle is supported in a horizontal 
position by three parallel strings attached to the three sides 
respectively; shew that there is an infinite number of ways 


: 
; 


1 
d 
; 

* 
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| 


#008 2+ y cos 8 +2008 7 = , 
20084, ＋ cos 8, +2008 y, = , 
x cos a, +y cos 8, +2 cosy, = 0, 
the axis of 2 being vertical; find the pressure on each plane. 


9. A heavy triangle ABC is suspended from a point b 
three stri S rn 
points of the triangle; if @ be the inclination of the triangle 
to the horizon in its position of equilibrium, then 


3 
on = Ted sec B sec C) 


10. An equilateral triangle without weight has three un- 
icles placed at its angular points; the system is 
from a fixed point by three equal strings 2 
ane to each other fastened to the corners of the tri : 
the inclination of the plane of the triangle to the horizon. 

W,+ W,+ W, 


Result. The cosine of the angle is N + WH]? 


here Wa, W,, I, represent the weights of the particles, 


11. Four smooth equal spheres are placed in a hemisphe- 
rical bowl. The centres of three of them are in the same 
horizontal plane, and that of the other is above it. If the 

radius of each sphere be one-third that of the bowl, shew 
that the mutual pressures of the spheres are all equal; and 
find the pressure of each of the lower spheres on the bowl. 


Results. Let W be the weight of each of the spheres; 
then each of the mutual pressures between the spheres is 


. z, the pressure of each of the lower spheres on 


Pi, a 2 


T. 8. 6 
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12. Three equal spheres hang in contact from a fixed 
point by three equal strings; find the heaviest sphere of given 
radius that may be 1 upon them without causing them 
to separate. 

Result. Let W be the weight of each of the equal spheres, 
6 the angle which each string makes with the vertical, & the 
angle which the line joining the centre of one of the three 
equal spheres with the centre of the upper sphere makes with 
the vertical; then the weight of the upper sphere must not 
3 3 W tan 0 


tan ꝙ - tan 0° 

13. ABCD is a tetrahedron in which the edges AB, AC, 
AD are at right angles to each other; forces are represented 
in magnitude and direction by AB, AC, AD, BC, CD, DB: 
determine their resultant. 


14. Three ena hollow spheres rest symmetrically inside 
a smooth paraboloid of revolution, whose axis is vertical; a 
solid sphere of equal radius is placed upon them: shew that 
the equilibrium will be destroyed if the radius of the spheres 


is less than 206 „where 7 is the latus rectum; the weight of 


the hollow spheres being neglected in comparison with that 
of the solid one. 


683) 


* 


= 


CHAPTER VI. 


EQUILIBRIUM OF A CONSTRAINED BODY. 


86. To find the conditions ‘librium of forces acting 

on a rigid 22222 7 

Let the fixed point be taken as the origin of co-ordinates. 

The action of the forces on the body will produce a pressure 
on the fixed point; let X’, T, 2“ be the resolved of 

this pressure parallel to the axes. Then the fixed point will 


- — 


* 


=X-—X'=0, TY-Y'=0, 27-Z'=0, 
L=0, M = 0, N= 0. 


The first three equations give the resolved parts of the 
pressure on the fixed point; and the last three are the only 
condition eee rere Thus the forces 
ill be in equilibrium if the sums of the moments of the 
with respect to three straight lines at right angles to each other, 
and passing through the fixed point, vanish. 

re equilibrium the sum of the 

moments the forces with respect to any straight line 
through the fixed point will vanish. 
From the equations X =X, T= ZY, 2 A it follows 
that the pressure on the fixed point is equal to the resultant 
all the given forces of the system moved parallel to them- 
elves up to the fixed point. 

If all the forces e we may take the axis of « 
passing through the fix int parallel to the forces. Then 
all the forces included in =X vanish, and so do all the forces 
neluded in T T; thus N vanishes, M reduces to — Lr, and 
L reduces to LZ. Hence X and T vanish and the equa- 
ions of equilibrium reduce to 
3Z-Z'=0, 2Zy=0, ro; 


6—2 
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the first determines the pressure on the fixed Pipes and the 
8 two are conditions which must be satisfied by the given 
orces, 


If all the forces act in one plane passing through the fixed 

int, and we take this plane for that of (, y), all the forces 
included in T vanish; also the ordinate parallel to the axis 
of z of the point of application of each force is zero. Thus 
Land M vanish; also Z vanishes, and the equations of equi- 
librium reduce to 

=X-X'=0, 2Y-Y'=0, =(Yx-Xy)=0; 

the first two determine the pressure on the fixed point, and the 
third is the only condition which the forces must satisfy, 
Thus the forces will be in equilibrium if the sum of the mo- 
ments of the forces with respect to the straight line perpendicular 
to their plane, and passing through the fixed point vanishes; 
and conversely, if the forces are in equilibrium the sum of the 
moments of the forces with respect to this straight line will 
vanish, 


87. To find the condition of equilibrium of a body which 
has two points in tt fixed, 

Let the axis of z through the two fixed points; and 
let the distances of the points from the origin be z and 2% 
Also let X, V, Z be the resolved parts of the pressures 
on one point, and X“, I“, Z” those on the other point. 


Then, as in Art. 86, the equations of equilibrium will be 
TX-X'-X"=0, 2PY- Y'-Y"=0, £7-Z'—-Z"=0, — 
LTZ + Y"2"=0, M- A= —X"z" =0, NO. 


The first, second, fourth, and fifth of these equations will 
determine X, X", V, T“; the third equation gives T2, 
shewing that the pressures on the fixed points in the direction 
of the line joining them are indeterminate, being connected 
by one equation only. The last is the only condition of 
equilibrium, namely N=0. Thus the forces will be in equi- 
librium if the sum of the moments of the forces with respect to 
the straight line passing through the fixed points vanishes; and 
conversely, if the forces are in equilibrium the sum of the 
1 of the forces with respect to this straight line will 
vanish. 
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— The indeterminateness which occurs as to the values 


of Z' and 2“ might ha 
—Z and -Z, act on a rigid body in the same straight 
line, their effect will be the same at whatever point in their 
line of action we suppose them applied, and consequently 
of 


ve been ex ; for if two forces, 


they may be sup both to act at the same point, or one 
of them to be increased provided the other be equally di- 
minished. If it be objected that in any experimental case 
there really would be some definite pressure at each fixed 
point, we must reply, that no body on which we can ex- 
periment fulfils the condition of perfect rigidity, on which 
our conclusions depend. See Poisson, Art. 270; and Poinsot, 
Arts. 128—132. 

The case which we have been considering is that of a body 
which n round a fixed axis; for an axis 
will be if two of its points are fixed. 


89. If the body, instead of having two fixed points, can 
turn round an axis and also slide it, then in addition to 
the condition N=0, we must have 2-0, supposing the axis 
of s directed along the straight line on which the body can 
turn and slide. For the axis will not be able, as in the last 
ease, to furnish any forces - and — Z” to counteract L, and 

90. To find the conditions of equilibrium of a rigid 
resting on a smooth plane. sie 

Let this plane be the plane of (x, ); and let &, / be the 
co-ordinates of one of the points of contact, N the pressure 


which the body exerts against the plane at that point. Then 
the force — R, and similar forces for the other points of 


contact, taken in connexion with the given forces, t to 
satisfy the equations of equilibrium; 3 * 
=X=0, LT, ZZR -“. . 0, 
L-RVY/ —R'y' —...=0, M+ Ra TNT 0, Ned. 
If only one point be in contact with the plane, then the 
third equation gives the pressure, and we have five equations 
of condition, 
=X=0, LTO, L-y'XZ=0, M+zdZ=0, N=O. 
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If two points be in contact, then the equations 
Ry N L, NR + Rx" =—- NM, 


give , R =- e 
yu —xy YO. BY 


and the equations of condition are 
L (2"—2')+M * 9 


X, SFT o, 2 7-77 =0, and N=0. 


yu —axy 


If three points are in contact, then the pressures are 


determined from the equations 
R ＋ BR" +R" = XZ, 
Ry + R'y' “ =L, 
N + R's! + R's" =— M, 
and the conditions of equilibrium are 
2X=0,>.2¥=0, N=0, ) 
If more than three points are in contact, then the pressures 


are indeterminate, since they are connected by only three 
equations; but the conditions of equilibrium are still 


SX¥=0, SY=0, Vo. 


91. The equations at the commencement of the preceding 


Article shew that if a body rests in equilibrium against a 
plane, the forces which press it against the plane must reduce 
to a single force acting in a direction perpendicular to the 
plane, for the condition 

LEX+MZV+NUZ=0 


is satisfied, since TA, LT, and N vanish. Hence the forces 
reduce to a single force; and since & and LT vanish, this 
force must be perpendicular to the fixed plane. 


Also, this single force. must counterbalance the forces 


-A, -A“. ., which are all el and all act in the same 
direction. Hence, from considering the construction given 
in Art. 66 for determining the centre of a system of 


parallel forces, it follows that the point where this resultant. 
cuts the plane must be within a polygon, formed by so joining 


the points of contact as to include them all and to have 
no re-entering angle. 
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MISCELLANEOUS EXAMPLES. 
I. The lid ABCD of a cubical box, moveable about 


hinges at A and B, is held at a given angle to the horizon 


q 
1 
ve 


orizontal string ing C with a point vertically 


h 
over A: find the pressure on hinge. 


2. Two forces act on a cube whose centre is fixed, 
i which do not meet of two adjacent faces: 


find the couple which will keep the cube at rest. 


Result. Let P denote each force, a the edge of the cube; 
; / 
the moment of the required couple is either “%*' or 2 ye 
cording to the directions of the two given forces, 


3. Three equal heavy rods in the position of the thre 
of an inverted triangular pyramid are in equilibriam 
the following circumstances: their upper extremities 


are connected by strings of equal len and their lower 
_ extremities are attached to a hinge about which the rods 
may move freely in all directions. Find the tension of the 
strings. 


4. A given number of uniform heavy rods, all of the 
same weight, have their extremities jointed together at a 
common hinge, about which they can turn freely; and being 
introduced thi a circular hole in a horizontal plane 


ymmetri- 
cally along the circumference of the like the ribs of 
a conical et. Ifa heavy be : 
interior of the system of rods, so as to be supported by them, 
determine the position of rest. 

5. rn inst a smooth 
vertical is u a stri to it at a point 
ET 
ish. Shew that A must be greater than h — 20 tan 
3 is i 


the base, and @ the angle which the string makes with the 
vertical. | 
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6. A cylinder rests with its base on a smooth inclined 
plane; a string attached to its highest point, passing over 
a pully at the top of the inclined plane, hangs vertically 
mal supports a weight; the portion of the string between the 

linder and the pully is horizontal. Determine the con- 
ditions of equilibrium. 


Results. Let W be the weight of the cylinder, N“ the 
weight attached to the string, a the inclination of the plane 
to the horizon; then W’= W tana, and tana must not ex- 
ceed the ratio of the diameter of the base of the cylinder to 
the height of the cylinder. 


7. A cone of given weight W is placed with its base 
on an inclined plane, and supported by a weight W’ which 


hangs by a string fastened to the vertex of the cone and 


ing over a pully in the inelined plane at the same 
eight as the vertex. Determine the conditions of equilibrium. 


Results. Let a be the inclination of the plane to the 
horizon, @ the semi-vertical angle of the cone; then | 


MW Fun and ten 6 must not hu Jene than 3 sin 2a. 


8. A smooth hemispherical shell whose base is closed 
includes two equal spheres whose radii are one third of that 
of the shell. The shell is fixed with its base vertical; find 
the mutual pressures at all the points of contact. 


Results. Let N, be the pressure between the upper sphere 
and the shell, R, that between the two spheres, I, that be- 
tween the lower sphere and the base of the shell, R, that 
between the lower sphere and the curved part of the shell; 


then id > 
2W 3 N 4 
2. 7 . J. E. E. +. 


9. A rectangular table is supported in a horizontal posi- 
tion by four . at its four — * a given weight W being 
placed upon a given point of it, shew that the on 
each leg is indeterminate, and find the greatest and least value 
it can have for a given position of the weight. | 


a 


( 89 ) 


CHAPTER VIL. 
GENERAL THEOREMS ON A SYSTEM OF PORCES. 


. Art. 72 it is that the ſorces acting on a 
body may be to a force N and a couple , and 


forces round three rectan axes arbitrarily chosen. 
It is obvious that neither L, M., nor N can be greater than G; 
hende, for a given origin, the resultant moment G is 
eee other axis, For this 
reason @ is the principal moment of the forces. 


From the equations in Art. 72, which determine the diree- 
tion of the axis of G, it follows that & cos ¢ is the moment 
of the forces about an axis which passes through the given 
origin, and makes an angle ¢ with the axis of principal 
moment. 


— 


i 


14 
. 
4 


value of N in Art. 72 is independent of the 
the origin of co-ordinates; & is in fact the re- 
the given forces, supposing each of them moved 
iteelf until are all brought to act at the same 
The value of G, however, depends on the origin we 
If we take a point whose co-ordinates are a, y, =, 
te by L, M, V the moments of the forces round 

this point parallel to the co-ordinate 
and by & the principal moment of the forces with respect 
point, we have, by Art. 81, 


L L-YLCZ TTT. 
-M-» ZT L 3 
N =N-wvSY+y EX, . 
G?=L* + M"+N™. 


s 
5 


„ * 
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We peer to apply these equations to find the least 
value of &. 


To find the locus of the origins which give the least princi 
ara the magnitude of those moments, and the 3 
ir axes. 


Multiply the first of equations (1) by =X, the second by 
EF, tt 51 third by T, and add; thus 


LCXTNMHTLTTYTNCTZ=LLTXTMLST TM.. (2). 
Also 
LEG" = {(2X)*+ (ZY) + CZ) UL + M? +N} 
(NZ T- MCZ T (LTZ NX)? 
+(MIX—-L'S VY) + (LCTXTMCTYTN LZ). . (3). 


Of these four terms the last is constant for all values of 


x’, / & by (2); hence we obtain the Least value of G by 
making the three preceding terms vanish, which gives 


L M. N. 
* yr ¥7 See eee ween * (4) ; 
that is, 
L-y>=Z4+22Y _ M-2/2X4+ex'XZ_ N-a'SV4+7'5X (5) 
L * wg 7 24 e 


Hence the required locus is a straight line. 
From (4) it appears that L, M, N’ are proportional to 


=X, LIV, =Z respectively, which shews that the axis of the 


principal moment at any pant on the straight line (5) is 
parallel to the direction of the resultant R. By (3) the value 
of the least principal moment is 


LX Z TMA 
R * 
Each of the fractions in (5) is, by a known theorem, 
equal to 
LE X+MEY+N2Z . 
(SX) + (eX) + (ez) 
; LXX＋LMZ TN 
that is, to ‘ 


Lt 
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The equations suitable transformations 
a tee Siler reer t0 0 eomighs 
line. We have 


L—ySZ+eSY _ LXX+MEY+NEZ 


therefore 

LED- - (MZT NLA; 
therefore 

- MEX+ LEY) TT- ON -LLZ Y NEX)EZ; 
thereſore 


a 


Hence we conclude that the equations (5) may be written 


1 ( er). 17 0 N 
1 * ) 
| F) 
from which we see that the straight line determined by (5) is 
lel to the direction of N. Hence this straight line 
the following properties > at every point of it the value of the 
FP 
pint not in ne d every point in the line the position 
the axis of principal moment is the same, being the line itself. 
is line is called the central axis. 
We have supposed in the investigation that I is not zero. 
If N be zero we have for every origin 
| Lal, M=M, N=N, 


G? = I? + M*+ N*. 
94. The equation (2) of Art. 93 may be written 
>> ¢ n 1 
„„ 
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This shews that if we resolve L, M', M' along a straight 
line parallel to the direction of R, and add the resolved 
we obtain the same result whatever origin be chosen. Thus 
the resolved part of any principal moment in the direction of R 
is constant. By the resolved part of the principal moment in 
the direction of we mean that part of the moment which has 
its amis in the direction of A. 


95. From equations (1) of Art. 93 it appears that =I 
M' =M, and V = N, provided 
eo ee 
2A Qe ee 
that is, if the point (æ“, / 2) be on a straight line through 
the origin parallel to the direction of R. Since the origin is 


arbitrary, we may therefore assert that the principal moment 


remains unchanged, when the point to which it relates moves 


along any straight line parallel to the direction of R. 


96. The equation to the plane through the origin perpendi- 
cular to the direction of I is 


TTT eee (1). 


If we combine this equation with equations (5) of Art. 93, 
we obtain the co-ordinates of the point of intersection of this; 
plane with the central axis. 


We thus find for these co-ordinates 
NE Y-M2Z LZZ NTX MEX-LY 
Lt ; it ‘ Lt* ‘ 
which we will denote by h, I, I respectively. 
If a’, /, 2 satisfy (1), then N T- MTA 
or (N- TTL) ZF- (M- X TLZ) XA 
NCT MCZ -= H (h-z’). 
Similarly LIZ N'SX=F (k-y’), 
MCZX-LCLT=N (l-2’).. 


GQ" = B((h—2)' + (k—y)' + (l- 2)" 
4 ( MXT. x= 


R 


Hence & remains constant for all points in the plane (1) 
for which (A- K -N - is constant; that is, 
for all points in (I) which are at a constant distance from the 
From this and Art. 93 it follows, that if a right 

described round the central axis, the principal 

moment has the same value for any point on the surface of this 
Of 


the two expressions which com in equation 
n „ by Art. 94, is the resolved part of 
parallel to the direction of R; hence the former is the 
resolved part of eee B. Call 
the former part O, ¢ the angle which the direction of the 
axis of G makes with that of I; then ein g G, and this 


is constant so long as G is, that is, for every point on the 
surface of the cylinder in the preceding Laa. by 


98. The propositions already given in this Chapter admit 
of other modes of — which we — to in- 


To shew that any of forces can al be reduced 
and a the axis of the latter bei 
—— of the 1 1 


The forces can be always reduced to a force N and a couple 
G, and the ay between the former and the axis of the 
latter is given by the equation 

LEX+ MEY+NEZ 
>= Gh 


Resolve the couple @ into two others; one having its axis 
: to the direction of 2 and its moment equal to C cos G. 
the other having its axis perpendicular to the direction of A 
and its moment equal to G ein G. The forces of the latter 
couple are therefore in a plane parallel to ; and by pro- 


94 REDUCTION OF A SYSTEM OF FORCES. 


perly placing this couple in its own plane; and making each 
of its forces equal to E, one of its forces may be made to 
balance the force R. We shall then have remaining the 
couple & cos & and a force E, the direction of which is 
parallel to the axis of the couple, and which is moved to 


a distance f from its original position. The system is 


thus reduced to a force N and a couple LX + 23 — 2 


the axis of the latter being parallel to I, and therefore its 
plane perpendicular to &. 


Since the resultant couple must be independent of the diree- 
tion of the axes of co-ordinates we conclude that 


LUX+MEV+N IZ 
A 


must be constant whatever be the direction of the axes; and 
as N is constant it follows that LEX+MZY+N=Z must be 
constant whatever be the direction of the axes. The expres- 
sion also remains the same whatever origin be chosen, as ap- 
pears from equation (2) of Art. 93. 


99. When a system of forces is reduced to a force and a 
couple in a plane perpendicular to the force, the position and 
magnitude of the force are always the same. 


The magnitude of the force is always the same, for it is the 
resultant of the given forces ed fee each of them moved 
parallel to itself until they are all brought to act at the same 

int. We shall now shew that there is a definite straight 
fine along which the resultant force must act. 


Let a’, /, z’ be the co-ordinates of an origin such that the 


axis of the resultant couple coincides with the direction of 


the resultant force. Then, with the notation of Art. 93, 


we have 
Dae. 
Sx £7" S72" 


| 
| 


for the direction cosines of the axis of the oie. are propor- 


tional to L, M, and V, and those of the tion of the 
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100. 7 ohn the last Article that there is only 
the resultant force in which it is perpendicular 


; a new couple, the moment of which is V (K* + Hp’), where 
K denotes the original moment and p the distance to which 
* has been moved. This moment is greater than X; and 


to 
the of the resultant couple is the axis of least principal 
— It is therefore the aed axis. 7S 


LiX+ MEY+ NEZ 
7 


101. The principal moment will be the same for every 
point of the central axis, since when we have reduced the 

— to a single force and a couple in a plane perpendicular 
to the force, the foree may be sup to act at any point 
in its line of application, and the plane of the 2 may be 
moved e eee See also Art. 93. 
‘Hence if we draw any plane perpendi to the central axis, 
und describe a circle in the plane with radius , and having its 
centre at the intersection of the central axis, then, by the 
last Article, a4 reg moment for any point in this circle 
will be „(XK A „and the angle & at which the direction 
of its axis is inclined to the direction of A is given by the 


equation tan = 72. 


K is shewn in Art. 98 to be = 


* meme 
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Let the straight lines AB and A. represent the two forces, 
AA’ being a straight line at right 5 t 
angles to both. Suppose two paral- Tt = 
lel lines Aw, A drawn, each at a 


respectively at right angles to Aa, 


A, and also at right angles to 12 *. 
AA’. Let BA = S, BA'z'=¢', ther 
and let 7’ and 7” denote the inten- 5 


respectively. Then Z' may be resolved into Z'cos¢ and 
Tin c acting at A along Aw and Ay respectively, and 7” 
into “ cos , sin &' acting at 4 along A and 4% 
respectively. Let a be the inclination of AB and A4, so 
that & = a. Now determine ¢ by the equation 


T cos ꝙ + T cos G = OO. . . . (1), 
that is T cos ¢ + T cos (6 + a) 0. 


Then by (1) the forces Z’cos ꝙ and “ cos ¢' will a couple 
in the Ax vA A's’; and 1 sing and 7” sin & will have a 
single resultant perpendicular to the plane of this couple, 
for they cannot form a couple since then the whole system of 
forces would reduce to a single couple which is contrary to 
supposition. Let P denote the intensity of this single force 


so that 
P=T sin 6+ T sin P.. . . . . e (2). 


The moment of the couple is AA'x Tos . Hence, by 
the latter part of Art. 98, AA x Px eos & is constant 
whatever be the position and magnitude of the forces 7’ and 
7", so long as they are equivalent to a given system of forces. 


Now the volume of the tetrahedron of which AB and 4 
are a edges is 345. 4B. AA sin a. For the base 
may considered to be the triangle 4A’B’, the area of 
which is }4A’. A’B'; and the height will then be AB sin a. 


But from (1) and (2) we have Z" sina=Pcos¢. Hence the 
volume of the tetrahedron becomes 34A. T. Pcos¢, Which 
we have just seen to be constant, 

This result is due to Chasles; see Möbius, Lehrbuch der 
Statik, 1. 122. 1 
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103. When a system of parallel forces acting on a rigi 
body has a single resultant, that resultant — 
through a fixed point in the body whatever may be the 
; ae — e — — 

we might investigate the consequences of turn- 
—— — cocther ile the arn 
in their original directions, or of turning the forces in 
duch a manner as to leave their relative directions unchanged 
while the body remains fixed. We shall here give some 
examples of eg sen that have been demon- 
. on this subj The forces are supposed to act at 
_ fixed points in the body. 


104. Let PA and QA be the directions of two forees 


* 
K 
4 
3 
n 


lying in one plane, acting at the 
points P and 0 ively; 7'A 
direction of ir resultant. 


Suppose the forces in PA, QA to 
be ee —— 33 Pand 0 
respecti e same an- 
gle a — > esta direction ; 
since PA and QA will include the 
game angle as before, their point 
intersection will move on a circle 
yassing through P and O. And 
3 the magnitudes of the forces are supposed unchanged, the 
agnitude of the resultant and the angles which it makes 
vith the com remain unchanged. Hence if T be the 
intersection of the resultant and the circle originally, it will 
1 be so, since the arcs PT and OT are proportional to 

angles PAT and AT; the resultant will therefore have 
med through the angle a round the point 7. 


The same conclusion holds if instead of supposing the body 
be fixed and the forces to revolve, we suppose each force 
remain parallel to itself and the body to be turned through 
y angle round a perpendicular to the plane of the forces, 


The point T through which the resultant always passes 
nay be called the centre of the forces which act at P and . 
evident, in like manner, that if a third force pass 
rough a fixed point & and meet the straight line 7'A, we 
r. s. 7 


98 GENERAL THEOREMS RESPECTING 4 
may find the centre of the forces at J and &, that is, the centre 
of the forces at P, O, and S; and generally we may infer 
that every system of forces in one plane which is reducible to 
a single resultant a centre; or, in other words, if there 
be a system of forces acting in a plane and having a er 
resultant, and we know the magnitude of each force, 

angles the directions of the forces make with each other, 
and one point in the direction of each, then we can deter- 
mine the magnitude of the resultant, the angle its direction 
makes with those of the component forces, and one point iu 
its direction. . 


105. If a system of forces maintain a body in equilibrium, 
and equilibrium also subsist after the body has been turned 
through any given angle which is not a multiple of two right 
angles, about any axis, then equilibrium will still subsist 
when the body is turned about the same axis through any 
angle whatever, the forces being supposed to act with the 
same intensity and in parallel directions throughout. 


Take the axis of z to coincide with the straight line about 
which the body is turned. Since there is equilibrium in its 
first position, we have 

ao, SY=0, LZ O. . . e. (i); | 
=(Zy— Yz)=0, X( -N) =, &(Ya—Xy)=0...(2). 
If equilibrium subsist when the body is turned through an 


angle @, the equations (1) and (2) must hold when we put 
x cos @—y sin @ for æ, and & sin@ + cos 6 for y. Hence (2) 


become 
sin 0S (Zz) + cos 0% (Zy) (TZ) O . (3), 
= (Xz) cos h (Zz) + sin 9 = (Zy) =0...... (4), 
cos > ( Ya — Xy) - sin = (Xx+ Y) O (5). | 


By means of (2), equations (3) and (4) become 
sin 0 > (Xz) - (1 - cos ) (TZ) O, 
(1 - cos ) = (Xz) +sin 0 (T2) =0. 


As these equations hold for some value of sin @ different from 
zero we must have ) 


S(Xz)=0, and CIO. e (6). 
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® by (2), we infer 

* 2 -o, and E(Zy) -0 u, (H). 
nd from 2 and (5), 

' ¥(Ya—Xy)=0, and S(Xx+ Vy) = , (8). 


And when 6), (7), and (8) are true, (3), (4), and (5) are true 
7 Wan f , * 
u appears from the preceding investigation that when 
forces act in one plane — a rigid body and maintain equi- 
librium, the necessary and sufficient additional condition in 
2 that equilibrium may subsist after the body has been 
turned — * axis perpendicular to the plane while the 
forces remain parallel to their original directions, is 
= (Xz+ Yy) =0. 


106. A system of forces acts on a rigid body: determine 
the conditions which must hold in order that when the system 
is resolved parallel to any straight line these resolved’ parts 
“may be in equilibrium. 

Take a straight line whose direction cosines are I, mn, n. 


m order that the resolved parts of the forces parallel to 
this straight line may be in equilibrium we must have, by 


78, 
= (1X + mY+nZ)=0, 
Sunne _ S(IX+mY+nZ) y 
t 


E > (1X + mY+nZ)s 


ies these are to be true for all ratios of 1, m, n we 
t have 


. X, CT-, 22-0, 

Xy=0, ., LI, LY¥e=0, r, o, 
1 NN. 

hese are the necessary and sufficient conditions. 

7—2 
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107. We have remarked in Art. 9 that the 

of the divisibility of matter leads us to the 1 that 
every body consists of an assemblage of materi tieles or 
molecules which are held together by their mutual attraction. 
Now we are totally unacquainted with the nature of these 
molecular forces ; if, however, we assume the two hypotheses 
that the action of any two molecules on each other is the 
same, and also that its direction is the straight line joining 
them, then we shall be able to deduce the conditions of equi- 
i librium of a rigid body from those of a single particle. 


i To deduce the conditions of equilibrium of a rigid body from 
' those of a single particle. 


‘ Let the body be referred to three rectangular axes; and 
let , y,, 21 be the co-ordinates of one of its constituent par- 
ticles ; =, Y,, Z, the resolved parts, parallel to the axes, of 
the forces which act on this particle exclusive of the mole- 
cular forces; N, B, B. the molecular forces acting on 
this particle ; a, Bi, N; Gyr B. ; · the angles their re- 
spective directions make with the three axes of co-ordinates. 
hen, since this particle is held in equilibrium by the above 
forces, we have, by Art. 27, : 


* gm ae SP: — i 
I ee 


1 X, + A cos a, + H cos a, . 0 .. (1), 
Y,+P,cos 8, , cos B, + .....- 20. „ „% 0 
2 H cos q + P, cos , . . 0 (3). : 


We shall have a similar system of equations for each particle 
in the body; if there be n particles there will be 3n equations. 
These 3n equations will be connected one with another, since 
any molecular force which enters into one system of equations 
must enter into a second system; this is in consequence of 
the mutual action of the particles. | 


— ee — ee ET — = 


There are two conditions which will enable us to de- 
duce from these 3n equations siz equations of condition, 
independent of the molecular forces. These will be the 
equations which the other forces must satisfy, in order that 
equilibrium may be maintained. 
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The first condition is this, that the molecular actions are 
mutual; and uently, if H cosa, represent the 
resolved part to the axis of * of any one of the 
molecular forces involved in the Zu equations, we shall like- 

wise meet with the term —P, cosa, in another of those equa- 
tions which have reference to the axis of &. Consequently, 

if we add all those equations her which have reference 
to the same axis, we have the three following equations of 
condition independent of the molecular forces, 

* ~X=0, LY=0, Z=. 


im. The 1 is * that the ees * 
joining the different particles are directions in whi 
N — — 
Thus, let P, be the molecular action between the particles 
whose co-ordinates are (ri, y,, % and (r., y,, #,), 
A eos , I eo g, H eos, 


—F,cosa,, A cos g., —P,cosy,, 
the corresponding resolved parts of H for the two particles. 


. x - 5 — 
dos a = cos g. n, 5 


where r VIC. - G. -%“ G, 2% “J. 


These enable us to obtain three more equations free from 
molecular forces; for if we 1 and (2) by y, and 2, 
respectively, and then subtract, we have 


Ya, —Xy, +... +P, (, cos g. . oo a,} +... 0... (4). 


By the same process we obtain from the system of equations 
hich refer ta the particle (r., ., 6%, 


T. — A. .. x, cos 8, , eos a, T. . 0. (5). 


But the values of cosa, and cos g, given above lead to the 
condition 
(x, — x,) cos 8, — G. —y,) eos 2, = 0. 
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Wherefore the equation 4 
T.. — X ove + Ya, — A. . . . =0 1 


will not involve N, the molecular action between the particles — 


whose co-ordinates are ., y,, 2 and ,, y,, 2, respectively. * 


It follows readily from what we have shewn, that if we fori 
all the equations similar to (4) and (5), and add them together, 
we shall have a final equation 


L (Ya—Xy)=0, 
independent of the molecular forces. 


In like manner we should obtain 5 
> (Zy — Yz)=0, T (-A) =0. 


Moreover we can shew that these six equations are the only 
equations free from the molecular forces, supposing the body 
to be rigid, and consequently the molecules to retain their 
mutual distances invariable. For if a body consist of three 


molecules, there must evidently be three independent mole- 


cular forces to keep them invariable; if to these three mole- 
cules a fourth be added, we must introduce three new forces 
to hold it to the others; if we add a fifth molecule we must 
introduce three forces to hold this invariably to any three of 
those which are already rigidly connected; and so on; from 
which we see that there must be at least 3 + 3 (n 3) or 8n—6 
forces. Hence the 3n equating resembling (1), @), and (3) 
contain at least 3n—6 independent quantities to be eliminated; 
and therefore there cannot be more than si# equations of con- 
dition connecting the external forces and the co-ordinates of 
their points of application. 


MISCELLANEOUS EXAMPLES. 


1. Determine the central axis when there are two forces 


Pand Q whose lines of action are defined by z=c, / N tan a, 
and z=—c, y = & tan a respectively. 
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2. If Pand O are two forces whose directions are at right 
ngles, shew that the distances of the central axis from their 
li 8 of action are a to . 


3. Parallel forces act n 
in equilibrium, the points of application being all in one 
plane: shew that the forces will maintain the body in equi- 
ibrium however they may be turned about their points of 
application. 


4. A system of forces acting on a rigid body is equiva- 
lent to a single force: shew that it will also be equivalent to 
single force after the body has been turned ugh any 
- angle about the axis of z, the directions of the forces remain- 


ing the same, if 

S(X) 3( Ys) = 5(¥) TON, 

Sand = &(X) 5 (Zz) + S(Y) S(Z) = = (ze) S (Xe + Vy). 

5. Forces act at the angular points of a tetrahedron in 
directions respectively perpendic to the opposite faces, 


and proportional to the areas of the faces in magnitude: 
shew that the forces have the property considered in 106. 


6. Shew that within a quadrilateral, no two sides of 
h are parallel, there is but one point, at which forces 
acting towards the corners and proportional to the distances of 
the point from them, can be in equilibrium. 


7. Two forces acting at a point are represented in magni- 

ade and direction by straight lines drawn from that point: 
heir sum is constant and their resultant is constant both in 
magnitude and direction. Find the locus of the extremities 
he straight lines which represent the forces, 


8. If forces P, Q, R acting at the centre O of a circular 
lamina along the radii OA, OB, OC be equivalent to forces 
, O, A acting along the sides BC, CA, AB of the inscribed 


* 


triangle, shew 


p. O. C RR 
D 
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9. A uniform rigid rod, of length 2a, can turn in a hori- 
zontal plane about its middle point. At one end a sey 
tied which passes over a fixed pully, vertically above that 
end, and at a distance h from it, and is then ned to a 

iven weight. The rod is then turned through an angle 0, 
and kept at rest in that position by a horizontal force Y per- 
pendicular to the rod through its other end. Prove that P 
will be a maximum if ; x } 

4 


tan 17 N 4 
10. Prove that a system of forces can be reduced in an 
infinite number of ways to a pair of equal forces, whose direc- 


tions make any assigned angle with one another; and find 
the distance between these forces when the angle is given. 


EE K˙ꝝ 8 


( 105 ) 


CHAPTER VIII. 


| CENTRE OF GRAVITY. 

108. Weraur is measured like other quantities by means 
ok an arbitrary unit. If a certain upward force be n 

to prevent a body from falling, then another body which 

an equal force to sustain it is said to have a weight 

equal to that of the first. When two weights have been 

ised to be equal, a body which requires to sustain it 

a force equal to the sum of the two equal forces which would 

_ sustain the two equal weights, is said to have a weight double 

that of either of the two equal weights; and so on. 


It appears from experiment that the weight of a given bod 

‘is invariable so long as the body remains a the 14 place A 
the earth’s surface, but changes when the body is taken to a 
different place. We shall 8 therefore when we speak of 
the weight of a body that the body remains at one place. 


When a body is such that the weight of any portion of it is 
prope ‘ional to the volume of that portion it is said to be of 

fi earn the density of such a body is measured by 
the ratio which the weight of any volume of it bears to the 
42 it of an equal ‘volume of some arbitrarily chosen body of 


‘The product of the density of a body into its volume is 
alled its mass. 


When a body is not of uniform density its density at any 
bint is measured thus: find the ratio of the weight of a 
volume of the body taken so as to include that point to the 
ight of an equal volume of the standard body; the limit of 
his ratio, when the volume is indefinitely diminished, is the 
density of the body at the assumed point. 
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109. It was shewn in Art. 66 that there is a point in every — 
body such that, if the particles of the body be acted on by 
parallel forces and this point be fixed, the body will rest in 
whatever position it be placed, | 


Now the weight of a body may be considered as the resultant 
of the weights of the different elementary portions of the body, 
acting in parallel and vertical lines. In this case the point 
above described as the centre of parallel forces is called the 
centre of gravity of the body. We may define the centre of 
gravity of any system of heavy particles as a point such that 
if it be supported and the particles rigidly connected with it, 
the system will rest in any position. 4 


* 

In the present Chapter we shall determine the position of 
the centre of gravity in bodies of various forms. We shall 
first give a few elementary examples. 4 
4a . 

(1) Given the centres of gravity of two parts which compose 

a body, to find the centre of gravity of the whole body. | 


Let G, denote the centre of gravity of one part, and G, the 
centre of gravity of the other part; let m, denote the mass of 
the first part and m, the mass of the second part. Join G, G, 
and divide it in G so that G vu, then @ is the centre 
of gravity of the whole body (Art. 37). ; 


‘ihe eee e contre 
of gravity of a part of the body, to find the centre of gravity of 


€ remainder. 


Let G denote the centre of gravity of the body, and G, the 
centre of gravity of a part of the ; let m denote the mass 
of the — 8 and m, the mass of oe pi Join G., & and pro- 
duce it through G to Ci, so that G0 e ne, then @, is the 
centre of gravity of the remainder. : | 


(3) To find the centre of gravity of a triangular figure of 
uniform thickness and density. 
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Let ABC be one surface of the triangular figure; bisect DC 
at E; join AZ; draw ceb lel to 
CEB cutting AE at e. Then, by 
imilar triangles, 
ce: CE:: Ae: AE, 
a be: BE :: Ae: AE, 
therefore ce: CE: le: BE; 
| CE= BE, therefore ce be. 6 Te 
Hence AZ bisects every straight line lel to BC, There- 
fore each of the strips similar to ced, into which we may 
Suppose the triangle to be divided, will balance on AZ, and 
th the centre of gravity must be in the straight line AZ. 
_ Bisect AC at F and join BF; let this cut AZ at G. 
Then, as before, the centre of gravity must be in BF; but 
it must be in AZ; and therefore G is the centre of gravity. 


Join EF. Then, because CE= BE and CF= AF, there- 
fore EF is parallel to AB and AB=2FE; and by similar 


triangles, 
2 EG: EF :: AG: AB, therefore EG=}4 AG. 
Hence to find the centre of gravity of a triangle, bisect any 
fide, join the point of bisection with the opposite angle, and the 
mtre of gravity lies a third of the way up this straight line. 
The centre of gravity of any plane polygon may be found 
by dividing it into triangles, determining the centre of gravity 
pf each triangle, and then by Art. 66 deducing the centre of 
fravity of the whole figure, 
We may observe that the centre of gravity of a triangle 
oincides with the centre of pte! of three equal — 
laced at the angular points of the triangle. For to find the 
ntre of gravity of three equal particles placed at A, B, C 
pectively, we join CB and bisect it at E; then E is the 
ntre of gravity of the particles at C and B; sup these 
rticles collected at E; then join AZ and divide AEF at G so 
at EG may be to AG as the mass of the one particle at A is 
o that of the two at E, that is, as 1 is to 2; then & is the centre 
gravity of the three equal particles. From the construction 
BC. 


obviously also the centre of gravity of the triangle 
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Let the co-ordinates of A referred to any axes be i, Ni, 21; 


those of B, c, y,, 2,; and those of C, , y,, 23; then, by 
Art. 66, the co-ordinates S, 7, 2 of the centre o — 


three equal particles placed at A, B, O respectively, are 
L=}(2,+2,+%); Y=RY +H %; = Eh 
By what we have just proved, these are also the co-ordinates 
of the centre of gravity of the triangle ABC. 
It may be remarked that in Art. 66 the co-ordinates may 
be rectangular or oblique. 7 
(4) To find the centre of gravity of a pyramid on a tri- 
angular base. 


Let ABC be the base, D the vertex; bisect AC at E; join 
BE, DE; take EH EB, then V is the centre of gravity 
of ABY. Join FD; draw ab, be, ca parallel to AB, BC, CA 

2 


— . . ů,ęrn 


0 N 
1 and let BF meet the plane abe at 7; join bf 
and produce it to meet DE at e. Then, by similar triangles, 
ae=ec; also 

of = Df of — 
BF DF EF’ 

but EF BV, therefore = H; 

therefore F is the centre of gravity of the triangle abe; 
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we suppose the pyramid to be made up of an indefinite! 
great number of indefinitely thin —— slices parallel 
| ——— slices has its centre of gravity in 
DF. Hence the centre of gravity of the pyramid is in DF. 
Again, take EH =} ED; join HB cutting DF at G. Then, 
as before, the centre of gravity of the pyramid must be in 
RH; but it is in DF; hence , the point of intersection of 
these straight lines, is the centre of gravity. 
Join FA; then FH is parallel to DB. Also because 
EF =} EB, therefore FH =} DB, and 


PHA pas but - z Dh, therefore T=; D ID. 
Hence the centre of gravity is one-fourth of the way up the 
straight line joining the centre of gravity of the base with the 
vertex. 


In the same way as the corresponding results were demon- 
_ strated for the triangle, we may establish the following: 


Tho centre of gravity of a pyramid coincides with the cen- 
tre of gravity of particles of equal mass placed at the angular 

points of the pyramid. 

Let 2,, y,, 2 be the co-ordinates of one angular point; 

Sn Ye #, the co-ordinates of another; and so on; let %, 7, Z be 

the co-ordinates of the centre of gravity of the pyramid: then 


r =(. T T, TY, 
JT. T. T. 150, 
7 216 T2, T2 T2. 


| or eons of gravity of any pyramid having a 


Divide the base into triangles; if any of the base is 
purvilinear then suppose the curve to be divided into an in- 
definitely great number of indefinitely short straight lines. 
Join the vertex of the pyramid with the centres of gravity of 
all the triangles, and also with all their angles. Draw a 
plane parallel to the base at a distance from the base equal to 
one-fourth of the distance of the vertex from the base; then 
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this plane cuts every straight line drawn from the vertex to 
the base in parts having the same ratio of 8 to 1; and there- 
fore the 3 pyramids have their centres of gravity in 
this plane, and therefore the whole pyramid has its centre 
of gravity in this plane. an 


Again, join the vertex with the centre of gravity of the 
base; then a section parallel to the base will be similar 
to the base, and if we suppose the pyramid divided into an 
indefinitely large number of indefinitely thin slices by planes 
parallel to the base, the centre of gravity of each slice will lie 
on the straight line joining the vertex with the centre f 
gravity of the base. Hence the whole pyramid has its centre 
of gravity in this straight line. 


Therefore the centre of gravity is one-fourth of the way up 
the straight line joining the centre of gravity of the 
with the vertex. 


(6) To find the centre of gravity of the frustum of a pyra- 
mid 5 7 ga parallel planes. ne’ 1 


Let AB Cabe be the frustum; 
G, 9 the centres of gravity of 
the pyramids DAO, Dabe; it 
is clear that the centre of gravity 
of the frustum must be in 9 pro- 
duced; suppose it at &.. 


Let Ff=c, AB=a, ab=b, 


< 
1 
le 


Since the whole pyramid DABC 
is made up of the frustum and 
the small pyramid, therefore, 3 


822 


G _ weight of small pyramid 
Gg weight of frustum 


J. I. 
° 
Beat 


2 vol. of small pyr. 22 
vol. of large pyr. — vol. of small pyr. 4 — 0°’ 
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since similar solids are as the cubes of their homologous 
; 


Gg = DG — Dg=} (DF — Df) -e; 


26s. i 
therefore GG W 


» GF =} DF =}(DF-Df) — by similar figures, 


c a 
4 1 
therefore FG’ = FG C= 2 1 
4ja-b a—v 
| ca’ + 2ah + 3h? 
4 @+abeP * 


? n on any base, a and } 
being homologous sides of the two ends. 


ot 


0 We may by the aid of the theory of the centre of gravity 
le some geometrical propositions. For example: 
ht lines which join the middle points of the 

Sa tetrahedron meet at a point which bisects each 


1h.) 8 vi 


For erect equal particles placed at the corners of a 
; then to find the centre of gravity of the system 
may proceed thus: The centre of gravity of any pair 
| fant is at the middle point of the edge which joins 
m; and the centre of gravity « of the other pair is at the 
o point of the opposite edge: then the centre of gravi 
che system is at the middle it of the straight line whic 
ns the middle points of the selected edges. And the 
— — 
system, whatever pair edges ected. 
ce the required result is obtained. 
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(8) Particles are placed at the corners of a , the 
mass of each particle being proportional to the area of the 
opposite : shew that the centre of gravity of the system 
3 with the centre of the sphere inscribed in the tetra- 

ron. 

Let A, B, C, D be the angular points of the tetrahedron. 
Let p be the perpendicular from D on the face ABC. 
Then the distance of the centre of gravity of the system from 
the plane ABC 

pp K area of face ABC 
sum of the areas of the faces 


_ 8x volume of tetrahedron | 
sum of the areas of the faces 


And this expression is equal to the radius of the sphere 
inscribed in the tetrahedron, 


Hence the required result is obtained. 


(9) A polyhedron is circumscribed about a sphere; at the 
points of contact masses are placed which are proportional to the 
areas of the corresponding faces of the polyhedron: shew that 
the centre of gravity of these masses coincides with the centre 
of the sphere. 


Take the centre of the sphere for origin, and any plane 
through the origin for the plane of (z, ). 


et A Asses denote the areas of the faces of the 
polyhedron ; let 27 2% 2%. denote the ordinates of the points 
of contact; z the ordinate of the centre of gravity. Then, by 


Art. 66, 


Az,+Az,+Az,+... 
A. ＋ A, T A, .. 
Now the projection of the area A, on the plane of (a, )) 

is Af „where v. is the radius of the sphere; and similarly 


for the other projections. And the sum of such projections 
is zero, Thus 2 =0; and since the plane of (c, ) is any 
plane tg the centre of the cag the centre of gravity — 
must coincide with the centre of the sphere. 


2 
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— nd J > an ~~ 

Baily Legh piel ap grep cate 
are produced in a constant ratio; at the extremities of the 
lines thus drawn particles are placed: deter- 
the centre of gravity of the system. 

Let e be the distance of the point from which the perpen- 
 diculars are drawn from a fixed origin, and a the angle which 
this distance makes with a fixed straight line which coincides 
wit one of the perpendiculars. Let n be the number of 


‘sides in the polygon, and $=". Let y. denote the per- 


* r- e cos (m8 —a)} cos m8 +c cos a, 
rp. e cos (m8 —a)} sin m8 +c sin a. 


Hence proceeding as in Proposition yin. at the end of 
“Chapter 11. we obtain for the 3 of the centre of 


= E- cosa +0 cos a, 


= ro . . 
J in a+c sin a, 


E= Sp,.cos m8, n=- Lv. sin mB. 
Hence if r =2 we have 
v =, 7 2 


that in this case the position of the centre of gravity is 
0 Silent of the position of the assumed point. iy 


We proceed now to the analytical calculations, 


110. In all the cases in which the Integral Calculus is 
employed to ascertain the centre of gravity of a body the 


T. 8. 8 
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inciple is the same; the body is divided into an indefinitely 
eee number of indefinitely small elements; the volume of 
an element is estimated, and this being multiplied by the 
density gives the mass of the element. The mass is multi- 
plied by the abscissa of the element, and we find the sum 
of the values of this product for all the elements; the result 
corresponds to the {Px of Art. 66. Also we find the sum 
of the masses of all the elements and thus obtain a result 
nding to the =P of the same Article. Divide the 
former result by the latter and we have the value of S; 
similarly / and z can be found. In the following exam 
the student must not allow the details of the Integral Cal- 
culus to obseure his recognition of the fundamental formula 
of Art. 66; he must consider in every case what co 
to the P, x, , z of that Article, that is, he must carefully as- 
certain into what elements the body is decomposed. Wa 


Plane Area. 

111. Let BEA be an area bounded by the ordinates 
BO and LH, the curve daa 
BE, and the portion CH y ye | 
of the axis of a; it is re- 2 
quired to find the centre 8 Pv : 
of gravity of the area. Or Fi | 
instead of the area we 
may ask for the centre of 

vity of a solid bounded * 1 
ay planes parallel to ＋L * 


the plane of the paper and equidistant from it, and by a straigh 
line which moves round the boundary CB remaining al 
ways perpendicular to the plane of the paper. Divide CH int 
n portions, and 1 ordinates drawn at the points of divi 
sion. Let LP and MQ represent two consecutive ordinat 

and draw PN parallel to LM. 


Let OL=a2, LP=y, LM=Az, OC=c, OH=h. 


The area of the rectangle PM is yAx; suppose u to de 
the area of PQN, and let æ be the abscissa of the centre o 
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gravity of the area POMEL, Then if & denote the thickness 
of the eon and p its uk (yaa + w) + u) is the mass of the 
¢ nt PQML. Hence, i the abscissa of the centre of 
gravity of the whole figure CBEH, by Art. 66, 


3. Shoe! (yA +u) _ Ea’ (ye +u) 
UT u) TU 


eupposing the thickness and density uniform. The summa- 
tion is to 7 7772 all the figures like PQMZ, which are com- 


* 3 in CB 
n to increase without limit, and each of the 
75 to diminish without limit; then the term Tu in 
— april of & vanishes; for it expresses the sum of 
ee te like PQN, and is therefore less than a rectangle 
its breadth Ar and for its height the greatest 
nn between CB and HE, A bbs term e 
in the numerator of % vanishes, for it is less than the product 
A., and as we have just shewn, this ultimately vanishes. 
* the expression for 2 becomes, when the number of 
_ divisions is indefinitely increased and each term indefinitely 


La’ 
Dar 
Moreover, & must lie between 2 and æ ＋ A: suppose it 
to x+v, where v is less than Az; then the numerator 


1 LayAx + XvyAz; 

hn the latter term cannot be so great as AzSyAz, it 
mately vanishes. Hence we have 
: er, 
1 r * 
is, the above formula will give the correct value of z 
we increase the number of divisions indefinitely and 
iminish each term indefinitely, and extend the summation over 

CBEH, This wi be expressed according to the 

dinary notation of the Integral Calculus thus, 
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In the same manner we may shew that 


7 Vd 

fed 6 
where y’ is the limiting value of the ordinate of the centre 
of gravity of the element POL when its breadth is indefi- 
nitely diminished; / is therefore=4y; hence 


5 Bf eee (2). 


We have now only to substitute in (1) and (2) for y its 
value in terms of , and then to effect the integration by the 
ordinary methods. 


112. It will not be necessary for the student in solving 
an example to repeat the whole of the preceding process. 
When he understands how the necessary exactness may be 

iven, if required, he may proceed shortly thus. The figure 
POML „x ultimately, and the co-ordinates of its centre 
of gravity are x and 3% ultimately. Hence : 


the integrations being taken between proper limits. 


Unless the contrary be specified, we shall hereafter 
pose the bodies we consider to be of uniform density, 
shall therefore not introduce any factor to represent 
density, because, as in the preceding Article, the factor wi 
disappear. 


88 875 


113. Ex. 1. Let the curve be a parabola whose equation 
y=2 ac). 
d ie 2 Va d _f- a! de 
gde f. 2 Va da fad 
_3 (ch 
10h 


Here 7 


n 
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If c=0, ah which determines the abscissa of the 
| 1 portion of a parabolic area beginning 
at the vertex. 


„leer, 20 ſf d _ Vafrade NN. — 
1 aS QVaftalde lde C= 5 


hen o = O, y= }/(ah). 


Ex. 2. Let the curve be an ellipse whose equation is 
. 5 
a-. 


L- * in, 
to eae eg . 


Nor N d =— -h, 
Vitherefore er dr; (- e- (- At. 


And [M(@ =a) d V= + sin*=; 


Me- (sin — 9. 


tence Z is known. 


La EH. 


Also -e ee 


—— a 
— : : (e —sinesS) 
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If we require the centre of praisriog Sg of the quadrant of the 
ellipse, we must put c= 0 and | 


ney ae 219" of) Be 
. e: ; 


17a 


Ex. 3. Let the curve be a cycloid whose equation is 1 


felt 


y = (2ax— 2") +a vers ; 


and suppose we require the centre of gravity of half che atl 
of the curve; then 


e. Adr „I V dæ 
ee eee 
Now 2 de 


Also, when æ = , y=0, and when æ = 2, / ; 

therefore [*yadx = } {1a (2a) —} fax (2ax— 2") dx: 
and as f*a/(2ax - ) dx will be found = 7a’, we have 
J yada = 2 A ma’ =} aa’. 2 


Again, [ yao = yo ſa q da N 


= yx N ) de; 
therefore id = 2 — , / (2ax — a”) dx 


therefore z= tna * Za. 
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7 


a = y2~2 [yx A. 

= ye — 2 fy V (ax — a7) de 

-A- d 20 fh — 2") vers* = da 
-n 20 V vers a da; 


“therefore r- — 90 |” --) vers*” de. 


By assuming vers = = 0, we may shew that 


Vue ve ad 2 


. Vd = u — g'; 


14. If a curve have a branch below the axis of æ sym- 
netrical with one above the axis, and we require the centre 
if gravity of the area bounded by the two branches and or- 
inate wn at the distances c and à from the origin, we 


2 2½ bels . 
2 Ie fi ; 


y= 0. 


115. We have hitherto supposed the axes rectangular ; 
; “Aan oblique and inclined at an angle , then the figure 
7 (see fig. to Art. 155 will sin wyAz ultimately. 
lence the formule (1) and (2) of Art. 111 remain true, 

% occurs as a factor in the numerator and denominator, 
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116. It is sometimes convenient to use polar formule. 


Let DE be the arc of a curve; and su wa regula 
the centre of gravity of the area A de the are 
DE and the radii OD, OE drawn from the pole O. 


6 i E 


Divide the angle DOZ into a number of angles, of which 
POQ represents one; let OP=r, POx=0, TOO A. The 
area POQ= 0 ultimately (Diff. Cale., Art. 313). Also 
the centre of gravity of the figure PO will be ultimately, 
like that of a triangle, on a straight line drawn from O bi- 
secting the chord PQ, and at a distance of two-thirds of this 
straight line from O. Hence the abscissa and ordinate of the 
centre of gravity of POQ will be ultimately 


zr cos 0, and %rsin @ respectively. 


ar cos . fr’ cos hdd 
Hence * 77700 = 75400 0 


„Ir sin oH sin hd 
* 


In these formule we must put for r its value in terms of @ 
iven by the equation to the curve; we must then integrate 
= a to = , supposing a and H the angles which OD 

and OF respectively make with the fixed straight line Oz. _ 
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117. Ex. Let O be the focus of a parabola, and the 
xed straight line Ox pass through the vertex; then 
n. 

where 4a is the latus rectum of the parabola. 


® con g 
dé 
eos. 40 


* e- derte 4 ec? 40d 


Ju- un' 46) (1+ tan 40) sec’ $0d0 
Ja- uni sec’ 40d0 2 (tan 30 — j tan 48); 


therfore " 810 % - (tan $2—tan Ja) -H tan" Ig -u: gg. 


4 J yo In ue, ih laub — 2 tan oc gun ie, 


* . o 72 (00 38 — tan ze) + § (tan? 2 ge) 


ore 5 ja. n HP — tan fa — Cen. 49 — tan $a) 
tan $8 — tan ga + i (tan $8 — tan ga) 
1 


Jeo ~2| n- cage? 
. erde dees 18er ja 


> sec’ $8 — sec’ fa 
fore ¥= ia. ne- Un ja T (lan 48 — tan’ de)" 
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Plane Area. Double Integration. 


118. There is another method of dividing a plane area 
into elements, to which we now proceed. * 


i i . . 


en 


Nes 


. 
if 


Let a series of straight lines be drawn parallel to the axis of 
„and another series of straight lines parallel to the axis of æ. 
t st represent one of the rectangles formed by these straight 
lines; and suppose x and y to be the co-ordinates of s, an 
* ＋ Ar and y+ Ay the co-ordinates of 1. Then the area 
the rectangle st is AwAy, and the co-ordinates of its centre 
of gravity are ultimately 2 and . Hence, to find the abscissa 
of the centre of gravity of any plane area, we can take the 
sum of the values of eAvAy for the numerator, and the sum 
of the values of Az Ay for the denominator, Aw and Ay being 
indefinitely diminished. This is expressed thus, * 


* _Ladady 
dd 1 


PLANE AREA, DOUBLE INTEGRATION. 123 


| 8 e 8 Eee ple, that the area is bounded 
two BbC, EeH, and the two curves BPQ 

Let = (x) be the equation to the upper curve, and 

; ¥@) equation to 4 lower curve; let OC =e, 
DE The sum of the product Az Ay for all the rect- 

ng similar tof which ae contained in the wip PQyp, is 
ual to Az multiplied b ae ee , for 
the sum of ues — — seer * — ¥ (2), we 

1 222 idering all 


th | for all the strips * 
PO comprised between that is, we must deter- 
the value of fe 2 (0) de Considerations of a 
similar kind apply to inator of r, and we obtain 


222 { (x) — —¥ (a) de 
~ [2b vdr 


In the numerator of J we observe that yAy Az represents 
th portion of it which arises from the element st; hence we 


on the result obtained from all the elements in the 
p, if we determine the sum of all the values of yAy, 
9 5 ly the result by Az. Now the sum of the values of 


ydy, or III ()] V i. If we multiply by 


: = nd the sum of the values of the product for all the 
os between BD and Ke, we obtain the numerator of q. Hence 


= _ l - ( de 
y= fe@—-¥@lae 


ie value of ¥ may be written thus 


gal ilt (x) + ¥ (2)} {6 (@) —~p (@)} de 
Je{ (@) —¥ (@)j dx 


nd 


meaning of * r in the numerator is now ap- 
4 at ; Sie te A ultimately represents the area 
1 , and 5 4 (a) +4) en i the ordinate 
point of Ip, will ultimately be the ordinate 
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of the centre of gravity of PQgp. Hence the above equation 
agrees with that given in Art. 66, , 
222 
7 . 

The process and the figure in the preceding two Articles 
would have been unnecessary if our only object had been to 
establish the formule for z and y, since these formule can be 
obtained more simply as we have just shewn. But we shall 

uire hereafter other formule involving double integration, 
and have therefore directed the reader's attention to these 
in order to accustom him to the subject. | 


* 


120. Ex. Let OPE be a parabola having for its equation 
„ Aa, and O a straight line having for its equation y= ka; 
find the centre of gravity of the area OPE between the curve 
and the straight line. 


y 


0 wy 


Here ꝙ (xz) =2/(ax), (e) lr, c=0; h is to be found 
from the equation 2 ( =kh; 


therefore A= - , 


k* 


„fe {2 (aa) — her} d 
Thus 2=" (Ny (az) = fe de 


al — N _, 4la—Shyh _ 4-3 
1 


——ůů— 


a A e e $= 
Qh 8a 


— = 5 


5 55 
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la y= (r — Fu d 

* 4 

„ea E a- 
- ykh maton 


7 ee 


121. Sometimes it will be more convenient to integrate 
the formule in Art. 118, first with respect to ꝶ and then with 
respect to . r be- 


tweer li =c, and = A, and the curves 
2 005 Err 0 we okt 4 * 


= yee aly Oey, 
io (y) — ¥ (y)} dy 


e 9a 
2 PY)—¥ (yay © 


If we 2 these to the example given in Art. 120, we have 
. N =, and h’ is to be found from the 


„ 4a 
* therefore I . 


a 7 1 ica) 
Lü 

„L 
u 


aas anass\en before 


, For fuller explanations and illustrations of double 8 
ic e eee ee Calcu- 
(See especially Integral Calculus, Art. 141 


Art. 152.) 
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122. We will now give polar formule involving doul 
integration. | 1 oa 

Let a series of straight lines be drawn from a pole O, also a 
series of circles be described from O as a centre. Let st be one 
of the elements formed by this mode of dividing a plane area; 
let v and @ be the polar co-ordinates of s, r + Ar and 0+ A@ the 
co-ordinates of t; then the area of the element st will be ulti- 


mately rA@Ar, and the abscissa and ordinate of its centre of 
gravity will be rcos@ and rsin@ respectively. Hence we 


obtain 
Leos Ord@dr _ i cos hdi dy 
ſrdo dr ſrdo d 


Similarly 7 Sf ode 


r= 


papper the area bounded by the curves BP QE, bpge, and 
the radii OB, Oeck. Let = %) be the equation to the 
first curve, = N (0) that to the second; and let a and g be 
the angles which OB and OE make respectively with Oz. 


The sum of the values of 7? cos g Ar A@ for all the elements 
comprised in the strip PO, will be found by multiplying 
the sum of the values of r*Ar by cos@A0; the former sum 
is ultimately ) 


J nit or 3 LIP) — 00 J. 


eS TOS”. tC 3 
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| Hence the numerator of the value of 3 is 

1 eos 8 LI f- i ds, 

and the denominator, in like manner, is 

AC) ie 5 


; — 0 27 
Sieber, 514320 259 1 =. 


128. Ex. 1. Hind. the contro of gravity of the apse com- 


prised between two semicircles Opb and OEB. 
: ¥ 
0 b zB = 


jet Ob, OB=h; (0) = cos 0, ¥ (0) =ccos 0; a=0, 


. eos. ub 
(A 2 0 


INI 


e 2 (M+ ho +c) 
— 367er 
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Ex. 2. The sector of a circle. 

Let BOE be the sector, sub- 4 
tending an angle 8, OB a. 

In this example we may 
with equal facility integrate 
first with respect to @ and then 
with respect to r, or first with 
respect to r and then with re- 
spect to 0. * 


cr cos@ di d sin gt 2a sin g 
Jr dr du BH 5 
„ ſeſtn sin h d- d (i - eos g) t 20 (I- eos g 
~ fijtrdrdd ~~ Fr, 8B 


It will be instructive for the student also to notice the 
solution of this example when rectangular formule are used. 
The equation to the straight line OF is y=a tan H; and the 
equation to the circle LB is a* + 7? =a’. 


RI 


If we integrate with respect to ꝙ first we must integrate 
from S cot 8 to N =; since when we integrate 
with respect to 2 we have to collect all the elements in a stri 
which is parallel to the axis of æ, and is bounded by OE at 
one end and by E at the other. These strips extend from 
the axis of up to E, and the ordinate of E is asin g. Hence 
we integrate with respect to y from y=0 to /a sin g. 


Therefore 
* rol y ro) 
ide 1 vive 
— 0+ wily) — /0/ vi) 
c= * Tow 7 7 > ae Ye , 
| dy d | dy de 
0 vl) 0 yy) 


where ¥(y)=y cot, $(y) =v (ay), M Hd ein g. 
The integrations may be easily effected. 
If we wish to integtate with respect to y first, we shall. 


have to divide the figure into two parts by a straight line 
drawn from I perpendicular to OB. For the part to the 
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line the limits of y are 0 and æ tan g, and 
2 . 
the 1 are 0 and 4/(a*— ), and those 


and a, 
d a U ely 
pry 0 . if aa dy . 


Similarly 7 may be expressed. 

We have treated this example as an illustration of integra- 
tior rr of obtaining the result in the 
simplest form. We t proceed thus; the centre of gra gravity 
q lie on the straight line which bisects the angle EO 
— taking this straight line for the initial line and using 


n and 

* So dd 222 15 
(Lr rr 

n of Revolution. 


N slution. 
2 st the co-ordinates of if 
int P in the curve be 3 
y, and 2+ Az the abscissa of an adjacent poin 7275 
the curve revolves round the axis of a, the area PQ 
1 generate a volume which is N equal to wy*Az. 
D the abscissa of its centre of gravity be & ultimately. 


a = Ge -le 


T. 8. 


— = ete . —— —ͤe, * 
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The centre of gravity of the solid is obviously in the straight 
line Ox, so that we only require the value of in order te 
determine its position. 


125. Ex. 1. Let it be required to find the centre of 
vity of a portion of a paraboloid. Suppose / =4ax 
the equation to the generating parabola, and that the solid 
is bounded by planes distant e and fA respectively from the 
vertex ; then ; 
„ . ardæ 2 N 
Harde z No 
If we put c=0 we find for the centre of gravity of a seg- 
ment of a paraboloid commencing at the vertex 


a) Bh 


z=, 


Ex. 2. Required the centre of 1 5 a portion of a 
sphere intercepted between two parallel planes. 
Let y* = = be the equation to the generating circle ; 
= Cd) ade Je, (l. c- l. -. 
fi(@—-av)dze a@(h—c)—4(-c’) * 
If we put c=0 and =a, we find for the centre of gravity 
of a hemisphere 


x = fa, 
Ex. 3. Find the centre of gravity of the solid generated 
by the revolution of the cycloid y=/(2a”z—<2*) +a vers 
round the axis of a. 
2a 
Here Q Ve . 
x * 
Now * = 2 - 2 (2ax = vers — +a’ (vers™ =) 


* 


Thus the numerator of % consists of three integrals o 
which we will give the values; these values may be obtaines 


without difficulty by transforming the integrals where vers“ 


* 
v 


seurs by the assumption vers*== 0, so that z= a(1— cos 0), 
u then integrating by parts. We shall find 


[ (ease — at) d= ., 
Qa _ 2H (Raz — af) wer de (C. 1 
x 


_ Also the denominator of Z consists of i i 
aged of I consists of three integrals which 
a-, 


2 Ua weng de 22 , 


a [ (vers ) do = (x — 4) a 


Hence the denominator of 3 is (Z g). 
30 ere, 
(2 E 6 ( — 16) 


Th ‘rerore 


126. If a solid of revolution be formed by revolving a 
ve round the axis of y, we find for the position of the 
re of gravity 


7 -H N * 


For example, let the cycloid y = (202 — a2") +a ve, 
> round the axis of y, and suppose that we require the 
9—2 
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centre of gravity of the volume 5 by that half of th 
curve for which y is positive. Here 0 


end 
I fad 
Now J dN ry A de; thus in the present case, 
Ta 2a d 
[ aty dy = [ aty % dr. 
8 * a 
Similarly [ ax'dy = [ x de A. 
2 (2a—a\3 . 
[Perea 
= A V (2ax — 2) dæ 
Thus 8 (de Le Va = da 
. x 


The numerator of y consists of two integrals which ha 
the following values, 


The value of the denominator of 7 is 70 


44 44 na‘ 
ae Pas mae ge 2a 
Therefore y= i “(+95 = 
7 


127. We may also find it convenient in some cases to 
formule involving double integration. 


Sup the figure in Art. 118 to revolve round the ax 
of *; let a, / be the co-ordinates of s; and t Ac, y+A 
those of f. The area st generates by revolution an elementai 
ring, the volume of which is (y+ Ay)’ Ax—-y*Ac; th 
may be — ultimately equal to 2 A A. The centre 
gravity of this ring is on the axis of a, and its absci 


eee — 
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*. Hence by proceeding as before we shall have 
y 
3 1 


wl 727 00 is the equation to the lower bounding curve 
ane = (xz) to the upper, and c and A are the abscissm of 
1 | Planes v which bound the solid of revolution perpendicu- 


ly to its axis. 


) Similarly, if the solid is formed by revolvi the area in- 
5 two curves round the axis of , we shall 


Birr 
2 ir dyde 


Or we may use polar formule. Su the fi =i 
rat 2 to revolve round the axis of 2; ke he ikea 
ordir ofs; and r+ Ar, 0+A0 | atl br 8 
. cho ring generated b the revolution of the area st is ulti- 
nately 2ersin@rArA@; and the abscissa of the centre of 
ity of the ring is ultimately v cos . Hence 
= L sin 8 cos o di dr 
sin d d dt 


Similarly, if the figure revolve round the axis of y 


ss an lt, Sate OE ae 
y eos , 


We have hitherto assumed the solid of revolution to be 
f uniform density; if this be not the case the formule must 

e modified. For example, take the first formula in the 
re F a). then sup OS 6 — — 7 


8 of the 
1 22 1 
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3 [ ‘| eyed dy 


x5 * py dae dy 


And p being supposed a known function of # and , the 
integrations present no theoretical difficulty. 
Similarly the polar formule may be modified. For example 
instead of the formula given above for we now obtain 
. = er- sin 0 cos i dh dr 
for sin id dr 


In this case p must be expressible as a function of r and 
, in order that the integrations may be practicable. The 
most common cases are two; in one the density depends only 
on the distance from a fixed point in the axis of revolution, 
so that by taking this point as origin p is a function of 7; in 
the other case the density depends only on the distance from 
the axis of revolution, so that p is a function of r sin @. 


Any Solid. 


92 


! 


128. To find the centre of gravity of a solid we divide it 
into elements as follows: draw a series of planes : 


ö 3 ˙ . 
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the axis of a, then two consecutive planes will 
* le between them as > lage M in the figure; 
: a second series of cular to the axis of y, 
each slice is divided intel ate such as PpgQ in 

ro; lastly, draw planes perpen foular to the axis of », 
n each strip is divided into parallelepipeds such as st in 
: 1 — Let æ, y, 2 be the co-ordinates of s and æ Az, 
yt dy, z+ Az those of ¢; then Ar As is the volume of sf, 
and as the co-ordinates of its centre of gravity are ultimately 
9 aad aus bere 


ds dr dd ſedædyd⸗ 
- -b -h 


23 In applying the above formule to exam 2 great 


in assigni limits to the inte 
; this illustrate 9 a 


Ae 


Ex. 1. Find the centre of gravity of the eighth of 
Be, Jt team pty W 


Let the equation to the surface be 


255-1 
Then the ion to the curve in which the surface meets 
te plane of (r, y) is 
** 
2 1. 


8 and take for the limits 2 = 0 
-. . we thus include all the elements 
a orm the strip PpgQ. Next integrate with re- 
yen e 


re thus include all the strips like Ppqg@Q which form the slice 
7M. Lastly integrate with respect to 2, and take for 
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the limits &= O and a=a; we thus include all the slices 
IplmgM which form the solid we are considering. Hence 1 


_ Ses sda 
Sooo dadyda ’ be 


where we put z, bor =I , 
and y, r (u-). 
„ Ce- geh 


E 
75 ton 5 


S 


Similarly 7 


We may in this example effect the integrations with equal 
simplicity in any order we please; if we integrate first for 1 
then for , and © tly for z, we shall have 


| x 18 ee 


rh: andy da 


eee 
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ere a, stands for ay/(1-,-$), 
y, stands for N 


This will be easily seen by drawing a figure so as to make 
the planes bounding the hese parallel to that of (a, ), and 
the edges of the strip parallel to the axis of æ. 


) 5B. 2 Let it be required to . centre of gravity of 
N solid bounded e planes 2 z= an * 
eater a We shall tae 80 * 

tary fy 
; [ 1 Ad ds 


U ; 


where y, is put for / (20 -. 
| Now Le- 


[LP ededy 


D 


rp 3 


Ale % = 24 (Qax—2); 


wishes — 


Le- 


wa (See Integral Calculus, Ex. 5 to Chap. 11.) 
Similarly we may find 
5a (8 T 


j=0, N. 


„ e- 2 


a l _ 


13 
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130. It is often convenient to divide a solid into polar 
elements. 
Let a series of planes be drawn through the axis of 2; the 
solid is thus divided into wedge-shaped slices such as COML. 
Let a series of right cones be described round the axis of 2 
having their vertices at O; thus each slice is divided into 
pyramidal solids like OPQS, Lastly, let a series of concentric 


* 


heres be described round O as centre; thus each pyramid is 

vided into elements similar to pgst. 

Let 2OL= d, COP=8, Op 8 

LOM=A¢, PO = Ad, pt Ar. 

Then 20 is the are of a circle of which the radius is r and 
the angle A@; therefore pg = YA. 

Also ps is the are of a circle of which the radius is 7 sin 8 
and the angle Ad; therefore ps =r sin HAS. 

Hence, since the element pgst is ultimately a parallelepiped, 
its volume is 2 sin OA@A@Ar. 1 

Also the co-ordinates of its centre of gravity are ultimately 
v cos ꝙ sin h, 1 sin ꝙ sin 6, and r cos d. Hence supposing its 
density to be p, we liave 4 
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5a n 0 Te 
sin _ 
= pr’ sin’ @ sin 6 do dé dr 
- a? in Baga de” 
-A ae ibe 
sin dr 


0 131. Ex. 1. Apply the preceding formula to find the 
centre of gravity of a hemisphere whose density varies as the 
us power of the distance from the centre. 
Take the axis of 2 perpendicular to the plane base of the 
= Re Readme 2 of the n 
pur, u is a constant. First integrate with respect to 
F fom 0 te thus incu al the clement ke ee, 

in the pyrami ext in te with respect to 
from 0 to FFF 
COM. Pre 
include all the slices. us 


en 8 cos d 

. en ‘yy sin Odbdddr ’ 

ns in h eos do dd _n+3 a, 
n+4° ,ein n+4°2’ 


and 7 each = 0. 

Ex. 2. A right cone has its vertex on the surface of a 
sphere and its axis coincident with a diameter of the sphere, 
1 the centre of gravity of the solid included between the 
one and sphere. Take the axis of 2 coincident with that 
f the cone; a the radius of the sphere, G the semi- 
ertical angle of the cone. The polar 2 to the sphere 
8 r=2acos d, and to the cone @= . Hence we have 


f ,,] 
at dk ; 


ein 6d¢ dé dr 
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Curve. 


132. Suppose a circle of variable radius to move so that 
its centre describes a given curve and its plane is alwa 
dicular to the tangent line of the curve, we may require 
the centre of gravity of the solid generated. The simplest 
case is that in which the radius is constant and the solid of 
uniform density; the result depends solely on the nature of 
the curve described by the centre of the circle, and for short- 
ness the process is called finding the centre of gravity of a 
curve. 


Let BPQE be a plane curve; BP the length measured 
from some fixed point B, | 
BP=s8s, PQ=As; w,y the 7 
co-ordinates of P. Let k de- 
note the area of a transverse 
section; then the volume of P 
the element PQ is As, and B 

the co-ordinates of its centre 
of pag! are ultimately # 


and y. Hence 5 = 
-U Lad (1) if & be constant, 
-H - 0 
d. 


E A 2 
** e er 


From the equation to the curve y and - are known it 
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1 rr 
pressio the integrations then effected. 


If we use polar co-ordinates we have 2 =r cos 0, y= r sin 6, 


rl. 


125 


Whe + ond % wo mast substitute their values in terme of 6 
given by the equation to the curve, 


133. Ex. 1. A straight rod of uniform thickness and 


; —— ree on the e 
: uations 132 e 
ae Wy and A the xt sey. the 


„ erde 1 „ dr Ph 
om de "3? 9" r 2° 
That is, the centre of gravity is the middle point of the rod. 


Ex. 2. Suppose the transverse section of the rod to vary 
the nu ower of the distance from one end. Take the 
git at this end, and me yan ng the axis of æ to coincide 
with the axis of the rod = 0, and in equation (1) of 
32 we Pet nat feeb 9 constant. Hence, if A 
the lengtl of the rod 
ür 41 


A Adr 12 
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Ex. 3. An are of a circle. 


Take the origin at 
the centre of the circle, 
and the axis of & bi- 
secting the arc. Then 
y=0; and supposing 
22 to be the an le sub- 9 “= 
tended at O by the given 
arc, and a the radius of 
the circle, we have, b 
Art, 132, equation a, 


— a c eos d a sin a 
r a fc a K 


Ex. 4. The are of a semicycloid. 
Take the origin at the vertex, and the axis of y a tangent — 


2 —— 
there; then (40 = = =; hence 


Se 2 y/ (75) do 0 ae _ #(20)* | at 
V2) E eu- 2% 


. e- 
57 20) ae T= 


Now , Mas ONE da = 2y fa — 2 [ryan de 
= 2% Vr — 2f/(2a—2) d= 2 M (2a ; 


ys 


therefore | 55 d = 2rd (2a)* ~% (2a)! 


therefore 75 9 65 Ae 


= (7 -a. 
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Ex. 5. The curve y- ie He. 
If denote the of an are of the curve measured from 


N whose are 0, e, to the point (g, y’), 
a nee ul 


0 Now 2-165 


1+ (2) -i¢ +e, 


fy fawn’ C 
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2 


Ge 90A 


C 
ua 


do % e 
therefore [ y d ge "+> 


and 77 ＋ 


134. If the curve be of double curvature, the formule 
(1) and (2) of Art. 132 still hold; in order to effect the inte- 
grations we may use the formula 


tio +@h 


and from the two equations to the curve we must find = 


and % in terms of e. (See Integral Caloulus, Art. 120.) For 
example, in the helix 


S d cos nz, / a sin na; 


therefore 2 = (1+n*a°*), 


N (1 + n’a*) edz a boil 
JV (1 + n®a*) dz 1? “ees 


If we take for the limits 2 = 0 and 2 =h, we have | 


— asinnh 
iene 
Similarly 5 esrer). 8 


nh 
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2 Surface of Revolution, 
135. * BPQE be a curve e revolvi oe 
de axis * p a 6 of 
ET ee aaa 
xte e a and of 7 
| interior boundary 
surface of revolu- @ 
| a round the axis of & in- 
nitely near to the former. a 
uired the centreof gravity 
a portion of this shell cut 1 
perpendicular to 85 


. P, Q, be r points in the exterior 

ed point in the curve, let N 2 
2 t 2, y be the co-ordinates of P; & the thickness of 
the shell at P The volume of the element contained between 


leer ee P and Q 
re rly is apr mA Zyt, and the abscissa of the 


gravity of this element is ultimately z; hence 


ere o and A are the distances from the origin of the bound- 


the centre of gravity required is on the axis of , we 


0 only de val of — tis position, 
10 
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Similarly, if the curve BPQE generates a surface ok e- 
volving round the axis of y, we have 


[my Chu 
1 * ie 


where c and h denote as before the abscisse of the extremities 
of the curve. 


If we use polar co-ordinates, we have «=r cos 0, r sin 6 


F -C) 


thus if the curve revolves round the axis of , we have 


_Jrsind cost 4/{ (% 2. 
Fefe 


and if the curve revolves round the axis of y, we have 


Ce 0 40 
[reosa, V 10% 


The limits of the integrations are the values of @ whic 
correspond to the extremities of the curve. 


Ex. 1, A cylindrical surface. 


Take the axis of the cylinder as the axis of x; then y = 1 
radius of the cylinder, and is constant; hence | 


ade 9 — „ 
,, oe 


Ex. 2. A spherical surface. 
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y= „e-, 


2e 


de 2 22; 
dz N- y’ 
32 ad . 

Nada 1 


R vity is equi- 
t from the two bounding planes. 8 


1 Ex 8, The surface of a cone. 
Here y= tan a, where a is the semivertical angle, 


ds 
S 


a A tun age adi 2(?-—c) 2 UNNrerc 
* fatanasecade 3, - / 3 (Are 


Ex. 4. Suppose the cycloid 

y= /(2ax — 2") + ver a 

revolve round the axis of &. 

Be. EVES). -N 

R 
Fe e 

ie 
bu -cl as, 


10—2 
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‘therefore . adds = 272 G0 4 ah de 


and = fa = 2) dæ = 2 a) + 3 / a-) dx 


20% (20 — 0 
3 


therefore [ 5% -—e) dim Fe (20) 
thus ke ya! dv = 2 45 (2a) 


Also ie d= r 2001—; = 05 (see page 142), 


2714 E00) 
3 


4 5 
15 &a 5), 


5 (2a)! 


therefore S J 
21d (2a)* — 5 (2a l 


4 32 = ( 5 


. 
2 — — — — 
TiS * 


Ex. 5. Suppose the cycloid 
y = (2a — x’) + ayers? = 


to revolve round the axis of y, and that we require the cen 
of gravity of the surface generated by that of the 
for which y is . 


. ** yo, | (72) ds ak ae 
eh [atin 


The value of the numerator was found in the p 


example; and 
7 Gb 5 Ga 


=a(r-7). 
Ex. 6. Find the centre of gravity of the surface formed 
iy sevolving the carve r= a(t + cos @) round the initial line. 


ie r+ (2) = 2a* (1 + cos 6), 


= 2 A vt 


| 


Thus 


8 do 
0 


Any Surface. 
136. Let there be a shell having any given surface for 
o of its boundaries, and — thickness indefinitely 
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small. Let a, , 2 be the co-ordinates of any point of the 
given surface, k the thickness at that point, AS the area of 
an element of the surface there, then kAS is ultimately the 
volume of this element, and a, y, 2 the co-ordinates of its 
centre of gravity; hence 

„ fkxed8 

o= kas? 
and similar expressions hold for / and 2. 

It may be shewn (see Integral Calculus, Art. 170) that if 

we take AS such that its projection on the plane of (a, ) is 
the rectangle Az Ay, 


rer — | 1+ 640 1 1 0 ultimately. 
aon oe?) +e 
cr 


Ex. The surface of the eighth part of a sphere. 


Here 1e ted, 
VA eg. 
7 „ 


Wet 


First integrate with respect to y from y=0 to y= Nν 
we thus include all the elements that form the strip of sv 
face of which LimM is the projection on the plane of (c, ) 
see fig. to Art. 128. | 


V(e—2) dy 0 
i 
therefore d ed =! 4 ; 
The limits of the integration for ꝙ are 0 and a; 
therefore . x= fa. 2 


Similarly 7 = la, 2 la. . 
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In the Articles we have given the usual 
for — centres of gravity of but par- 
r cases may occur which may be most shee 


d by special methods, We add some examples. 
A (1) A circle revolves round a tangent line through an 


ö . 


Poy tet ei of the solid 

t line about which the circle revolves, 
a ee n the centre of 
eee Let OM=z, 
Boge a semi-cylindrical shell, wee an td 
is ultimately 2yrzAz; the centre of — of this shell will 


e in the axis of æ at a distance — = 22 from O (see Art. 133, 
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(2) The density of a right cone varies as the nm power ¢ 
the distance from the axis; find the centre of gravity of 
cone, 


Let OAB be the right-angled triangle which by revolving 
x * 


; 


R 
F 8 


“ae 


round Ox generates the cone. Let PS and QR be drawn 
parallel to the axis of @ at distances / and y + Ay respee- 


tively. Let 
OA=h, angle BOA =a. 
Then OM=y cot a, PS=h—ycota 


The volume of the cylindrical shell generated by the revolu- 
tion of PQRS round Oz is ultimately | 


277 Ay (= cota). 
Its density is ny", where Ai is constant; therefore, its mass is 
Qrpy"™" Ay (h— cot a). | 


The distance of its centre of gravity from O is ultimately (see 
Art. 135, Ex. 1) ; 


4(OM+ OA), that is 4} (h + cot a); 
tana 
2 (- cot a) t (h + y cota) dy 
therefore c An 
| 2 (h—y cot a) dy 


] ff’ tana 


10 „N cot" a) dy 
N = ae 
[ nete dy 
and the integrations can be easily performed. 


ies two 
simi! similarly situated dhe uired the centre 
of gravity of the 465 z. eo ‘tha includ between three 


4 11 a, b, o be the semi-axes of an ellipsoid; the volume of 
s eighth part is }wrabc, and the co-ordinates of its centre of 
ravity are da, J, and ge (see Art. 129). Hence 


fa. z rube = gra. arabe + x (F rabe - zv abc); 


= .- l+r+r+?r 

therefore z= fa. fener 
Ive suppose the 2 indefinitely thin, we must put r = 1, 
and then z = }a. Sliestlay sashes saay be Sound ite y ands." 


An ellipsoid is composed of an infinite number of in- 
may thin shells; each shell has for its outer and inner 
mndaries two similar and similarly situated ellipsoids ; the 
density of each shell is constant, but the density varies from 

hell to shell according to a given law; determine the centre 
nn of the eighth part of the ellipsoid included between 


principal planes. 
17 *, y, represent the three semi-axes of an ellipsoid; 
hen the volume of the ellipsoid is = xyz. Suppose that 
max and z= naz, where m and a are constants, then the 
ume becomes , and if there be a similar ellipsoid 


ng «+ Az for the semi-axis corresponding to the semi- 
is x — the first ellipsoid, the volume of the second ellipsoid 


| vill be SOR oo 4- Ace) Hence the volume of a shell bounded 
y two similar and similarly situated ellipsoids may be de- 
od by DE- 2, and therefore by 4armnz*Az 


eren diminished. Let & ( de- 
te the density of the shell, 1 x) Az, 
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Thus the mass of the eighth part of the shell is 7" Gehabe. 
And the abscissa of the centre of gravity of the shell measured 
x 


along the semi-axis a is 5» by the preceding example, Thus 
for the abscissa & of the centre of gravity we have 


“mn x 
e 74 


be) de 


; 20 0 le de 
[29 ba) : 


where a is the semi-axis of the external surface corresponding 
to the semi-axis &. When ꝙ (r) is given the integrations 
may be completed; and when 2 is known, the other co-ordi- 
nates of the centre of gravity may be inferred from symmetry. 


(5) A chord of an ellipse cuts off a segment of constant 
area; determine the locus of the centre of gravity of the 
segment. : 

f a chord cuts off a segment of constant area from a circle, 
it is evident from the symmetry of the figure that the locus of 
the centre of gravity of the segment is a concentric circle. 
Now if the circle be projected orthogonally upon a plane in 
clined to the plane of the circle the circle projects into : 
ellipse; and the peers of the circle of constant area projec’ 
into segments of the ellipse of constant area; also the con- 
centric circle projects into a second ellipse similar to the first 
ellipse and similarly situated. 

‘hus the required locus is an ellipse similar to the given 
ellipse and similarly situated. 

his problem might have been solved without making 
of projections, in the manner shewn in the next example. 


(6) A plane cuts off from an ellipsoid a segment of con- 
stant volume; determine the locus of the centre of gravity o 
the segment. . a 
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Ar haga try ae ition; and refer the 
sllipsoi e dea as exch Tet the jan 
ition of the cuttin an 
the en sh 


to 

to 
a 
-I. 


prow ox pose the segment cut off by the plane to be divided 
into an an indent large number of i Adele thin slices by 


1 lane of (y, 2). € ies of 
ellipsoid these * will bende 5 22 
N „ 
agatha vity of the segment cut off will be on the axis of 

er one of the Riots bounded by planes which have 
for their ir abscissw & and «+ Ax respectively; then it will be 
found that the volume of the slice is ultimately 


550 (1 (1-5) sino sin ade, 


. 
ente with the plane of (y, 4)- 

V to denote the constant volume, and Xa’ the ab- 
‘of the plane cutting off the Segment; then 


Farbe sino sina (1 - 5) de 


rade sino sina {1-2-3 (1-2). 
Now by the properties of the ellipsoid 

ra sin » sin a = rabe, 

here a, 5, e are the semi-axes of the ellipsoid ; thus 

Vm mabe -A- (1). 


Ein’, if & be the abecises of the centre of gravity of the 
gment cut off, 
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: 53 ** (1% de 


a sin @ sin a 


= ree ens e 


eu- -A- e eee Oe | 


Now (1) gives a constant value for Xx, and then (2) shews 
that Z bears a constant ratio to d. 


Thus the locus of the centre of gravity of segments of an 
ellipsoid of constant volume is an ellipsoid similar to the 
original ellipsoid and similarly situated. 


(7) Find the centre of gravity of a portion of an ellipsoid 
comprised between two cones whose common vertex is at the 
centre of the ellipsoid and whose bases are parallel. 


The volume between the two cones may be divided into an 
indefinitely large number of shells which have the centre of 
the ellipsoid as their common vertex, and their bases in planes 
parallel to the bases of the two cones. We shall first shew 
that if the planes which contain the bases of the shells are 
equidistant the shells are all equal. Take conjugate semi- 
diameters as axes, and let the plane of (, z) be parallel to 
the bases of the two cones. The volume of the cone which 
has the centre of the ellipsoid as vertex, and for its base the 
plane curve formed by the intersection of the ellipsoid with 
the plane which has @ for its abscissa, is 


zb sin @ sin a (1 — =) 0, 


where the notation is the same as in the preceding example 
The volume of the cone which has the centre of the ellipsoi 
as vertex, and for its base the plane curve formed by t 
intersection of the ellipsoid with the plane which has 2+ 
for its abscissa, is , 


4orb'c’ sin w sin a 0 — e (* + Az). 
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Tho volume of the slice between the planes whose abscisse 
© x and «+ Az respectively is ultimately 


b sin sin a ( 20 ae, 


ers of one of the shells ulti- 
tely the product of d sin a sin by 


. (--- ee: 


this product is ultimately 
2H sin w sin cAx 
3 * 
Tuo centre rn on the axis of 2 ata 
distance from the vertex of the cone, which is equal to three 
fourths of the abscissa of the plane in which the base of the 


cone is situated (see Ex. (ö) of Art. 109). Let & denote the 
abec r proposed solid ; then if 


[rere snes cae 
: _3(2-K) 8 
r 8(k—h) 

ie Oy BD — 


5 . 


EWe shall conclude this Chapter with » few general pro- 
ositions involving properties of the centre of gravity. 


138. rr ir 
its distance from a@ given point, the 
m of the products t when the given point is the centre 
of the system, 

1 the centre of gravity of the system be made the 
n; let 82 1 of the given point; 


r Bar Yor 
B. nnd. and 8 s 
3 Par Pare „ the distances the particles from their 
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centre of gravity; , r,,... the distances of the particles fr 

the pda men et 
ri =a + +9? —2 (am, + By, ＋ Ji) T pit 
ry =a’ + 8 +9 —2 (ax, + By, + . + p,’, 


eee eee 


But, since the origin is the centre of gravity of the system, 
x<mz=0, Em = O, Tm = O, al 
therefore mr = (a? + B* ) Sm + Emp’. 


Now mp’ is independent of the position of the given 
point; hence the least value of 2mr* is that which it has 
when a’ V vanishes, that is, when the given point is 
at the centre of gravity of the system. 


139. Let 4, Bi, Jo be the angles which p, makes with the 
axes; ., B., Yo» the angles which p, makes with the axes; 
and so on; then we have, supposing the origin the centre of 
gravity of the system, 

mp cos a =, XmpcosB=0, Xmpcosy=0. 
Square each of these equations and add the results; then if 


m, m represent any two masses, and 2 o) the angle between 
the straight lines which join them with the centre of gravity, 


Emi + 2mm pp' cos (o, p’) 0. 
But 20% cos (o, p) p - , 
where u denotes the distance of m and m’. Hence 
Tm mm (o + p® = ) =. 
If we select the coefficient of p,, we find it to be 
m. +m, (m,+ m. T. ..), or m, Tm, 


and the other coefficients are similar. Hence the a 
equation may be written 


Em mp = =mm' wu’, 


Ad 
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140. rr be acted on by a number of forces each 

74 ing * 1 1 th is 

fre . foures will N fixed 
int and be proportional to the distance ou ilies sates 


Take any Nee of the particle as the origin; let 
, J % be the co-ordinates of a fixed point; r, the distance 
int from the origin; r, the force which acts on 
1. e from this fixed point. Similarly let 2,, y,, 2, 
be co-ordina = a * fixed ast 1 soa 
from the origin, corresponding force on the 

particle, and so a 1 Ar. 2 denote the pd * 5 
r e along the axes of a, , 3; then, 
Art. 


a Xa pyr, x + py, x 2 + my, x + deta ce 
1 75 75 
* ur. T , T r, + „eee 
Similarly T= + A + „ . 5 
and Zn + H, + H, N 


Let , J, 2 be the co-ordinates of the centre of gravity 

_ of a system of particles, whose masses are proportional to 
Py» Pay Bay ++ placed at the respective fixed points; then 

. 3 ad > 

2 J y= . 

reſc s Xu, T- Nu, 3-2. 


These equations shew that the resultant force is equal to 
Ea, where 7 is the distance of the centre of gravity from 
he origin, and that its direction 2 through the centre of 
ravity. Hence when the particle is situated at the centre of 
avity the resultant force vanishes and the particle is in 
mbnmum. 


141. A body is on a horizontal plane, to find when 
e placed plane, to f 
The only force acting on it besides the resistance of the 


plane is its own weight, and this acts in a vertical direction 
hrough the centre of gravity of the body. Hence, by 


— ae — es ee oe . 
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Art. 91, the body will not be in equilibrium unless the 
vertical through the centre of gravity of the ls 
within a polygon formed by so joining the points of contact 
of the body and the plane as to include them all and have 
no re-entering angle. 


When a body is suspended from d point round which it can 
move Srey, it will not rest unless its centre of gravity be in 


the vertical line passing through the point of suspension. 


For the body is acted on by two forces, its own weight 
which acts vertically through its centre of gravity and the 
force arising from the fixed point; for equilibrium these forces 
must act in the same straight line and in opposite directions; 
thus the centre of gravity must be in the vertical line passing 
through the point of suspension. 


Hence if a body be suspended successively from two points 
the vertical lines drawn through the points of suspension will 
both pass through the centre of gravity; therefore the point 
in which they intersect is the centre of gravity, 


Tf a body be capable of revolving round an amis which is 
not vertical it will not rest unless the centre of gravity be in 
the vertical plane passing through the axis. For the body is 
acted on by its own weight and the forces arising from the 
fixed points; by Art. 87, the moment of the weight round the 
fixed axis must vanish, this requires the centre of gravity to 
be in the vertical plane through the fixed axis. 


The student will readily perceive as an experimental fact 
that there is an important difference between the position of 
equilibrium in which the centre of gravity is vertically above 
the fixed point or fixed axis, and that in which it is verticall 
below it. In the former case, if the body be slightly distur 
from its equilibrium position and then left to itself, it will 
begin to recede from its original position. In the latter case, 
if the body be slightly disturbed from its equilibrium position 
and then left to itself, it will begin to return to its original 
position. The former position of > rao is called unstable, 
and the latter stable. We shall return to this point in 


Chap. XIv. 


the of i icular to th 
oe Sgr 
its of the integrations depend on the curve in which 


by the intersection of the cylinder with the 
second plane; then 
A sec G. 2 [[z sec & dædy, 
Az = fjedxdy, 

| V= Az, 

The volume is therefore equal to the area of the base multi- 
lied by the perpendicular upon it from the centre of gravity 
the other section. 


The centres n — plane sections wth 
same straight line parallel to the generating lines. For 
© co-ordinates of the centre of gravity of the section by 
o plane of (x, y) are 


ſſede dy [lydady 
E. 


— „ AA — 


those of the upper section are 


dd M sec & de dy 
— © and SF 558 05 


whick agree with the former values, 
T. 8. 11 
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Thus the centres of gravity of all plane sections of a 
cylinder are situated on a straight line parallel to the gene- 
rating lines of the cylinder. ff 


If a portion of a cylinder be cut off by two planes 
neither of which is perpendicular to the axis, we may sup 
it to be the difference of two portions which have for 
their common base a section perpendicular to the axis. The 
difference of the straight lines drawn from the centres 0 
gravity of the oblique sections perpendicular to the ortho- 
gonal section will be the straight line joining those centres 
of gravity. Hence the volume of a portion of a cylinder 
contained between any two planes is equal to the product 
of the area of an orthogonal section by the straight line 
joining the centres of gravity of the oblique sections. 


143. Through the centre of gravity of each face of a 
tetrahedron a force acts at right angles to the face, and pro- 
portional to the area of the face: if the forces all act inwards 
or all act outwards they will be in equilibrium. : 


Let A, B, C, D denote the angular points of the tetrahe- 
dron. The force acting on the face ABO, at its centre o 
gravity, may be replaced by three . forces acting at righ’ 
angles to the face at the points A, B, C respectively. Simi 
lar substitutions may be made for the other forces. Thus 
have, acting at the Pact A, three forces respectively at righ 
angles to the three faces which meet at A and proportional t 
the areas of those faces; and, by what has been shewn in th 
Propositions at the end of Chapter v. these three forces ar 
equivalent to a single force acting at A in the direction per 
pendicular to the face BCD, and proportional to the area ¢ 
that face. Hence, by Proposition I. at the end of Chapter 

the proposed system of forces will be in equilibrium. 


The preceding result may now be extended to the followin 
proposition: Through the centre of gravity of each face of 
polyhedron a force acts at right angles to the face, and pri 

tional to the area of the face: ¢f the forces all act inwa 
or all act outwards they will be in equilibrium. | 

For each face of the polyhedron may be divided into 
triangles; and the force, acting at the centre of gravity of 
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he face ma replaced by forces acting respectively at 
o centres o gravity of the triangles, proportional to 
areas of the triangles. Then the polyhedron may be 
yposed to be made up of tetrahedrons which have a com- 
on vertex, and two equal and opposite forces may be 
‘Bupposed applied at common face, acting through the 
entre of gravity of the at right angles to the face and 
roportional to the area of the Hence the required 


result follows from the former of this Article in the 
already exemplified in ition 1. at the end of 
IV. 


ing general result was first brought under the 
notice of the present writer by the late Bishop Mackenzie; 
Dr paper in Gonville and Caius 
College in 1849, pro biy by himself. The method by which 
he it will be found interesting and instruc- 
tive by the student who is acquainted with Hydrostatics. 
Imagine a fluid in equilibrium acted on by no forces; then 
the pressure will be constant throughout the mass. Sup- 
pose a portion of the fluid in the form of a polyhedron to 
Become solid; then the equilibrium will not be disturbed. 
¢ forces acting on the faces of the polyhedron will be 
vectively at right angles to the faces and proportional to 
areas of the faces, and will act through the centres of 
of the faces. Hence the required result follows. 


The proposition may have been enunciated previously; 
Wever a very eminent mathematician stated at the meeting 
the British Association at Cheltenham in 1856, that he 
been unable to find it in print. 


~ By means of Art. a 2 5 — the following proposi- 
u respecting couples: A system of couples ted in 
ition and magnitude by the faces o l 
equilibrium, supposing the axes of the couples all to be 
ted inwards or all outwards, This is given by Möbius; 

th der Statik, Vol. 1. page 87. 


11—2 


* 
* — 
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Guldinus’s Properties. 


144. If any plane figure revolve about an axis lying in it 
plane, the content of the solid generated by this figure in re 
volving through any angle is equal to a prism, of which the 
base is the revolving figure and height the length of the pat. 
described by the centre of gravity of the area Kae 
figure. 

The axis of revolution in this and the following propositior 
is supposed not to cut the generating curve. 

Let the axis of revolution be the axis of a, and the 
plane of the revolving figure in its initial position the pla 
of (, y); let B be the angle through which the fig 
revolves. | 

The elementary area Ax Ay of the plane figure in revolving 
through an ans A generates the E solid whos 
volume is yA@AwAy; therefore the whole soli 


= [Py dady dé = Bifydxdy. 


The limits of x and y depend on the nature of the eury 
But if 7 be the ordinate to the centre of gravity of the ple 
figure, then, by Art. 118, 


the limits being the same as before. 

Therefore the whole solid = Affy dx dy fi = tl 
arc described by the centre of gravity multiplied by the « 
of the figure. 

Tf any figure revolve about an axis lying in its own pla 
22 of the solid generated is l A area to the re 
angle, of which the sides are the length of the perimeter of t 
generating figure and the length of the path of the centre 
gravity of the perimeter. | | 

The surface generated by the are As of the figure revolving 
through an angle A@ is yA@ As; therefore the whole surface) 


n ds dO = Bly ds. 
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on the nature of the curve. But if 7 be 
aoe 


— 


5 he limits being the same as before. 
the whole surface = de = the are described 
r the centre of gravity, multiplied by the length of the 


the solid content and the surface of the ri 
e este circle round a e 
plane it not meet, 


Let the distance of the centre of the circle from the axis of 
Bree of the pecs of the the we yah teed ot 3 
length the centre o vity o area € 
ane, 


therefore the content of the solid = 20. 


r th of the centre of gravity of the 
ster is 2, and the length of the — 4 ou 


therefore the surface of the solid = Aub. 


eee 


A semicircle by revolving about its diameter generates 
phere ; the content of the sphere is 3 ara’ and the surface 


„the radius being a; the area of the semicircle is = 5 mal 


an en abc d Mg ur U Sure 
ol gr Of the area trom the diaunistee 


content of sphere 144 
rT. = Om aren of semicircle zu 


o distance of the centre of gravity of the are from the diameter 


| « 
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Ex. 3. To find the surface and the solid content of the solid 
formed by the revolution of a cycloid round the tangent at 1 
verteæ. . 


In Art. 133 we have found 1 for the distance of the centre 


of gravity of the are of a cycloid from its vertex; and the 
whole length of the arc is 8a. Therefore the surface of the 
solid generated is . 
2a 


3 


And in Art. 113 we have found that the distance of the centre 
of gravity of the area included between the cycloid and its 


base from the vertex is 645 and the area so included is 


gra. Hence the area of the portion which in the present 
case revolves round the tangent is 47ra*— 37a’, that is 0 
And the centre of gravity of this area may be shewn to be at 


distance g from the vertex. (See Ex. (2) of Art. 109.) There 


22 x — x 8a; that is <> ma’, 


fore the solid content of the figure generated is 27 ma’, the 
is 7a’, 


EXAMPLES, 


1. Find the centre of gravity of five equal heavy pe 
ticles placed at five of the angular points of a re 
hexagon. 


2. Five pieces of a uniform chain are hung at equidistan 
points along a rigid rod without weight, and their lower end 
are in a straight line passing through one end of the rod 
find the centre of gravity of the system. 


3. A plane quadrilateral ABCD is bisected by the dia- 
nal AC, and the other diagonal divides AC into two parts) 
in the ratio of p to g; shew that the centre of gravity of th 
quadrilateral * in AC and divides it into two parts in tl 
ratio of 2p + q to p + 2. | 
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From the fact that any system of heavy particles has 
centre of gravity and only one, deduce * — that 
t 


the straigh the middle points of the opposite 
_ sides of — tees bisect * other. aii 


8 N stands on a square base: given the co-or- 
dinate the vertex, and the co-ordinates of two opposite 
corners of the base, determine the co-ordinates of the centre 


0 gravity of the pyramid. 
6. ABC is a triangle; D, E. Fare the middle points of 


its sides; shew that the centre of gravity of the sides of ABC 
coincides with the centre of the circle inscribed in DEF. 


oa f eee into a triangle; find the 
‘distance of the centre of gravity from each of the sides, and 
shew that if 2, y, = be the three distances, and r the radius 
of the inseribed circle, then 


A- (2 +y +2) . 
8. If the centre of gravity of a four-sided figure coincide 
with one of its angular points, shew that the distances of 
this point and the opposite angular point from the straight 
ine joining the other two angular points are as 1 to 2. 


9. Shew that the common centre of gravity of a right- 
gled isosceles triangle, and the squares described on the 


yo equal sides, is at a distance =‘? a from the point in 
thich those sides meet, a being the length of one of them. 


10. Prove the following construction for the centre of 
pravity of any quadrilateral. Let E be the intersection of 
ls, and F the middle point of the ight line 
vhich joins their middle points; draw the straight line EF 
ind produce it to 6, 3 Fa- EF; then G shall be 
he centre of gravity required. 

11. A triangle ABC is successively suspended from the 
ingles A and B, and the two positions of any side are at 

Tight angles to each other; shew that 
5e = + . 
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12. A right-angled triangular lamina ABC is suspended 

from a point D in its hypothenuse AB; prove that in t 

position of equilibrium AS will be horizontal if 
AD: DB: ATA: AB + BC’. 


13. A given isosceles triangle is inscribed in a circle; find 
the centre of gravity of the remaining area of the circle. 


14. If three uniform rods be rigidly united so as to form 
half of a regular hexagon, prove that if suspended from one 
of the angles, one of the rods will be horizontal. ; 


15. If 430 be an isosceles triangle having a right angle 
at C, and D, E be the middle points of AC, AB respectively, 
prove that a perpendicular from E upon BD will pass through 
the centre of gravity of the triangle BDC. , 


16. ABCD is any plane quadrilateral figure, and a, b, e, d 
are respectively the centres of gravity of the triangles BOD, 
CDA, DAB, ABC; shew that the quadrila abed is 
similar to ABCD, , 


17. 4, B, C, D, E, Fare six equal particles at the angles 
of any plane hexagon, and a, b, c, d, e, F are the centres of 

avity respectively of ABC, BCD, CDE, DEF, EFA, and 
FAB, Shew that the opposite sides and angles of the 
hexagon abcdef are equal, and that the straight lines joining 
opposite angles pass through one point, which is the centre of 
gravity of the particles A, B, C, D, E, F. 


18. A straight line Eh cuts off „ ch part of the rights 


angled triangle ABC of which A is the right angle. AB=a, 
AC =b. Shew that the centre of gravity of CHD describes 
the curve whose equation is a 


= {3 (n—1) y— nd} {8 - Heal. 


19. The distance of the centre of gravity of any numb er 
of sides AB, BC, CD...... KL of a regular polygon from the 
centre of the inscribed circle * 


AL x radius 
~ AB + BO + OD Facts 7 


of 

If particles of unequal weights be placed at the an- 
_ gular points of a triangular n and G, be their common 
centre of gravity G,, G,, ... their common centres of gravity 

r every possible arrangement of the particles; shew the 
centre of gravity of equal particles placed at C,, G., . is the 
centre of gravity of the pyramid. 
22. Ifa cone have its base united concentrically to the 


base of a isphere of equal radius, find the height of the 
Nise cl li aphex’ par PA ane ee ae 
TJ. 


of its spherical surface. Result. 


HI i 3 circumscribe a sphere, the centre 
of gravity volume of the po! hedron, the centre of 
ravity of the surface of the poly n, and the centre of 
the sphere, are in the same oats bal also the distance 
the first point from the third is fourths of the distance 
he second point from the third. 


w remaining 
‘and so on, indefinitely ; shew that the 2 centre of 
gravity of all the cylinders from the base of the cone is ih of 
he height of the cone, and that the distance of the centre of 
7 of the remaining portion from the base of the cone 
i of the altitude of the cone. 
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26. A square is cut from an equilateral triangle, a side 
of the square coinciding with a side of the triangle; from 
the equilateral triangle which remains another square is eut, 
and so on, ad infinitum: find the centre of gravity of the sv 
of the squares. A 


27. Find the centre of gravity of the area contained be- 
tween the curves y*=ax and y*=2ax—2’, which is above 


the axis of . 4 15 44  — 2 
Results. T a. IU 5 57 8 


28. Find the centre of gravity of the area enclosed by 
the curve r= a(1+cos ). Result. <= fa. 


29. Find the centre of gravity of the area included by a 
loop of the curve 7 =a cos 20. Result, = 128a 2 


30. Find the centre of gravity of the area included by a 
loop of the curve r = d cos 30. — 81 /ů4 


807 


‘ 
— 2 


31. The locus of the centre of gravity of all equal seg- 
ments cut off from a parabola is an equal parabola. 


32. Find the centre of gravity of a segment of a circle. 


33. Find the centre of gravity of the area included by 
the curves 7 = ax and a’ = by, 


esult. = gabi, 7= Zaid. 

34. Find the centre of gravity of a portion of an equi 

lateral hyperbola bounded by the curve, the transverse axi 
and a radius vector drawn from the centre. 

* 277 

3 log ( - 3 log a 

= 2 (* —a) 


Results. = 


where a’, / are the co-ordinates of the point of intersection o 
the curve and the bounding radius vector. 5 
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equal circles of radius a are drawn, each passi 

— — ether; end — — 
one of their points of intersection for its centre; 
—— of gravity of the smaller area in- 


outer and inner circles from the common 
first two is 
| 12-993, 
j 2 —3/3 


1 of a triangle varies as the n™ power of 
- verte 7 mangers n ae the centre of 
gravity trian ivides the straight line joining the 
i ae 
Result, n=—}. 


Find the centre of gravity of the volume formed by 
the revolution round the axis of 2 of the area of the curve 


38. Find the centre of gravity of the volume generated 
. 4 tho-anen tx 22x. 27 ound the axia.of ¢. * 


— 5a 


89. Find the centre of gravity of a hemisphere when the 
density varies as the square of the distance from the centre. 


iss) OO 
Result. wig | 


40. Find the centre of gravity of the solid generated 

_ & semiparabola bounded by the E — 
1 Result. Distance from focus = J, of latus rectum. 
441. The solid included between the surfaces of a con- 
tinuous h id and its conical asymptote is cut by two 
planes perpendicular to their common axis; find the position 
of the centre of gravity of that portion which lies between 


Result. Midway between the planes, 


| 3 
1 
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42. A solid sector of a sphere hangs from a point in its 
circular rim with its axis horizontal, find its vertical angle. 
Result. The cosine of the semi-vertical angle is g. 


43. Find the centre of gravity of the solid generated by 
the revolution of a semicircle about a straight line perpen- 
dicular to the diameter, and which does not meet the semi- 
circle, , 


Result. Distance from the plane generated by the diameter 
47 


2 


371 


44, A is a point in the generating line of a right cylinder 
on a circular base, and B, C are two others in the generating 
line diametrically opposite. The cylinder is bisected by a 
plane ABC, and one of the semicylinders is cut by two planes 
at right angles to ABO, passing through AB and AC. Shew 
that if the solid ABC be placed with its convex side on a 
horizontal plane, the plane ABC will be inclined to the hori- 
zon at an angle tan“ (Fr), when there is equilibrium. 


45. A solid cone is cut by two planes perpendicular to 
the same principal section, one through its axis, and the 
other parallel to a slant side; find the limiting value of the 
vertical angle of the cone, that the piece cut out may rest on 
its curved surface on a horizontal plane. 


Result. The cosine of the vertical angle must not be 
greater than 4. . 


46. A quadrant of a circle revolves round one of its 
extreme radii through an angle of 30°; find the centre of 
gravity of the solid traced out, the density being supposed 
to vary as the distance from the centre, | 


Results. 21 y= 2 % z=. The axis of @ 
is ee to coincide with the initial position of the revolyv- 
ing radius, | tf 


Za (3e —4) (a+20)+ 
5{ (a+ 2c) — at} 


A segment of a circle revolves round its chord, which 
an of 90° at the centre; find the surface and 


of the 5 
r (1 -, o- 

Results. /2 1 6/2 * 

52, An ellipse whose excentricity is f.. revolves about 


t line. Prove that the volume generated by one 
tion into which the ellipse is divided by its minor axis 
ies inversely as the volume generated by the other portion. 


53. A area moves in such a manner as to be always 
normal to 


51. 


1 e 
Mute 


an’ 


r rey Bere: 


multiplied by the length of the path of the centre of gravity. 
Hence find the volume of a cycloidal tube whose normal 
section is of constant area, 
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54. Extend Guldinus’s theorem for finding the volume of 
a ring to the case in which the ring is formed by the revo- 


oem of a plane area about a straight line parallel te its 
Pp al 

A ring is formed by the revolution of, the lemniscate 
(whose equation is r*=a* cos 20) about a straight line parallel 
to its plane situated in a plane drawn through its double 
point and “ae gee to its axis; shew that the volume of 


this ring is 7 1 


uently confine ourselves 
construction. most simple machines 
the Mechanical Powers. These we shall ex- 
LN 


140. A Lever is an inflexible rod The prin of the 


axis, which is called the fulcrum. The por rn rages 
er into which the fulcrum divides it are called the arms 

e lever: when the arms are in the same t An 
illed a straight lever, and in other cases a bent 


rc ton th Jere abet te Geren, i 


econd the r power; 
nd in the the power acts between the fulcrum and the 
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Let the plane of the er be the plane in which the 
forces 3 and hgh 
perpendicular to the 8 
of which C is the 
jection, and about w ich 
the lever can move; A, B 
the points of ap lication 
of the forces Y, W; a, B 
the angles which the direc- 
tions of the forces make 
with any straight line aCd 
drawn through C on the 
paper. Let A be the pres- 


in the direction CR, we ma suppose the 
moved, and the body to be held in Kane by the 
forces P, V, N. 


We shall resolve these forces in directions parallel and 
perpendicular to a C; and also take their moments about C; 
then by Art. 57 we have the following equations ; 


Pcosa— Weos 8 — Ros 0 = . (5, 
P sin a＋ sin 8 - sin 0 0. (2), 
and P. CD — F. E=... (3), 


CD and CE being drawn perpendicular to the directions 
Pand V. 


These three equations determine the ratio of P to W when 
there is equilibrium; and the magnitude and direction of the 
pressure on the fulcrum. 


For equation (3) gives 
P _ CE _ perpendicular on direction of W (4) 
W~ OD~ perpendicular on direction of P. 7 
Also by transposing the last terms of (1) and (2), we have 
I cos eos 4 Wcos B, 
A sind sin a ＋ sin g. 
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their squares; therefore 
| B= + W*-—2PW cos (2 +8), 


11 
m (I) and (2) by transposition and division 


tan 0 Pein a Hein g 

Poe a = W cos 8’ 

thich gives the direction of the pressure. 

Jf we suppose B to be the fulcrum and take the moments 
at I instead of C, we have instead of equation (4) the 
N.. 

. P _ perpendicular on direction of R 

5 y perpendicular on direction ie . 


1 ee geen, (0, wh ). To a 
„(J, (2). 3 

2 AD sod BE 5 2 meet Cf ey wil mn 

. at 
Geet bt 
1 these are made equal, N (1), (2), ime 
lin ee Suppose, then, F het * —— 
straight meet. multi 
7 A, end adding. rng 


1 sin (0+8) _ EB sin (0 + 8) 
R™ sin (+8) Fisin (2 +8) 
perpendicular on direction of 2 
perpendicular on direction of Y 
e this equation consequence of the equations 
(2), (8), — 5 — anticipated. 


if 
— 
olle 


3 —— XLS ꝗ . ] Oe — — = 7 KR 
=. _ 
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forces, however unequal in magnitude, may be made to balance 
each, other simply by fixing the fulcrum so that the ratio of it 
distances from the directions of the forces shall be equal to th 
inverse ratio of the forces. Ifthe fulcrum be moved from this 
position, then that force will preponderate from which the ful 
crum is moved and the equilibrium will be destroyed. We 
thus led to understand how mechanical advantage is gained 
by using a crow-bar to move heavy bodies, as large blocks o 
stone: a poker to raise the coals in a grate: scissors, shears 
nippers, and pincers; these last consisting of two levers o 
the first kind. The brake of a pump is a lever of the firs 
kind. In the Stanhope printing-press we have a remarkably 
illustration of the mechanical advantage that can be gaine¢ 
by levers. The frame-work in which the yee to be printec 
is fixed, is acted on by the shorter arm of a lever, the othe 
arm being connected with a second lever, the longer arm e 
which is worked by the pressman. These levers are so ac 
justed that at the instant the paper comes in contact with fl 
types, the perpendiculars from the fulcra on the directior 
of the forces acting at the shorter arms are exceedingly shor 
and consequently the levers multiply the force erte by th 
pressman to an enormous extent. 


As examples of levers of the second kind, we may menti¢ 
a wheelbarrow, an oar, a chipping-knife, a pair of nutcracker 


It must be observed, however, that as the lever mov 
about the fulcrum the space through which the weight 
moved is, in the first and second species of lever, small 
than the space passed through by the power: and therefe 
what is gained in power is Tost in despatch. For examy 
in the case of the crow-bar: to raise a block of stone throw 
a given space by applying the hand at the further extrem 
of the lever, we must move the hand through a greater sp 
than that which the weight describes. 


But in the third species of lever the reverse is the e 
The power is nearer the fulcrum than the weight, and is ec 
sequently greater; but the motion of the weight is gre: 
than that of the power. In this kind of lever despatch W 
gained at the expense of power. An excellent example 1 
the treddle of a turning lathe. But the most striking | 
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ple of levers of the third kind is found in the animal frame, 
the construction of which it seems to be a prevailing prin- 
lle to sacrifice power to readiness and quickness df action. 
o limbs of animals are generally levers of this description. 
ue condyle of the bone rests in its socket as the fulerum; a 
ong muscle attached to the bone near the condyle is the 
wer, and the weight of the limb together with any re- 
ance opposed to its motion is the weight. A slight con- 
action of the muscle gives a considerable motion to the limb. 


149. The lever is applied to determine the weight of 
nbstances. Under this . it is called a Balance. The 
Common Balance has its two arms equal, with a scale sus- 
pended from each extremity; the fulcrum being above the 
centre of gravity of the beam and therefore above the centre 
of 3 of the system formed by the beam, the scales, and 
the weights in the scales. The substance to be weighed is 
placed in one scale, and weights placed in the other till the 
beam remains in equilibrium in a perfectly horizontal posi- 
tion; in which case the weight of the substance is indicated 
the weights by which it is balanced. If the weights differ 
er so slightly the horizontality of the beam will be dis- 
bec amy after oscillating for some time, in consequence of 
| fulcrum being placed above the centre of gravity of the 
tem, it will, on attaining a state of rest, form an 
hh the horizon, the extent of which is a measure of the 
ibility of the balance. 
When we take the weight in the other scale as a measure of 
weight of the substance we are weighing, we assume that 
arms of the lever are of equal length and that the beam 
ld be itself in equilibrium if the scales were empty. Woe 
‘ascertain if these conditions are satisfied by observing 
ether equilibrium still subsists when the substance is trans- 
e to the scale which the weight originally occupied and 
Weight to that which the substance originally occupied. 
50. In the construction of a balance the following ro- 
sites should be attended to. 


* 


erfectly horizontal. 

8) When the weights differ, even by a slight quanti 
sensibility should be such as to detect this difference, * 
12—2 


) When loaded with equal weights the beam should be t 
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(3) When the balance is disturbed it should readily retw 
to its state of rest, or it should have stability. of 


We shall now consider how these requisites may be satis fie 
To find how the requisites of a good balance may be sai ‘gf 0 
Let P and @ be the weights in the scales; let AB= 


1 


Let C be the fulcrum, J its distance from the straight Ii 
which joins A and B. Let W be the weight of the bez 
k the ane of the centre of gravity of the beam from 
| this centre of gravity being supposed to lie on the perpe 
dicular from C on the straight line which joins A and 

Let S be the weight of each scale; so that Y and S : 
f vertically through A, and @ and S vertically through 
| Let @ be the angle which the beam makes with the hori 


) when there is equilibrium. 
; The sum of the moments of the weights round C will 
{ zero when there is equilibrium, by Art. 57. Now the len 
of the perpendicular from C on the line of action of P an 
is a cos -A sin ; the length of the perpendicular from 
on the line of action of Q and & is à cos sin ; and 
length of the perpendicular from C on the line of action of 
is sin . Therefore | ) 


* (Q+ 8) (acoso sin) —(P+8)(acos0—hsin 6) y sin . 


8 (P-Q)a 
( r 


thereſore tan 0 
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determines the position of equilibrium. The first 
site—the horizontality when P and G are equal—is 
Pty mdking the ana eqeal. 


. or the second we observe that for a given difference of P 
| @ the sensibility is greater the greater tan @ is; and for 
Given value of tan@ the sensibility is greater the smaller 


o difference of P and O is: hence aq i# 8 correct measur 
the sensibility: and: ee the second requisite is ſul- 
od by making (P+@Q+ 25) - «+ W~ as small as possible. 


n. stability is ter the ter the moment of the 
Which’ tid 40 restore the equilibrium when it is de- 
Nor th this moment is 


) {(P+Q+2S)h+ Wk sin (P- O acosé, 
or supposing Pand O equal it is 
: {(P+Q+25)h+ Wh} sin 0, 


de to satisfy the third requisite, this mast be made as 
» a8 possible This is, in part, at variance with the 
Ine (P+. They may, however, both be satisfied by 
'+Q+2 1 1 large, and a large also: ‘that is, 
Increasing the distances of the fulcrum from the beam 
from the centre of gravity of the beam, and by 
the arms. 
t dnn be remarked that the sensibility of a balance is of 
: than the stability, since the eye can judge 
Nene 
ions on each side of the vertical line; that i, whether 
, of rest would be horizontal: if this be not the 
tie he wags mas le th cle a 


Bt. Another. kind of belance is that in which the arme 
equal, and the sune weight is used t tod obnrving 


ey gn — 


— te of hie aoonagtiens 


a, 


) 
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152. To shew how to graduate the common otaclyard· 
Let AB be the beam of the steelyard. A the fixed point 


9 


from which the substance to be weighed is e 9 
being its weight; C the fulerum; W the weight of the beam 
together with the hook or scale-pan suspended from A; @~ 
the centre of gravity of these. | 
Suppose that P suspended at N balances O suspended from 
rat ; then, taking the moments of P, Q, and W about C, we © 
ve 


Q.AC-—-W.CG—P.ON=0; | 
ON+ . O0 | 
therefore Q= 1) . 


Take the point D; so that CD @@; therefore 
GVD Dx 


Q = AC P= a0 * 

Now let the arm DB be graduated by taking Da,, Das, 
DOS d. equal respectively to AC, 240, 3AC......; let the 
figures 1, 2, 3, 4,...... be placed over the points of gradua- 


tion, and let subdivisions be made between these. Then by 
observing the graduation at N we know the ratio of O to ; 
and P being a given weight we know the weight of O. 

this way any substance may be weighed. ‘a 


153. The second of the Mechanical Powers is the Whee 
and Axle. This machine consists of two cylinders fixec 
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r ight line: the 

cy is called the wheel, and the the axle. 

cord by which the weight is ded is fastened to the 
axle, and then coiled round it, while the power which sup- 
ports the weight acts by a cord coiled round the circumference 
of the wheel, by spokes acted on by the hand, as in the cap- 
stan, or by the hand acting on a handle, as in the windlass, 


154, To find the ratio of the power and weight in the 
Wheel and Azle when in 3 Nes 


Then since the axis of the machine 
is fixed, the condition of equilibrium 
is that the sum of the moments of 
the ſorces about this axis vanishes, 
(Art. 87) ; therefore 


Du rad. of wheel = Wx rad. of axle; 
rad. of wheel 


It will be seen that this machine is only a modification of 
the lever. In short it is an assemblage of levers all having 
the same axis: and as soon as one lever has been in action the 
next comes into play; and in this way an endless leverage is 
obtained. In this respect, then, the wheel and axle 8 
the common lever in mechanical advantage. It is much used 

in docks and in shipping. 


1355. The third Mechanical Power is the Toothed Wheel. 
It is extensively applied in all machinery; in cranes, steam- 
engines, and particularly in clock and watch work. If two 
_ circular hoops of metal or wood ha their outer circum- 
ferences indented, or cut into equal all the way round, 
be so placed that their edges touch, one tooth of one circum- 
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ference lying between two of the other (as ne ene in the 
figure); then if one of them be turned round by any means, 
the other will be turned round also. This is the simple con- 
struction of a pair of toothed wheels. a4 

156. 7 And the relation of the power and weight in 

Toothed Whole : * 
Let A and B be the fixed centres of the toothed wheels 


2 


5 . 5 nt 1 
on the circumferences of which the teeth are 1 ; the 


int of contact of two teeth; 0 a normal to the surfaces 
in contact at C. Suppose an axle is fixed on the wheel B, 
and the weight W suspended from it at E by a cord; also 
oka the power P acts by an arm AD; draw Aa, Bb per- 
ndicular to QCQ. Let the mutual pressure at C be O. 
hen, since the wheel A is in equilibrium about the fixed 
axis A, the sum of the moments about A equals zero; there-, 


fore a 
P. AD - O. Ada O. 


Also since the wheel B is in equilibrium about B, the sum of’ 
the moments about B equals zero; therefore N 
O. Bb F. BE SO. 

Then by eliminating @ from these two equations, 
P_P Q_ Aa BE, 
W QW AD* Bb’ 

— moment of? Aa, ~ * 

moment of Wo BD 4 oe ee 
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when the teeth are small this ratio very nearly 


rad. of wheel A 
™ rad. of wheel B 


157. Wheels are in some cases turned by means of straps 
ing over their circumferences. In such cases the minute 
protuberances of the surfaces prevent the sliding of the straps, 
and a mutual action takes place such as to render the calcu- 
lation exactly analogous to that in the Proposition. 
For the calculation of the best forms for the teeth, the 
reader is referred to a Paper of Mr Airy's, in the Camb. Phil. 
Trans. Vol. II. p. 277. 


158. The fourth Mechanical Power is the Pully. There 
are several species of pullies: we shall mention them in order. 
The simple pully is a small wheel moveable about its axis: 
a — Core over part of its circumference. If the axis is 
fixed the effect of the pully is only to change the direction of 
the Ts over it: if however the axis be moveable, 
ba as will be presently seen, a mechanical advantage may 


It is sometimes assumed as axiomatic that if a perfectly 
flexible string over a smooth surface the tension of the 
25 will be the same throughout; we shall see, however, in 
the Ohapter on Flexible Strings that this result admits of 
er = In the present * ter xe * only — 
a of the general proposition. e shall su the pul- 
bes to be 8 An e that the ee of the two 
portions of any string which are se a portion in 
Contact with a pully are equal. And this may * to 
be necessarily true if we merely admit that the string is 
a tangent to the circle at the point where it ceases to be in 
contact with the pully. For since the pully is smooth the 
directions 0 mia ra the forces pre. it — on > strin * 

o centre pully; hence if we take the 
3 with respect to is point of the forces which act on 
the string we see that the string cannot be in equilibrium 
unless the tensions of the two portions are equal. 
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159. To nd the ratio of tlie power and weight in the 
single le Fully. 
I. Su the parts of the string divided by the pully © 
are nest fa 9 1 


SAH 


Let the string ABP have one extremity fixed at A, and 
after passing under the pully at B suppose it held by the 
hand exerting a force P, or it may be passed over a fixed 
pully. The weight W is suspended by a string from the 
centre C of the pully. | 

Now the tension of the string ABP is the same throughout. 
Hence the pully is acted on by three parallel forces, P, P, 
and Wy; hence | 


2P— Fo; therefore = = 2, 
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Let a and a’ be the angles which Aa and 150 make with 
the vertical. 
Now the pully is held in equilibrium by W in CW, P in 


@A, and P in BP. Hence, resolving the forces horizontally 
and vertically, 


Pein a Pain a! = O . . . . . (1), 
P cos a+ P co -o (2); 
the equation of moments round C is an identical equation. 
By (1), sin a = sin a and a =; 
therefore, by (2), * A2 cos a, 
which is the relation required. 


160. To find the ratio of the power and weight in a system 
of pullies, in which each pully hangs froma fixed point by a 
er. ve it and 

other end on a fixed beam, and all the strings being parallel. 

Let n be the number of moveable pullies. 


I. Let us neglect the weight of the 
pullies themselves, ‘Then 


tension of l, W= W; 
tension of a,b,5,= 4W; 


tension of a, = 5.17; 


tension of a,),c = „l. 
and so on; and the tension of the string 
passing under the u pully = W, and 
this is equal to P; therefore 


po 
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II. Let us su 98 weights of the pullies to pagar 
sidered; and let 1 = ®,, a these dl ra 


Then if v J Pr» 4 Bs 1. b the weights which they wold, 


sustain at shy weight which W would sustain at 
P, we have His 
5 6. „ c. 0, WwW 
Pi = yas Pa 21 eevee 7 35 25 FE 2 
therefore PTT. . . 4 p. TN, 10 


Or P= 2 ( 6 a 2a, + 27 * —jͤ— — a . 


If w. = . = . . q d, 


-H hen that is P—o, = 3, „ (W- 00. 


161. To find the ratio of the power and weight when te 
system is the same as in the last Proposition, but the wah 
are not parallel, 


We shall neglect the weights of the blocks. The pullies 
will evidently so adjust themselves that the string at the 
centre of any pully will bisect the angle between the strings 
touching its circumference. 


Let Za, Da, 22,,...2a, be the angles included between 


the 3 touching tlie first, ston, third, „eee n™ pullies 
respectively. 
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Then, by Art. 159, 
W 
; aher 
1 W 
te OP coca cone, 
: W ; 
, tension OF 65,6 = S555 a. cos 0, c0na,? 
* 


tension of the last tring eee eee 


and this is equal to P; thereſore 


W 
7 = 2" cos a, cos a, COS 9 C008 d. 


162. To find the relation of the power and weight ina 


system of pullies where the same string passes round all the 


This system consists of two blocks, each containing a 


number of the pullies with their axes coincident. The weight 


is suspended from the lower block, which is moveable, and 


the power acts at the loose extremity of the string, which 


round the respective pullies of the upper and lower 


| lock alternately. 


Since the same string round all the pullies, its 
tension will be everywhere the same, and equal to the power 
P. Let n be the number of portions of string at the lower 
block; then u. J will be the sum of their tensions; therefore 


Nen. 
If we take into account the weight of the lower block, and 
call it B, then 
W+Ben.P. 


If the strings at the lower block are not vertical, we must 
take the sum of the resolved vertically, and equate it to 
W. But in this deviation from the vertical is so 
slight that it is neglected, 


190 SYSTEM OF PULLIES. 


163. As the weight is rising or crag will be observed 
that in general the pullies move with different angular mo- 
tions. The degree of angular motion of each pully depends 
upon the magnitude of its radius. Mr James White took 

vantage of this, to choose the radii of the pullies in such a 
manner as to give those in the same block the same angular 
motion, and so to prevent the wear and resistance caused by 
the friction of the pullies against each other. This being the 
case, the pullies in each block might be fastened together, or, 
instead of this, cut out of one mass. 

It will be seen without much difficulty, that if the weight 
W be raised through a space a, each of the portions of string 
between the two blocks will be shortened by the length a; 
and therefore, that the portions of string which move over 
the pullies in the two 5 — taken alternately, will have 
their lengths equal to a, 2a, 3a, 4a... Suppose the end of 
the string fastened to the lower block; then if the radii of 
the pullies of the upper block be proportional to the odd 
numbers 1, 3, 5 these pullies will move with the same 
angular velocity, and might be made all in one piece, as 
mentioned above. And if the radii of the lower pullies be 
proportional to the even integers 2, 4, 6, .. these also will 
move with a common angular velocity, and might therefore 
be cut out of one piece. 


164. To find the ratio of the power to the weight when all 
the strings are attached to the weight. 


If we neglect the weights of the pullies, 

the nden of the adage ba,=P; the ten- ie 2 
sion of ah, = 2; and so on: if there be 
n pullies, then the sum of the tensions of 
the strings attached to the weight 


= P+2P+2°P+...4+2"*P = (2 ) P; 


therefore Lie 2" — 1. 


If we suppose the weights of the pullies are 
yy Dy, Wy . reckoning from the lowest, and 
0, ,”,... the portions of W which they 
respectively support, since they evidently 
assist Y, and I' the portion of W sup- 
ported by P; then 


r 


6% (2 — 1) G. 
therefore We W' L T . (2 1) P+ (2 i) , 
+ (2°7 =1) . . 4 (2 1) o,,. 
If 0 =. = a, . 
W = (2°— 1) P+ {2°* + 2°? + «00... +2—(n—1)} o, 
= (2°—1) P+(2°—n—1) ,. 


165. The fifth Mechanical Power is the Inclined Plane. 


By an inclined plane we mean a plane inclined to the 
horizon. A weight W may be supported on an inclined 
plane by a power P less than W. 


166. To find the ratio of the power and weight in the 
dhe plane of the po welg 
Let AB be the inclined plane ; * 
a the angle which it makes with the 
horizon. Let the power P act on R 
the weight in the direction CP, 
making an angle e with the plane. 8 
Now the weight at C is held at 
rest by P in CP, W in the vertical 
CW, and a pressure N in CR, at 
92755 angles to the plane. * 
ence, by Art. 27, if we resolve 
these forces perpendicular and par- « 


allel to the we have 6 1 
R+ Psin e Neos a- O (1), 
P cose — Win a = 0 . . (2). 
The second equation gives the required relation aes; 


and the first equation gives the itude of the pressure A. 
If Pact horizontally: ome a = una 


— 
— 
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If P act parallel to the plane, e=0, and P= M sin a. 
If P act vertically, e ur- a, and P= W. 


167. The sixth Mechanical Power is the Wedge. This 
is a triangular prism, and is used to separate obstacles br 
introdueing its edge between them and then thrusting the 
wedge forward. This is effected by the blow of a hammer or 
other such means, which produces a violent pressure for a 
short time, sufficient to overcome the greatest forces. 


168. An isosceles wedge is kept in equilibrium by pressures : 
on its three faces; to find the relation between them. 


The above three figures represent the wedge and obstacles — 
together and separately. 1 
Let 2P denote the force acting perpendicularly to the thick 
end of the wedge; N and A the Pres which act on the other 
faces of the wedge: these forces are perpendicular to the faces 

since the wedge is supposed smooth. _—_. 
Let 2a be the vertical angle of the wedge. 


Resolve the forces which act on the w in directions 
ndicular and parallel to the thick end; then for the 


equilibrium of the wedge we have 

| 2P=(R+ sin a, 
ö N cos a = cos a; » EE 
therefore R N, 


P=Rsina. 


————————— 
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Me do not write down the equations of equilibrium of the 
obstacle, because we do not know the forces exerted on it at 
different points of its base by the ground on which it rests, 

It is usual to resolve the force R which acts on the 
and obstacle into two components; one along the straight line in 
which A, the point of the obstacle in contact with the wed 
would begin to move if the wedge were pushed further into the 
obstacle, and the other at Ai hy angles to this direction. Let 
AB be the first direction, ing an angle ¢ with the direction 
of N; then the resolved part of A in this direction is 2 cos i, 
which we will call S; 
therefore = eo . 

cos i 

As however nothing is known about the value of the angle ¢, 
the result is of no practical value. 


169. The last Mechanical Power is the Screw. This 
machine in its simple construction 1 
consists of a cylinder AB with a ES 7 
uniform projecting thread abcd... 
traced round its surface, and making 
a constant angle with straight lines >< 
to the axis of the cylinder. ac 
is cylinder fits into a block D — 
i with an equal cylindrical / = 
a on the inner surface of | D 


which is cut a groove the exact 5 1 
oe of the projecting thread = / 
It is easily seen from this de- 5 ° 
scription, that when the cylinder is introduced into the block, 
the only manner in which it can move is backwards or for- 
wards by revolving about its axis, the thread sliding in the 
groove. Suppose W to be the weight acting on the cylinder, 
including the weight of the cylinder itself, and P to be the 
power acting at the end of an arm AC at right angles to the 
axis of the cylinder; the block D is supposed to be firmly 
fixed, and the axis of the cylinder to be vertical. 


170. To find the ratio of the power and weight in the Screw 
„ * 
T. 8. 


13 
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Let the distance of C from the axis of the cylinder=a; 
and the radius of the cylinder = b. ; 
Now the forces which hold the cylinder in equilibrium are 
W, P, and the reactions of the pressures of the various por- 
tions of the thread on the corresponding portions of the lower 

surface of the groove in which the thread rests; these re- 

actions are indeterminate in their number but they all act in 
directions at right angles to the surface of the groove, and 
therefore their directions make a constant angle with the axis 


of the cylinder. Let 2 — a be the angle which the thread of 


the screw makes with the axis of the cylinder, then a is the 

angle which the direction of each reaction makes with the 
axis of the cylinder. If, then, N be one of these reactions, 
A cos a, N sin a are the resolved parts vertically and horizon- 
tally; the horizontal portions of the reactions act each at 
right angles to a radius of the cylinder. Hence, resolving 
the forces vertically, and also taking the moments of the 
forces in horizontal planes, we have | 


-L. I cos a2 0 —— 22 2 n 
Fu- L. Ab sin a- . — (Shs 
we might write down the other four equations of equilibrium, 


but they introduce unknown quantities with which we are 
unconcerned in our question. J 


a cos a. R 
Hence 2 = amas. ; because J and à are constant, 
a cos a 27 6. 


sind 2orbtana 


4 circumference of circle of which the radius is a | 
vertical dist. between two successive winds of the thread 


The Screw is used to gain mechanical power in many ways. 
In excavating the Thames Tunnel, the heavy iron frame-work 
which supported the workmen was gradually advanced by 
means of large screws, , 


that the real weight of any body is the geometri- 
cal mean between its apparent weights as wei first in one 
scale and then in the other. 2 2 


W'-P HF 
3. A triangular lamina ABC, whose weight is W, is sus- 
pended by a string fastened at C; find the weight which 
must be attached at H that the vertical through C may bisect 


the angle ACB, 
Result. ge 
3 a4 
4. Two equal weights are suspended by a string passing 
freely over three tacks, which — isosceles triangle whose 
base is horizontal; find the vertical angle when the 
on each tack is equal to one of the weights. Result. 120°. 


5. A uniform heavy rod, at a given point of which a 
iven weight is attached, is sustained at one end; determine 
length when the force which applied at the other end will 
it horizontal is least. 


6. ABGC, DEF are two horizontal levers without weight; 
F their fulerums: the end D of one lever rests on the 
end C of the other; Hk is a rod without weight by 
hry . aay from the 3 G. Prove es 
weight P at i 6 placed an 
the rod HK, provided a 

EF _BG a FB 

DF BC W AB 

13—2 
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7. If the axis about which a wheel and axle turns coin- 
cide with that of the axle, but not with the axis of the Wheel, 
find the greatest and least ratios of the power and weight 
3 for equilibrium, neglecting the weight of the ma- 

e. we 


§. In the system of pullies where each string is attached 
to the weight, let one of the strings be nailed to the block 
through which it passes, then shew that the power may be 
increased up to a certain limit without producing motion, 
If there be three pullies, and the action of the middle one 
be checked in the manner described, find the tension of each 
string for given values of P and V. 


9. A weight w is supported on an inclined plane by two 


forces, each equal to 15 one of which acts parallel to the 


base, Shew that equilibrium may be possible when the in- 
clination of the plane is not greater than 2 tan™ (0 „n being 


a positive integer. 


10. A weight is suspended from the two ends of a straight 
lever without a whose length is 5 feet, by strings whose 
lengths are 3 and 4 feet. Find the position of the fulerum 
that the lever may rest in a horizontal position. sale 


Result. At a distance 3} feet from that end of the lever to 
which the longer string is fastened, . 


11. A uniform steelyard AB, having a constant weight P, 
and a scale-pan of weight , suspended at B and A respec- 
tively, is used as a balance by moving the rod backwards and 
forwards upon the fulerum C, on which the whole rests. 
Shew that the beam must be graduated by the formula 


11 
 ntk+k +1° 


the weight of the rod being #P, and n being each of 
natural numbers 1, 2, 3, ., taken in succession. 


d 


AC 


AB, 


T=. CC ew — 8 = . — a | — _ =.  —- - 
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12. ABisa rod without weight capable of turning freely 
about its extremity A, which is — CD is another rod 
to 2AB, and attached at its middle point to the ex- 
tremity I of the former, so as to turn freely about this point; 
u given force acta at C in the direction CA, find the force 
which must be applied at D in order to produce equilibrium. 


13. A lever without weight in the form of the are of a 
circle, having two weights P and Q suspended from its ex- 
tremities, rests with its convexity downwards on a. horizon- 
tal plane ; determine the position of equilibrium. | 
Result. Let a be the angle which the are subtends at the 
centre of the circle, @ the inclination to the vertical of the 


tan 0 = ora, veal, 


14. The sides of a rhombus ABCD are hinged together 
at the angles; at A and C are two pulling forces (P, P) 
acting in the diagonal AC; and at B and D there are two 
other pulling forces (O, O) acting in BD; shew that 
5 & 

15. AB, BC are two equal and uniform beams connected 
by a hinge at B; there is a fixed hinge at A; a string fast- 
ened at C passes over a pully at D and is attached to a 
weight P; AD is horizontal and equal to twice the length of 
either beam; shew that if P be such as to keep BC horizontal 
= F. v, and tan = 2 tan = 2%, where @ and ¢ are 
the angles which 4B, CD make with the horizon, and 2W 
the weight of each beam. 


; Sa 5 i rey ae ee to the 3 

whose radius is r; it then over a fixed point 
— inter the pully which it — at the points Oland D; 
it afterwards passes over a fixed point E and has a weight P 
attached to its extremity; BE is horizontal and = fr, and 
DE is vertical; shew that if the system be in equilibrium the 
weight of the pully is , and find the distance A. 


Sr 
Result. 43 
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17. Three uniform rods rigidly connected in the form of a 
triangle rest on a smooth sphere of radius 7; shew that the 
tangent of the inclination of the plane of the triangle to the 


horizon is v= Fh) , where a is the distance of the centres of 


the circles inscribed in the triangle itself and in the triangle 
formed by joining the middle points of the rods, and p is the 
radius of the circle inscribed in the triangle. 


18. If a steelyard be constructed with a given rod whose 
weight is inconsiderable compared with that of the sliding 
weight, the sensibility varies inversely as the sum of the 
sliding weight and the greatest weight which can be weighed. 


19. A heavy equilateral triangle hung up on a smooth 
peg by a string, the ends of which are attached to two of its 
angular points, rests with one of its sides vertical; shew that 
the length of the string is double the height of the triangle. 


20. Three equal heavy spheres lying in contact on a hori- 
zontal plane are held together by a string which passes round 
them. A cube, whose weight is W, is placed with one of its 
diagonals vertical so that its lower faces touch the spheres; 


shew that the tension of the string is not less than 305 


21. A roof of given span is to be constructed of two beams 
which are to be connected at the vertex by a single pin, an 
the weight of the roof would increase in proportion to the 
length of the beams; what will be the angle of inclination to 
the horizon, when the whole pressure on the wall is the least 
possible! 

Shew that the direction of the line of pressure will then 
make the same angle with the vertical line which the beam 
makes with the horizontal line. 


22. An endless string supports a system of equal heavy 
pullies, the highest of which is fixed, the string passing round 
every pully and crossing itself between each. If a, B, y, &e. 
be the inclinations to the vertical of the successive portions of — 
string, prove that cos a, cos B, cosy, &c, are in arithmetical 


progression. 
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223. Three r 
the other two, are together by a string and laid on a 
horizontal table so that their axes are horizontal; the tension 
of the stri ing given, find the pressures between the 


Results. The horizontal pressure 717 the other 
725 where T is the tension of the string, and W the 
weight of each cylinder. 


24. A string of equal spherical beads is placed upon a 
amooth cone having its axis vertical, the beads being just in 
contact with each other, so that there is no matual pressure 
between them. Find the tension of the string; and deduce the 
limiting value when the number of beads is indefinitely great. 


25. A smooth cylinder is supported on an inclined plane 
with its axis horizontal, by means of a string which, passing 
over the upper surface of the cylinder, has one end a 
to a fixed point and the other to a weight W which hangs 
freely; if a be the inclination of the plane to the horizon, 
and @ the inclination to the vertical of that part of the string 


which is fastened to the fixed point, the weight of the 
eylinder is 3 
9 W 80 48 cos (a +38) 


sin a 
26. An inextensible string binds tightly together two 
smooth cylinders whose radii are given; find the ratio of the 
pressure een the cylinders to the tension by which it is 
produced, 
Result, — ; where r, and v, are the given radii, 


", * 


27. A ring whose weight is P is moveable along a smooth 
rod inclined to the horizon at an angle a; another ring of 

ight Y is moveable along a rod in the same vertical plane 
as ao and inclined at an * hehe abe ot a 
string which connects these rings passes a third ring 
of weight 2W; shew that the mrt spend mp equilibrium 


P tan a — tan a’ + W (tan a - tan a’) =0. 
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28. <A ball of given weight and radius is hung by a strin 
of given length from a fixed point, to which is also attach 
another given weight by a string so long that the weight 
hangs below the ball; find the angle which the string to 
which the ball is attached makes with the vertical. 


Result. Let Q be the weight of the ball, P the weight 
which hangs below the ball, @ the radius of the ball, 7 the 
length of the satin! then the inclination of the string to the 

ee” a “inte a 
n is sin (p> 00 70 


29. A right cone whose axis is a and vertical angle is 
2 sin” „5 (5) is placed with its base in contact with a smooth 


vertical wall, and its curved surface on a smooth horizontal 
rod parallel to the wall; shew that it will remain at rest if 
the distance of the rod from the wall be not greater than @ 


nor less than = 


30. A paraboloid is placed with its vertex downwards and 
axis vertical between two planes each inclined to the horizon 
at an angle of 45°; find the greatest ratio which the height of 
the paraboloid may have to its latus rectum, so that, if it be 
divided by a plane through its axis and the line of intersec- 
tion of the inclined planes, the two parts may remain in 
equilibrium; also find the least ratio, 


Result. Let h be the height and 4a the latus rectum; then 
the greatest and least ratios are determined respectively by 


32 32 
20 157 V(ah), IK 157, Val) = 8a. 


31. Three bars of given length are maintained in a hori- 
zontal position, and tied together at their extremities so as 
to form a horizontal triangle; and a smooth sphere of given 
weight and size rests upon them. Find the pressure of the 
sphere on each bar. 
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32. One end of a string is fastened to a point in a smooth 
Vertical wall, the other to a point in the circumference of the 
base of a cylinder; the cylinder is in equilibrium, having a 
© its upper end in contact with the wall; find the 
istance of this point below the point in the wall to which 
the string is 
Result. Suppose 2 the required distance, I the length of 
the string, A the height of the cylinder, } the diameter of its 


base; then 
3 --. 


33. The ends of a string are fastened to two fixed points, 
and from knots at given points in the string given weights 
are hung; shew that the horizontal component of the tension 
is the same for all the portions into which the string is 
divided by the knots. Shew also that if the weights are all 

ual the tangents of the angles which the successive portions 
of the string make with the horizon are in Arithmetical Pro- 
gression. (Such a system is called a Funicular Polygon.) 


34. Two uniform beams loosely jointed at one extremi 
are placed upon the smooth arc of a parabola, whose axis is 
vertical and vertex upwards. If I be the semi-latus rectum 
of the parabola, and a, ö, the lengths of the beams, shew that 
they will rest in equilibrium at right angles to each other, if 


L(a+b) (at +b)! =a; 
and find the position of equilibrium. 
35. A quadrilateral is formed by four rigi jointed at 


d rods 
the ends; shew that two of its sides must be parallel in order 
that it may preserve its form when the middle points of either 


pair of opposite sides are joined together by a string in a state 
of tension. 


36. Four rods, jointed at their extremities, form a quadri- 
lateral, which may be inscribed in a circle; if they be kept 
in equilibrium by two strings joining the opposite angular 
points, shew that the tension of each string is inversely pro- 
portional to its length. 


37. Four equal and uniform heavy rods being jointed by 
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hinges so as to form a square, two opposite angles are con- q 


nected by a string; this frame-work stands on a fixed point, 
the string being horizontal; find the tension of the string. 


Result. Twice the weight of a rod. 


38. Four equal and uniform heavy rods are connected 
hinges; the system is suspended by a string attached to one 
hinge, and the lowest hinge is in contact with a horizontal 


— find the tension of the string and the pressure on the 
plane. a 


Result. Each is twice the weight of a rod. 


39. A regular hexagon, composed of six equal heavy rods 
moveable about their angular points, is suspended from one 


angle which is connected by threads with each of the ve 


angles, Shew that the tensions of the threads are as 
Find also the strain along each rod. 


40. A regular hexagon is composed of six equal heavy 
rods moveable about their angular points; one rod is fixed in 
a horizontal position, and the ends of this rod are connected 
by vertical strings with the ends of the lowest rod; find the 
tension of each string. 


Result. ; where W is the weight of a rod. 


41. Suppose that in the preceding Example each end of 
the fixed rod is connected with the more remote end of the 
lowest rod, so that the strings instead of being parallel are in- 
clined at an angle of 60°; find the tension of each string, 


Result. Ns. 


42. <A regular hexagon is composed of six equal heay 
rods ee : 8 


angles are connected by a horizontal string; one rod is 


on a horizontal plane, and a weight is placed at the middle 


point of the highest rod; find the tension of the string. 


Result. Let W be the weight of each rod, and W’ the 


weight placed on the highest rod; then the tension is 
3W+ W’ 
* 


about their angular points, and two opposite 
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CHAPTER X. 


FRICTION. 


171. Iw the investigations of the preceding Chapter, we 
have supposed that the surfaces of the odes te pee are 
perfectly smooth. By a smooth surface is meant a surface 
which opposes no resistance whatever to the motion of a body 
upon it. A surface which does oppose a resistance to the 
motion of a body upon it is said to be rough. In practice it is 
found that all bodies are more or less rough. 

The friction of a body on a surface is measured by the 
least force which will put the body in motion along the 


172. Coulomb made a series of experiments upon the fric- 
tion of bodies against each other 225 e following 
laws. Mémoires......des Savans Etrangers, Tom. x. 

(1) The friction varies as the normal pressure when the 
— erat indeed, l. ia found that the Hie 
t are v in „it is found that the fric- 
tion is somewhat hea’ ian this law would give. 

(2) The friction is independent of the extent of the surfaces 
r 
When the surfaces in contact are extremely small, as ſor in- 
stance a cylinder resting on a surface, this law gives the 
friction much too great. 

These two laws are true when the body is on the point of 
pes also when it is actually in motion; but in the 
case of motion the nok ng of the friction is not always the 
same as when the body is in a state bordering on motion: 
when there is a difference the friction is greater in the state 
bordering on motion than in actual motion. 


0 The friction is independent of the velocity when the body 
ts in motion. 
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It follows from these laws that if P be the normal pressure 
between two surfaces, then the friction is uP, where p is a 
constant of ris for the same materials and is called the co- 

0 


efficient of friction. 
The following results, selected from a table given by Pro- 


fessor Rankine, will afford an idea of the amount of friction as 
ee by experiment; these results apply to the frietion 
of motion. 


For iron on stone yp varies between ·3 and 7. 


For timber on timber 2 and 5. 
For timber on metals 2 and ‘6. 
For metals on metals 15 and °25. 


For full particulars on this subject we refer the reader to 
Coulomb’s papers, and to the Memoirs published in the Mé- 
moires de U Institut, by M. Morin; see also Rankine’s Manual 
of Applied Mechanics, and Moseley’s Mechanical Principles 
of Engineering and Architecture. 


173. Angle of Friction. Suppose a body acted on only by 
its weight to be placed on a horizontal plane and the plane 
to. be turned ani a horizontal line until the body begins to 
slide. Let W be the weight of the body and a the angle the 
plane makes with the horizon. The pressure of the body on 
the plane will be equal to the resolved part of its weight 

rpendicular to the plane, that is to cos a. The friction 
is equal to the resolved part of the weight parallel to the 
plane, that is to Wsing. If yw be the coefficient of friction, 
we have 

W sin a= cos a; 


therefore | tan a = u. 


This experiment will enable us to determine the value of the 
coefficient of friction for different substances. The inelination 
of the plane when the body is just about to slide is called 
the angle of friction. | 


174. In Art. 32 we have found the condition of equilibrium 
of a particle constrained to rest on a smooth curve; we proceed 


* . > * 


ne on See on a rough curve, Suppose the curve 
a curve; X, Y be the forces which act on the par- 

parallel to the axes of 2 and y exclusive of the action 
of the curve. The sum of the resolved parts of X and Y 
along the tangent to the curve is 
dx v dy 


The sum of the resglved parts along the normal is 


d dx 
+ (x 4 — =) . 
If A be the coefficient of friction the greatest friction capable 
of being called into action is 
: di 
+p (x 2 — =) 4 
Hence, the condition of equilibrium will be that the numerical 
value of X 4 +¥9% must be less than the numerical value 


of u (X25 I „without regard to sign in either case. 


This may be conveniently expressed thus, 
(X 4 + 140 must be less than „ — 14). 


We may exhibit this condition in a different form, as will be 
seen in the following Article. ; 


~ 


175. Next let the curve be of double curvature. Let P 
denote the resultant force acting on the particle exclusive 
of the action of the curve; X, Y, Z the components of P 

to the axes; /, n, n the direction cosines of the tan- 

nr point where the particle is placed; @ 

angle between this tangent and the direction of P. The 

resolved part of P along the tangent is P cos 0, and that at 

ight an to the tangent is Y sin . Hence, if u be the co- 
ient of friction, we must have for equilibrium 


Pos 0 <pPsin d; 
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therefore cos* 0 < p* (1 — cos: ); 
we. 
therefore no Os! 
Xl+ ITnT 
therefore ( 5 ) S 


It is easy to shew that this result ineludes that of the former 
Article by putting u = O, i 1-4. 


176. A particle ts constrained to remain on a rough sur- 
face: determine the condition of equilibrium. 


Let P be the resultant force on the particle exclusive of 
the action of the surface; ꝙ the angle between the direction of 
P and the normal to the surface at the point where the particle 
is placed; u = the equation to the surface; a, y, z the co- 
ordinates of the — The resolved part of 1 along the 
normal is Pcos &, and that at right angles to the normal is 
Psin . Hence, for equilibrium we must have 


P sin cos ꝙ; 

therefore sin’ <p’ cos &; 
. 2 
therefore cos’ ¢ > Tri 


(X A4 yo +2) N 


du  /du\* ,da Ti 

gi (5 9 (ay) sf 40 

177. In the following Articles of this Chapter we shall 
investigate certain equations which hold when the equilibrium 
of different machines is on the point of being disturbed. 
equations in such cases will involve the forces acting on the 
machine and yp the coefficient of friction. When we have 
found one of these limiting equations, we can draw the follow- 
ing inferences : 

(1) If in order to satisfy the equation for a given set of 
forces it is necessary to ascribe to wa value greater than its 


therefore 
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extreme value for the substances in question, which is known 
by experiment, equilibrium is impossible, 

2) If the limiting equation can be satisfied by ascribin 
* values less a its extreme value, squilibrovn may be 
possible. We say may be possible, because the limiting equa- 

ion may not be the only equation of equilibrium, and of 
or equilibrium it is necessary that all the appropriate 
equations be satisfied. 

We may illustrate the subject of friction by the solution of 
eee 

ight W is on a ro orizonta e; a strin 
„ — 
to the other end of the string a weight P is attached. - 
mine the limiting inclinations to the vertical of the string 
. passes from W to the fixed pully, when there is equi- 
um. 

Let @ be the inclination of this string to the vertical. The 
tension of the string is equal to P. The body on the rough 
horizontal plane is acted on by its own weight, by the resist- 
ance of the plane, which is at right angles to the plane, and 
by the friction along the plane: denote the resistance by A, 
and the friction by wR. 

Then resolving the forces horizontally and vertically we 


have 
ph = P sin d, 
R+P cos 6 = W. 
Hence, eliminating N, we have 
p (V -P cos o) = Pain 0; 


P sin 6 

sin @ 

Es 
where & is put for I. 


We without any real loss of generality, su that 
e a taboengk ee. 
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It may be shewn that the differential coefficient of 5 
kcos@—1 . 


with respect to 0 is G con By? this result will be useful as 
we proceed, | 


1 
I. Suppose W less than P, so that % is less than unity. 


Now u may have any value from zero up to a certain limit, 1 
known by experiment, which we shall denote by tan e. Thus 
at the limit ; | 


sin 0 
tne} oe? 
therefore cot e cot 0 st ; 
therefore sin (O e) = I sin e. 


ct a be the least angle which has sin e for its sine, so 
that 


sin (0 ＋ e) = sin a. 
And as a is less than e the only solution admissible here is 


6+e=7—4a. 


The expression idl is not positive unless O is greater 


than the value which makes cos @=/; and for greater values 
of @ the expression decreases as @ increases, and has its least 


value with which we are concerned when @ 25 its value 
2 

* 

Hence we have the following results: 


then being 7, that is, 


re 
. It the coefficient of friction is less than 17 there is no posi- 4 
tion of equilibrium, | a 
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I the cocfiicient of friotion is greater than ) equilibrium 
will subsist for all values of @ between vue and =. 
—— Suppose W greater than P, so that & is greater than 


In this case a is greater than e, and the equation 
sin (9 + e) = sin a 
has two solutions which may be admissible, namely, 
Tera, and 0+¢e=7—<a, 

The expression Fg, g is always positive, and as @ in- 
creases from 0 to = the expression increases up to a maximum 
value and then decreases, The maximum value is when 

1 8 1 2 
cos =z, and is =I) that is, Ni- 
Hence we shall obtain the following results: 
If the coeficient of friction is not less than H =- 


equilibrium will subsist for all values of @ between 0 and . 


If the coefficient of friction is less than 1 equilibrium 
will subsist for all values of @ between 0 and a e. 


: 1 P 2 
a If the coefficient of friction lies between nd = 
equilibrium will subsist for all values of @ between 0 and 
a e, and between 7—a—e and =. 


III. Suppose W=P. In this case there is equilibrium 
when @=0, no friction being then exerted; and besides this 
we have results which may be deduced from those in the 
first case. Here a=e; if the coefficient of friction is less 

T. 8. 14 
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than unity there is no other position of equilibrium; if the 
coefficient of friction is greater than unity equilibrium will 
also subsist for all values of @ between a — 2¢ and 7 


Or the results for the third case may be deduced from those 
given in the second case, observing that a=. 


Equilibrium of Machines with Friction. 


178. Inclined Plane. 


Let a be the inclination of the plane to the horizon, Sup- 
pose a force H acting at an in- 
clination @ to the plane and the a P 
body on the point of moving down 
the plane. t N be the normal 
action of the plane, A the friction 
which acts up the plane, W the. 
weight of the body. Resolve the 
forces along and perpendicular to 2 
the plane; then, for equilibrium 


we have 
H cos 0+ wR — W sin a = O. . . . . m6 bP 
R + P, sin 6 — cos a= . . (2). 
Substitute in (1) the value of I from (2); thus 
P= W sin a—pW cos 4 


. cos = A sn — 
Next, r P, a force acting at an inclination @ to the 
plane, such that the body is on the point of moving up the 
plane. Friction now acts down the plane, and we shall find 

_ Wsina+pWeosa . 

cos 0+ pw sin 8 
This result may be deduced from the former by changing the 
sign of p. 4 

There will be equilibrium if the body be acted on by a 

force P, the magnitude of which lies between N and . 


ae 
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eee so that 


u tan ¢ = u, 
7 W sin a- tan eM cos a Mein (a 
neee een eee 
5 ; W sin (a + e) 
Similarly P= cos (=<) 


_ Suppose we require to know the least force which will 
suffice to prevent the body from moving down the plane. 
The expression for I. will be least when cos (0+ ¢) is 
t, that is when @+¢=0, that is when 0=—e; 
P, = W sin (a- 9. 


Again, suppose we re to know the least force which 
will suffice to move the body up the plane. The 
for I will be least when cos (@—) is greatest, that is when 
Ome; and then P, = W sin (2+), 


The following problem will illustrate the subject of the 
inclined plane with friction. A weight W is placed on a 
rough inclined plane, and is attached by a string to a point 
above the plane: determine the limiting positions of equi- 


Let a be the inclination of the plane to the horizon, f the 
inclination of the string to the plane, J the tension of the 
" ring, N the resistance of the plane. Since the body is con- 
rained to remain at a constant distance from the fixed point, 
t must be situated on the circumference of a certain circle 
sribed on the plane; suppose @ the angular distance of the 
position of the body | from the lowest point of the circum- 
ference. The forces which act on the body at right angles 
l. the plane are cos a, 7'sin8,and . Thus 


R+ T sin g- W 008 a = 0. (1). 


Rett act on. the body in the plane are W sina, 
T cos g, and the friction A. Teta these ena 1 
rene 
pho body reste, Thus 

= T cos g — W sin a cos 8 = 0. . . (2), 


a — W sina sin 0 0 . (3). 
14—2 


212 LEVER WITH FRICTION. 
From (1) and (3) we obtain 14 
pT'sin 8 =~. cos a sin a sin 6; | 
hence by (2) 
u cos a — sina sin 0 
p tan g sin a cos 0 
sin a sin @ 
Therefore + = cos sin a tan H cos 
cot 8 sin 0 


cot a cot B — cos 0" 
This result may then be developed in the manner already — 
exemplified in Art, 177, : 


179. Lever with Friction, 
Suppose a solid body pierced with a cylindrical hole through 


which passes a solid fixed cylindrical axis. Let the outer 
circle in the figure represent a section of the cylindrical hole 
made by a plane perpendicular to its axis, and the inner circle 
the corresponding section of the solid axis. In the plane of 
this section, we suppose two forces P and O to act on the 
solid body at the points A and B. Also at the point of con- 
tact O there is a normal force R and a tangential force V. 
These four forces keep the body in equilibrium, 


Since N and F have a resultant passing through C, it fol- 
lows, by Art. 58, that the resultant of P and O must also pass 


— —_ _ 
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Ahrough C. Let ¥ be the between the directions of 
Pand Q, and S the resultant of P and C; then 

S? = P* + F + 2PQ cos +. 


Let the direction of & be represented by the dotted line 
making an angle @ with R. Then since J, N, and & are in 


um, 
* Wa BO OK. , e Ne (1), 
een (2). 
For the limiting position of equilibrium Fu; therefore 
Catt Oa Pai eee dee (3). 


We may now find the relation between P and Q, by taking 
moments round the centre of the exterior circle; let r be the 
radius of this circle; a and } the distances of A and B from 
its centre; a and § the angles which the directions of P and Q 
make with these distances; then 

Pa sin a+ Fr = Qh sin g; 
or by (2) and (3), 
: rp 13 . 
| Pasina + TEP alld haat eh sing. . (J). 
If we su the friction to act in the opposite direction to 
that in op vag we shall obtain 4 


Pasin aT + G+ 229 cos)! = Qh eing. C 


Equilibrium will not subsist unless P. O, a, ö, a, 8, ꝙ are 80 
adjusted that (4) or (5) can be satisfied without giving to 
a value greater than its limit known by experiment. 

The following form may be given to the limiting equation. 
Let s be the h of the dicular from the centre of the 
outer circle on the dotted line. Since V, N, and & are in equi- 
_ librium, we have by taking moments 


Fr = Ss; 


therefore ES * 
N 
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180. Wedge with Friction. (See Art. 168.) paced eo 
Suppose the wedge to be on the point of moving in the 
direction in which 2P urges it, an | 
assume for simplicity that each face a 
is similarly acted on by the obstacle, 
The forces which maintain the wedge y 
in equilibrium are 27 perpendicular 
to the thick end, & perpendicular to 
each face, and wR along each face 
towards the thick end. Hence, re- 
solving the forces parallel to the direc- 
tion of 2P, 


P A sin a ph COS a. . (1). 


Forces equal and opposite to I and A act on the obstacle 
at each point of contact. If A be the resultant of A and , 
we have 


Let S be the resolved part of A' along a direction making 
an angle ¢ with that of A and 1 with that of A (see Art. 168); 


then 
S cos i 
A cos d AR sin . 6. (3). 
(1), (2), and (3) will give the ratio of P to # and of P to 8. 


181. Screw with Friction. (See Arts. 169, 170.) 


If the surfaces of the screw are rough it is kept in equi- 
librium by W, P, a system of forces perpendicular to the 
surface of the groove, and a system ol forces arising from 
friction. Let I, denote one of the forces perpendicular to the 
surface of the groove, ul, the corresponding friction; then E, 
makes an angle a with the axis of the cylinder on which the 
screw is raised, and A, an angle 44 —a with the axis of the 
cylinder. Suppose W about to prevail over P; then resolving 

e forces parallel to the axis of the cylinder, and taking 
moments round it, we have 


W — XR (cosa ＋ sin a) O, 
Pa — =f (sina — pcos a) Y =. 
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> P b (sin a — A cos a) 

7 Therefore W™ a (cosa T sin a) 

5 tan a 
“al +ptana 


=* tan (-, 


if u tan e. 
If we su P about to prevail over W, we shall find 
zmilarl 9 * 


1 
-A tan (a+). 


EXAMPLES. 


1. A rectan prism, whose breadth is 2.83 feet and 
thickness less than 2 inches, is laid with its axis horizontal, 
and with its smaller face on an inclined plane where. the 
_ @oefficient of friction is r. Shew that if the inclination of 

the plane is gradually increased, the prism will roll before it 
will slide. 

2. If the roughness of a plane which is inclined to the 


horizon at a known angle be such that a body will just 
, r the least force requisite to draw 
the body up. 


Results. Let a be the inclination of the plane, W the weight 
of the body; then the least force is W sin 2a, and it acts at an 
inclination a to the plane. 


3. Two rough bodies rest on an inclined plane, and are 
connected by a string which is el to the plane; if the 
coefficient of friction be not the same for both, find the 
eee rene he Plans whieh Saent with oqui- 


Result. eng-. 
i 1 * 
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4. A — table stands on a rough inclined plan 
and has two sides horizontal; if the coefficient of friction 
the lowest feet be u and that of the others be wy’, find the 
inclination of the plane when the table is on the point of 
sliding. 

5. Two unequal weights on a rough inclined plane are 
connected by a string which passes through a fixed pully in 
the plane; find the greatest inclination of the plane consistent 
with the equilibrium of the weights. 


_ u(W, + W,) 
Result. tana . — é 


6. A heavy uniform rod whose length is 2a is supported 
by resting on a rough peg, a string of length 7 being attached 
to one end of the rod and fastened to a given point in the 
same horizontal plane with the peg. If when the rod is on the 
point of sliding the string is perpendicular to it the coefficient 
of friction is Ps 

a 

7. Two weights P, Q of similar material rest on a rough 

double inclined plane, and are connected by a fine string 

ing over the common vertex; @ is on the point of motion 
own the plane, shew that the weight which may be added to 
P without producing motion is 

P sin 2¢ sin (a + ) 
sin (8 — ) sin (a - 

a, 8 being the angles of inclination of the planes and tan 
the coefficient of friction. 

8. A weight P is attached to a point in the circumference 
of a rough circular ring whose weight is W: shew that the 
ring will hang on a horizontal rod in a plane perpendicular to 
it with any point of the ring in contact with the rod, if the 
coefiicient of friction be not less than 

1 
* + 

9. Two equal heavy rings are moveable on a horizontal 

rough rod; a string of given length which passes through — 


Ww 
2)’ where 3 


10. Three equal hemispheres, having their bases down- 
are p in contact with each other upon a horizontal 
table; if a smooth sphere of the same substance and equal 
radius be placed upon them, shew that there will be equilibrium 
or not, according as the coefficient of friction between the 
hemispheres and the table is greater or less than 3%. 


11. A uniform rod rests wholly within a rough hemi- 

1 bowl in a vertical plane through its centre, prove 

the limiting position of equilibrium will be given by the 
equation 


sin 2e 

fan Om Sse een ae 
0 being the inclination of the rod to the horizon, 28 the 
angle it subtends at the centre, and tane the coefficient of 


12. A thin rod rests in a horizontal position between two 
planes equally inclined to the horizon, and whose 
i on to each other is 2a; if be the coefficient of 
friction, then the greatest possible inclination of the line of 
intersection of the planes to the horizon is tan fg 
13. A surface is formed by the revolution of an equi- 
lateral hyperbola about one of its asymptotes which is ver- 
tical; shew that a particle will rest upon it, supposing it 
rough, anywhere beyond the intersection of the surface with 
a certain circular cylinder. 


14. A heavy particle under the action of gravity will rest 
on a rough paraboloid = +92, if it be placed on the 
surface at any point above the curve of intersection of the 
surface with the cylinder + A5 the axis of the para- 


boloid bei ical, its vertex upwards, and u the coefficient 
nae 11 up 1 
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15. A rough elliptic pully of weight W can turn ne 


about one extremity of its major axis, and two weights P, C. 
are suspended by a string which passes over the pully; when 
in — its plane is vertical, and its axis inelined at 
60° to the horizon, prove that the excentricity of the ellipse 
is equal to 

Nag W-P)(Q—W-SP)} 


( N 


16. A heavy hemisphere rests with its convex surface on 
a rough inclined plane. Find the greatest possible inclina- 
tion of the plane. 


17. One end A of a heavy rod ABC rests against a rough 
vertical plane ; and a point B of the rod is connected with a 
point in the plane by a string, the length of which is equal 
to AB; determine the position of equilibrium of the rod, and 
shew how the direction in which the friction acts depends 
upon the position of H. 


18. Three equal balls, placed in contact on a horizontal 
plane, support a fourth ball. Determine the least values of 
the coefficients of friction of the balls with each other and 
with the plane, that the equilibrium may be possible. 

Results. Let W be the weight of each of the three lower 
balls, I' the weight of the upper, & the angle which the 


straight line Joining the centre of the upper ball with the 
centre of one of the lower balls makes with the vertical; then 


Eis odefiicient of the -frietion beben dhe dbellata tan 75 ani 


the coefficient of the friction between the balls and the plane 


1 SW tan . If all four balls are 7 we have 


; 1 b 
a so that tan 22 % -N. | 
19. Determine the curve on the rough surface of an 
ellipsoid, at every point of which a particle acted on by three 
ual forces whose directions are parallel to the axes of the 
ellipsoid, will rest in a limiting position of equilibrium. 


in a rough wall to the corner B of the board. ew 

the board will rest with its plane N to the 
li, and its side CD resting against it, if AC be not greater 
than C. | 


21. A rectan parallelepiped of given dimensions is 

with one in contact with a rough inclined plane ; 

termine the limits of its position in order that equilibrium 
may exist. 


22. A board, moveable about a horizontal straight line in 
its own plane, is supported by peep on a rough sphere 
which lies on a horizontal table; find the greatest inclination 
at which the board can rest. 


Result. Let @ be the inclination of the board to the hori- 
zon; then tan ¢=y, where f is the coefficient of the friction 
between the board and the sphere. 


23. A string PCB passes over a smooth pully C, and 
has a given weight P attached to one extremity, while the 
other extremity B is attached to one end of a heavy uniform 
beam AB at B. The other end A of the beam rests upon 
a rough horizontal plane; determine the position of the beam 

* when in equilibrium. 
24. A hemisphere is supported by friction with its curved 
surface in contact with a horizontal and vertical plane; find 
the limiting position of equilibrium. 
_ Result. If @ be the inclination of the plane base to the 
horizon, sin 0 Su (I 
? 3 1 ＋ 5 

25. When a person tries to pull out a two-handled drawer 
by pulling one of its handles in a direction perpendicular 
to its he find the condition under which the drawer will 


26. Determine the condition under which a given weight 
may be supported on a rough vertical screw without the 
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action of any force; for example, if the coefficient of friction 
be 1 find the least number of turns which may be given to 
a thread on a cylinder 2 feet long and 6 inches in circum- 
ference. Result. Eight. 


27. Two uniform beams of the same length and material 
placed in a vertical plane, are in a state of rest bordering 
on motion under the following circumstances: their up 
ends are connected by a smooth hinge, about which they 
can move freely; their other ends rest on a rough horizontal 
plane, and the beams are perpendicular to each other: find 
the coefficient of friction between the beams and the hori- 
zontal plane. Result. p=4. 


28. <A straight uniform beam is placed upon two rough 
planes whose inclinations to the horizon are a and a, and 
the coefficients of friction tan x and tan x; shew that if @ be 
the limiting value of the angle of inclination of the beam to 
the horizon at which it will rest, W its weight, and I, N the 
pressures upon the planes 


2 tan 6 = cot (a +X’) - cot (a M, 

R 2 R 1 W 
os X sin (a TN) oo X sin (a-) sin (a- XT N) 
29. A heavy right cylinder is placed with its base on a 

rough horizontal plane, and is capable of motion round its 


axis; find the least couple in a horizontal plane which will 
move it. 


30. Two weights of different material are laid on an in- 
clined plane connected by a string extended to its full length, 
inclined at an angle @ to the line of intersection of the inclined 
plane with the horizon; if the lower weight be on the point 
of motion find the magnitude and direction of the force f 
friction on the upper weight. 


31. A carriage stands upon four equal wheels; given the 
coefficient of friction between the axles and the wheels find 
the greatest slope on which it can remain at rest neglecting — 
the weight of the wheels. | 
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CHAPTER XI. 


PLEXIBLE INEXTENSIBLE STRINGS. 


182. A sTRine is said to be perfectly flexible when an 
force, however small, which is a lied otherwise than — 
the direction of the string will ines its form. For short- 
ness, we use the word flexible as equivalent to perfectly 
flexible. Sometimes the word chain is used as synonymous 
with string. 

If a flexible string be kept in equilibrium by two forces, 
one at each end, we 41 —— * those ſorces 
must be equal and act in opposite directions, so that the 

ing assumes the form of a straight line in the direction of 
the In this case the tension of the string is measured 
by the force applied at one end. 


Let ABC represent a string kept in equilibrium by a 
force T at one end A and an equal force 7’ . 
at the other end C acting in opposite direc- 1 
tions along the line AC. Since any portion AB of the strin 
is in equilibrium it follows that a force 7’ must act on 
at B from B towards C in order to balance the force acting 
at A; and similarly, a force 7’ must act on BC from B to- 
wards A in order that BC may be in equilibrium. This result 
is expressed by saying that the tension of the string is the same 
throughout. 


Unless the contrary be expressed, a string is su 
tnextensible and the boundary of a 55 it is 
renne of which is indefinitely 


183. When a flexible string is acted on by other forces 
besides one at each end it may in equilibrium assume a 
curvilinear form. If at any point of the curve we suppose 


a 
* 
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a section made by a plane perpendicular to the tangent, the 
mutual action of the portions on opposite sides of this plane 
must be in the direction of the tangent, or else equilibrium 
would not hold, since the string is perfectly flexible. 


184. <A heavy string of uniform density and thickness is 
suspended from two given points; r el to nd the equa- 
op to the curve in which the string hangs when it is in equi- 
vorium. 


Let A, B, be the fixed points to which the ends are 
attached; the string will rest in a 
vertical plane passing through A 
and , because there is no reason 
why it should deviate to one side 
rather than the other of this ver- 
tical plane. Let ACB be the form 2 
it assumes, C being the lowest 
point; take this as the origin of 
co-ordinates ; let P be any point in 
the curve; CM, which is vertical, 
=y; MP, which is horizontal, =z; 

CP =s. 


The equilibrium of any portion CP will not be disturbed 
if we suppose it to become rigid. Let c and t be the lengths 
of portions of the string of which the weights equal the 
tensions at C and P. Then CP is a rigid bod acted on 
by three forces which are proportional to e, s, and t, and act 
respectively, horizontally, vertically, and along the tangent 
at Y. Draw PY the tangent at P meeting the axis of y 
in 7’; then the forces holding CP in equilibrium have their 
directions parallel to the sides of the triangle PMT, and 
therefore bear the same proportion one to another that these 
sides do (see Art. 19); therefore 

PM _ tension at lowest point dx _c 


WT ~ weight of the portion CP’ r dys’ 


therefore 4g, and Yo? 
* 


therefore yto=HV(C+8*) 00 RE: (1); 
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th constant added being such that y= 0 when =; there- 
1 e (2) 


: therefore emo log it et Viy' + 90) — 1 (3), 


Hike constant being chosen so that 2 and y vanish ther. 
The last equation gives 2 5 

: 

: oe my tot e). 
Transpose and square; thus 

de® —2(y +c) ce’ +c = 0; 


: therefore yt+c=f}e (e* +e") RE RRL =. (4), 
: Also s=/{(y+e)*—c*} by (2) 


eer one of these five equations may be taken as the equation 
to the curve. If in equation (4) we write / for y+, which 
amounts to moving the origin to a point — below the 
lowest point of the curve at a distance e from it, we have 


| y' =e (e* + 479). 

When the string is uniform in density and thickness, as in 
the present instance, the curve is called the common catenary. 
185. To find the tension of the string at any point. 


‘Let the tension at P be equal to the weight of a length ¢ of 
anne 2 


tension at P PT t ds 


weight of Up- rar’ ‘therefore - 
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But s* = y*+ 2% by equation (2) of Art. 184, therefore 
e 
This shews that the tension at any point is the weight of 
a portion of string whose length is the ordinate at that point, 
the origin being at a distance e below the lowest point. 
Hence, if a uniform string er | freely over any two poin 
the extremities of the string will lie in the same horizon 
line when the string is in equilibrium. 


186. To determine the constant e, the points of suspension 
and the length of the string being given, e 


Let A and B be the fixed 4 
extremities, C the lowest point 7 
of the curve. 
O00 =, OM = a, 
ON=a, MA b, 
Ma, CA=, CB=!. 
Also let a+a=h 
SR (1) ; 
DT N 


then h, N, X are known quantities, since the length of the string 
and the positions of its ends are given. From Art. 184 


„ Je GE Ae) 
* Je Te 
1A Ee) 
I Ie 
Equations (1) and (2) are theoretically sufficient to enable 


us to eliminate a, a’, b, &, I, and “ and to determine o. We 
may deduce from them 


X= ke E- 44 9, 


. a8 


* ge le Te ee 3 
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ee 
ee. 
ve A ie 
=c(e’ +6 *—2); 


therefore FOG aot oe?) cia (3). 


This is the equation from which ¢ is to be found, but on 
account of its transcendental form it can only be solved 
by approximation. If the exponents of ¢ are small, we may 
expand by the exponential theorem and thus obtain the 

proximate value of c. In order that the exponents — 
by Art. 184 it follows that when c is large, compared with 
‘the length of the string, 3 is small, and therefore the curve 


does not deviate much from a straight line. Hence, when 
the two points of support are nearly in a horizontal line and 
the distance between them nearly equal to the given length 


! of the string, we may conclude that „ will be small. In this 
case, we have from (3) 
1 IAV 1h’ 
Vo- = 2015. fg G +15 (a) + 8 \; 


therefore VMK) ht A approximately, 


Let , y, 2 be the co-ordinates of a point P of the string; 
let s denote the length of the curve BP measured from some 
fixed point B up to B and ss the length of the are PQ 
‘between P and an adjacent point C. Let « be the area of a 
T. S. 15 
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section of the string at P, and p the density at P; let I be the 

tension of the string at P; then Ts, ie and * are 

the resolved parts of 7’ parallel to the co-ordinate axes; and 

the resolved parts of the tension at O parallel to the axes will 
be, by Taylor's Theorem, 

da d d ‘ . 

T ~. +5, (T 4 8+ terms in (5s)*, &e., 


Let Xpxés, Ypxds, Zpxds be the external forces which act 
on the element PQ parallel to the axes. The equilibrium 
of the element will not be disturbed by supposing it to 
become rigid; hence, by Art. 27, the sum of the forces 
parallel to the axis of a must vanish; thus 


(T 4% d+ n+ Au., I Jo, 
2 Ms (7 4%) + Xpe=0 ultimately. 
Similarly 2 (74% + Ype=0, 
ani 4 (T % + Ze. 


The product xp may be conveniently replaced by m, so 
that if m be constant mi represents the mass of a Tength 7 
of the string, and therefore m the mass of a unit of length 
of the string. If m be not constant, conceive a string ha 

its length equal to the unit of length and its — 
density throughout the same as those of the given string at 
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ae and then m will be the mass of such sup- 
The clement 8s of the string, the equilibrium of which 

D 
equations of Art. 27 instead of the six equations of Art, 73. 


The three equations which we have found are theoretically 
sufficient for determining 775 and z as functions of 2, remem- 


bering that 7° = ,/{1 + (32) ()) and when we know 
values of y and s in terms of 2, we know the equations 
to the curve which the string forms. 


188. The equations for the equilibrium of a flexible string 
may be written thus; 

r -o 
r Ter- 5 (1). 


ds dT dz 
eres 


Multiply these equations by = 2. and 2 respectively and 


FTG 


d dir d da ds 
as 4 1 7 2 9 


wohave (K T 2 40 o c 


‘therefore T. {mn (x 924 ¥ + 2 ) da= constant... (3). 
15—2 


= 
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If the forces are such that m (Xdx+ Ydy + Ade) is the im- 
2 differential of some function of a, y, 2, as F (, y, 2), 
en | 
T + f(a, , 2) = constant. 


If the forces are such that their resultant at every point 
of the curve is perpendicular to the tangent at that point, 
we have a 3 


dy dz 
X 45 + % 2 7" 


therefore, by (3), 7 is constant. 


In the equations (1) transpose the terms mA, mY, m to 
the right-hand side, then square and add; thus 


. ) cer 
Hence if p be the radius of absolute curvature of the curve 


formed by the string, and /’més the resultant external force 
on the element és, so that Y = X*+ Y*+Z?, 


(7 * ( 9 — ö (4). 


If T be constant 2 0; hence in this case mJ’ varies as x 


From the equations of equilibrium in Art. 187, we deduee by 
integration, 


Square and add; then 5 oat a 
T* = {fin xda Ui Yds} Ui Adee (5). 


The constants that enter when we integrate the differential 
equations of equilibrium must be determined from the special 
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circumstances of each particular problem. Thus the co- 
ordinates of fixed points to which the ends of the string 
are attached may be given, and the length of the string. 
Or, besides the represented by mM, m Yés, and 
acting on each element, given forces J and J, may act at 
the extremities of the string; in this case if J. and 7, denote 
the values of 7’ at the two extremities of the string, we must 
have 7, equal in magnitude to . and opposite to it in 
direction, and similarly for 7, and J.. 


189, From equations (1) of Art. 188, climinate 7’and 2 ; 
then we have 


1022256222 


, (dx dy dx : 
+2 (3 A 4 40 0. 
this shews that the resultant external force which acts on an 
element és of the string lies in the osculating plane at the 
point (2, J, 2). 
190. The general equations of equilibrium become, when 
all the forces are in 3 3 that of (x, y), 


d % d d „dy 
3 (T) +mX=0, 40 TT +m¥=0 *. (1). 

X= o, so that the external force is parallel to the 
axis of y; the first equation gives 


7% = a constant, C say, 


therefore 1-2 . 4 e e rt (2). 
ds 
Hence the second equation becomes 
d (dy 
92 (20 +mY=0, 


230 FLEXIBLE STRING. 


For example; required the form of the curve when its 
ight is the only force acting on it, and the area of the 
section at any point is proportional to the tension at that 
point. Here Y is constant and may be denoted by —g, the 
axis of y being vertically upwards. And 7’ varies as m, so 
that T= Am where X is a constant. Thus from (2) and (3) 


we obtain 1 
a (S) N 


X d*y (da\’ 1 
Put a for —; thus 42 0 


therefore 105 ** 


therefore tan 3 + constant. 

dz a 

The constant vanishes if we suppose the origin at the lowest 
point of the curve; therefore 


therefore 5 =— log cos = e (4). 


Since in this case the area of the section at any point is pro- 

rtional to the tension at that point, the curve determined by 
4) is called the Catenar of equal strength. 

Since T= n = mag, we have the following result: the 
tension at any point is equal to the weight of a length a of 
a uniform string of the same area and density as the string 
actually has at the point considered. 


191. The equations (1) of the preceding Article may be 


written ple 
* dz 
7 J ab ds A= eerrersevecsocoees (1) 
d dT dy 2 
T 1 F (2) 
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Multiply (i) by % and (2) by 4, and subtract ; thus 


( de ae aw) +™ (XE-¥G) =o 
from which, since 47 © 4 4 „ 0, we find 
42 
- (T2 D (3). 
‘ds 


Again, multiply (i) by & and (2) by . and add; then 
a (K 1400 e (4). 


From (3) and (4) by eliminating 7, we deduce 


dx 
de .,dy\ d ( / rd vd 
„Gr +2 CH (xp r- 
do- 
which is the general equation to the curve when given forces 
act in one plane. 
192. In Art. 188 we have found the equations 


oy +m (T 14 240 =0 


(=) + (20 8 (2). 


Let & be the angle which the resultant force m/s makes 
with the tangent at the point (2, y, 2); then 


Foosg=X T 42%, 
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therefore, by (1), 


and therefore, by (2), 


(5) - Pein 6 RAlh sem 38 


If the force be such that its direction always passes through 
a fixed point, the whole string will lie in a plane passin 
through its ends and through the fixed point, for there is 
no reason why it should lie on one side rather than the 
other of this plane. Let r be the distance of the point 
(a, J, z) of the curve from the fixed point, p the perpendicular 
from the fixed point on the tangent at (a, , z); then (3) and 
(4) may be written 


dT d: 
“ae M 75 ‚——— (5), 
Sen 
m. „„ (6) 
r 
Hence N 
therefore log T= constant — log p, 
or Tp = C. 
Also, from (5), I {mFdr. 
Therefore 5 ea 


Put ꝙ (r) for — ſm Fur; then 


0 1 1 dye 
F 0 0) , 
and from this differential equation the relation between r and 
@ must be found. 
The equation 7Zp=C may also be obtained simply thus: 
suppose a finite portion of the string to become rigid; this 
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by the tensions at its two ends and by 


other = which all through a fixed take 
. 4 int ; moments 
— ce fixed — — the 2 the tension into 


193. The results of the last Article give us the form of a 
string when acted on by any central force; these results may 
also be obtained directly in the following manner. 


Let O be the centre of force, P a point in the curve, Q an 


oh * 


adjacent point; v, @ the polar co-ordinates of P; let s be the 
=e of the curve measured from some fixed point up to P, 

PQ=és. Draw PL the tangent at P; and PN, QN nor- 
mals at P and Q ively, then PN is ultimately the radius 
of curvature at P. T denote the tension at P 7'+87' the 
tension at O, Vnòs the force acting on the element PQ, which 
will ultimately be in the direction OP produced. 


Let ch Sak and 4 the angle between PZ and OP 
produced. ve the forces acting on the element along PL 
and PN; then 


ST) e Finds cos p T o, 
(T ST) ein V- Finds sing =0. 


Now any. ultimately, and cos = 1. 
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Hence the equations become 

57 + Fmés cos h = 0, 
or n eos o, 
and 7 Vn ein G 0, 


and the solution may be continued as in the last Article. 


We have supposed the force repulsive, that is, tending 
from O; if it act towards O the figure will be convex towards 
O and we shall have the results 

dT 


T 7 
de M cos g = 0, FF 


194. A string is stretched over a smooth plane curve; to 
Jind the tension at any point and the pressure on the curve. 


First suppose the weight of the string neglected. 
Let APQB be the string, A and B being the points where 


P 


\\ 


it leaves the curve. Let P, Q be adjacent points in the string; 
let the normals to the curve at P and Q meet at O; let 0 55 
the angle which PO makes with some fixed straight line, and 
6+ 56 the angle which QO makes with the same line. The 
element PQ is acted on by a tension at P along the tangent — 
at P, a tension at Q along the tangent at Q, and the resistance 
of the smooth curve which will be ultimately along PO. , 
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Let s be the length of the curve measured from some fixed 
| n let R&s denote the resistance of 
the curve on PQ, T T the tension at P, 7 +6T the tension 

at C. Suppose the element P to become ri id, and resolve 
the forces acting on it along the tangent an normal at P; 


T- (T ST) 008 50 = 0... . (1), 
Ros — (7+ T) sin 80 = O. . . . . (2). 
Now cos 80 = 1 — + un +... 
hence (1) gives by division mi 80 
Fang- -e, 
therefore ultimately 
aT _, 
40 ’ 
therefore Pak GOMER Fisk desea e (3). 
Also &s = p50 ultimately, p being the radius of curvature at P, 
seers oa (2), ae hers : 
T 
| ae PPP eee PT CP 3333333333 (4) 
Since 7’ is constant, the string will not be in equilibrium 
unless the forces pulling at its two ends are ; this is 


usually assumed as self-evident in the theory of gully. 


The whole pressure on the curve will be {/Rds; therefore b 
(4), the whole pressure 1 


. I 
Since T is constant, {7d = 7’ constant; 


therefore the whole pressure = 7'(@,—@,), supposing @, th 
value of @ at A, and @, the value 8 at B. F : 


= 
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Next suppose the weight of the string taken into account. 


? 


Pye Q 


J 


* 


Take the axis of y horizontal and that of a verticall 
downwards. The element PQ is acted on by a tension at 
along the tangent at P, a tension at Q along the tangent at 
Q, the weight of the element vertically downwards, and the 
resistance of the smooth curve which will be ultimately alo 
the normal at P. Let @ be the acute angle which the no 
PN makes with the axis of z, 0 4 80 the angle which the 
normal OV makes with the axis of . Let s be the length 
of the curve measured from some fixed point up to P, and 
PQ s; let J be the tension at P, and 7’+ vil the tension 
at O; let mgds be the weight of the element, and 2s the 
resistance of the smooth curve on the element. Suppose the 
element PQ to become rigid, and resolve the forces acting on 
it along the tangent and normal at P; then 


T- (TS) cos 80 gde sin h - O. . . . ). 
Rés — (T+ 57) sin 60 — mgds cos d = O. . (6). 
From (5) we obtain ultimately 
dT 


we = mg sin 6 „665555464 eee (7), 


and from (6) 


where p is the radius of curvature of the curve at . 


Since the curve is sup to be a known curve, „and 
— keg supposed known functions of 0; thus (7) and (8) will 
enable us to find J and & in terms of d. Or we may ex 


T and I in terms of the rectangular co-ordinates of the point 
P; for if wo denole these co-cedinates by # and y, wo have 


an =%, £08 0 = 


thus (7) may be written 


dT. „dr. 
de 9% 


therefore, if m be constant, 
T =—mgz + C, 


where C is some constant; the value of this constant will be 
known if the tension of the string be known at some given 
point, for example at A or at B. 


Also from (8) 


In the above investigations we stated that the resistance 
r r Ap : a the 
normal at P; in forming the equations o librium 
ofthe element of the string wo sapponed the resistance to act 
ictly at B. It is easy to shew that no 
error is thus introduced. For the resistance at P is along 
the normal at N and at O it is along the normal at O, hence 
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the resistance on the element PQ may be taken to be a force 
which acts in some direction intermediate between the direc- 
tions of these two normals; suppose „ the angle which its 
direction makes with that of the normal at P. We should 
then write 228s cosy instead of Nòs in the equations (2) and 
(6), where „ is an angle less than 80; hence in the limit 
cos y= 1 and equations (4) and (8) remain unchanged. Also 
the term Js sin must be introduced into equations (1) and 
(5); thus equation (1) becomes 
T- (TT) cos 60 — Ris sin Y; 


87 8 (so) és. 
therefore 59 ~ (2+ 87) 15 -U Een oz 


and ultimately a =p and siny=0; hence as before 


ar, 


Similarly we may shew that equation (7) remains true after 
the introduction of the term 2és sin ꝙ into equation (5). 


195. A string is stretched over a rough plane curve; to find 
the tension at any point and the pressure on the curve in the 
limiting position of equilibrium. 

First suppose the weight of the string neglected. See the 
first figure of Article 194. 


The element PQ is acted on by a tension at P along the 
tangent at P, a tension at O along the tangent at O, the re- 
sistance of the curve which will be ultimately along the nor- 
mal at F. and the friction which will be ultimately along the 
tangent at P and in the direction opposite to that in which 
the element is about to move. Let 7’ denote the tension at 
P, T+6T that at Q, Rés the resistance, » és the friction; 
suppose the string about to move from A towards B. Sup- 

the element PQ to become rigid, and resolve the forces 
acting on it along the tangent and normal at P; then 


TARO (TA ST) cos 80=0......... . (), 
R8s (74 87) sin 80 = 0 4 4 . (2). 


| _ STRING ON ROUGH CURVE. 239 
From (1) we have ultimately 


＋ nuk Nadvegchdascaccessescecsess (3), 
and from (2), anh P (4); 
therefore 225 or 
therefore log T= u + constant, 
therefore 12 


Let J. be the force which acts on the string at the end A, 
and therefore the value of 7’ at this point; and let 7, be the 
force at B; let @, and d, be the corresponding values of 0; 


therefore 7 een, 
* 
and T = T p04) = Tee-. 


e [Rds =[ as = [40 = 7, fc 


= shen + constant ; 


therefore the whole pressure on the curve 


--. 


Next suppose the weight of the string taken into account. 
as in the second case of Art. 194, and supposing 
the string about to move from A to B, we have 


- (Tr ST) cos 0 — mgés sin & + pRds = 0......(5). 
RSs — (T +87) sin 80 — mgds cos 6 = 0......(6). 
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From (5) we obtain ultimately 

a = pR — mq sin , 

T 
and from (6) ee, 
therefore a= 22. mg (u cos - sin 0), 
7 

therefore 9 5 — pT nig (u cos 8 — sin ) p, 


that is 0 nn bi eos O sin8) p. 


Thus we have a differential equation for finding 7, and we 
may proceed in the ordinary way to obtain the solution. 
Multiply both sides of the last equation by e“; thus 


5 (Teri) mne (u cos - sin 8) o; 
therefore Te-#? = | mge-"® (u cos h — sin 6) pdh. 


Hence when p is known in terms of @ we shall only have 
to integrate a known function of @ in order to obtain the value 
of 7’ in terms of 0. ; 


196. To form the equations of equilibrium of a string 
stretched over a smooth surface and acted on by any forces. 


Let s be the-length of the string measured from some fixed 

int B to the point P; a, , 2 the co-ordinates of P; 8s the 
heath of the element of the string between P and an adjacent 
point O; més the mass of the element; és the resistance of 
the surface on this element, the direction of which will be 
ultimately the normal to the surface at P; let a, B, y be the 
angles — the normal at P makes with the axes; Xmés, 
Ymés, Zmés the forces parallel to the axes acting on the 
element, exclusive of the resistance és, Hence, in the equa- 
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be of Art. Ist, for Xm we must put Xm + Reos 2, and 
similar substitutions for Ym Zm; therefore 


L (23) + Xm+ Rosa =o n (1), 
4 (14) BSO eee (2), 
i, N 008 7:0 ee (3). 


Multiply (1) by SZ, (2) by $f, and (8) by $i, and add; 
then, since 
dz 


. con 2 + fl cos B+ cosy = 0, 


because a tangent to the surface at any point is perpendicular 
a point, we have, as in Art. 188, 


(Xr 24% =0 e (4) 
in, multiply (1) by cosa, (2) by cos 8, and (3) by cosy, 
; then 
f cosa + 51 con 5 cos 7} 


+m {X cos a+ T cos g + Z cosy} +R=0... (5). 


Let Finds be the resultant of Nude, Ymds, Ends, and 
the angle its direction makes with the normal to the surface 


at the point (x, , =); then 
X cosa + T cos 8 + Z cosy = F cosy. 


Let p be the radius of absolute curvature of the curve formed 
Beye point (2, y, 2); 4, G, J the 9 its 


> 
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direction makes with the axes; ꝙ the angle its direction maken 
with the normal to the surface ; then 


dr cosa’ d eos f d*z cos q 
ds* p ’ ds* p ’ ds* p . 


Hence (5) becomes 


“008 $+ Fin cos + R=0 ee (6). 


Let u = be the equation to the surface; then 


cos a = oe cos y 
7 = ——- N suppose. 
dx 5 dz 
Hence (1) may be written 
deæ dT dr du 


Tat Am ＋ 4% at RN =0 


and (2) and (3) may be similarly expressed. 


Eliminate = inl BW en 


720 2-2 75 


-r E- 20 


d*z 


+ (Get 2m) (i, - dy 450 — 0 


ds dy ds dx 


If we put for 7 its value from (4), the resulting equation, 
together with u=0, will determine the curve formed by the 
string. 

It appears from Art. 189 that the resultant of Vnòs and 
Rés must lie in the osculating plane of the curve at the 9 


, 2). If the direction of Vds be always normal to the 
ace u - 0, then, since that of Rds is also normal to the 
„ it follows that the normal to the surface lies in the 
osculating plane to the curve. This we know to be a property 
the lines of maximum or minimum length that can be 
drawn on a surface between two given points. Hence, when 
& string is stretched over a smooth surface and acted on only 
by forces which are in the directions of normals to the surface 
at their points of application, it forms the line of maximum 
or minimum length that can be drawn on the surface between 
the extreme points of its contact with the surface. 

When Finds is always normal to the surface, it follows 
from (4) that 7’ is constant. 


197. We will now give some miscellaneous theorems con- 
nected with the subject of flexible strings. 


I. Required the abscissa of the centre of gravity of an 
assi rtion of any string at rest, supposing its ends fixed, 
and gravity the only force. 

This may be obtained by the ordinary process of integra- 
tion, or more simply in the following manner. Imagine any 
portion of the string to become rigid: then it is kept in equi- 
librium by its weight and the tensions at the ends; these 
tensions act in the directions of the tangents at the ends, 
Hence the centre of gravity of any portion must be vertically 
over the point of intersection of the tangents at the extre- 
mities of the portion. 

II. Suppose in Art. 192 that the string is uniform, and 
hat the force is attractive, and varies as the n power of the 
Thus we may put /=— pr"; therefore 
| O wer + constant, 

p nti 
In the particular case in which the constant here introduced 
is zero we can easily complete the solution of the problem. 
We have ad 

1 


N ap 

= C(n +1) 

2 AG. srXis — ——. 
put for 


’ 
. 
189 
4 
1 


16—2 


244 MISCELLANEOUS THEOREMS, 


Put 8 for r; then 


du 1 
w+ 40 u 


2 _ \ 2,200 
therefore (40 = ana ; 
di Xu“ 
therefore Nh 


Therefore, by integration, 
(n + 2) 0 ＋ const. = sin™ (u; 


therefore aa = sin [(n +2) O + constant}. 


If we fix the position of the initial line so that r may have 
its least value where 0 = 0, we shall determine the constant, 
and obtain 


* sec (n +2) 0; 
or denoting by a the value of r when 0 = 0, 
d sec (n + 2) 6. 


III. Suppose a flexible string to be in equilibrium under 
the action of a central force. Imagine any portion of the 
string to become rigid: then it is kept in equilibrium by the 
tensions at the ends and the resultant of the action of the 
central force on the elements of the string; this resultant will 
be some single force acting through the centre of force. Thus 
the portion of the string may be considered to be in equi- 
librium under the action of three forces; and these forces 
will therefore meet at a point. Hence we obtain the follow- 
ing theorem: The resultant action of the central force on any 
portion of the string is directed along the straight line whi 
joins the centre of force with the point of intersection of 
tangents at the ends of the portion. 


A. . that a flexible string is in equilibrium under 
the action of a central force which varies as the distance. 
Let r be the distance of any point from the centre of force ; 
2, y the co-ordinates of the point referred to axes having the 
centre of force as origin. Let the force on an element of the 
string of which the length is ds and mass més situated at the 
point (a, y) be arme; then this force can be resolved into 
poms and uml parallel to the axes of and y respectively. 
Hence the components, lel to the axes of & and u, of 
the . of Sonal oree on “y er- of the string 
are n fn and f respectively, the integrations ex- 
tending over the porti — Now if ; and 7 be the 
co-ordinates of the centre of gravity of the portion, we have 


ui 
ti 


i csliok deine the contre ; portion of the string 
8 NN 


Hence combining this theorem with that obtained in III. 
_ we obtain the following property of the flexible string which 
is in — under the action of a central force varying 


Thus by II. we see that the prope here enunciated will 
hold for a uniform string in the form of the curve 


‘ 1? = a’ sec 30. 
V. Two weights are connected by a string which passes 
over a rough horizontal cylinder * plane - icular to 


the axis: it is required to determine the resultant of the 
normal actions between the string and the cylinder in the 
state bordering on motion. 

The normal action on any element &s of the string ma 
denoted by Bfs, and the friction on the element by I. 
friction on the element bears a constant ratio to the 


y be 
; thus 
ion on normal 
jon, and the directions of the two forces are at right angles. 


75 
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Let P be the resultant normal action, and sup its 
direction to make an angle @ with the vertical; then the 
resultant friction will be , and its direction will make an 


angle 7 @ with the vertical on the other side of it. Hence, 


1 the string to become rigid, and resolving horizon- 
I. 
6 1. / 
P sin 0 - sin 6 — 0 0. 


Again, resolving vertically, and denoting by W the sum 
of * weights of the system which hangs over the cylinder, 
we have 


P cos 6 + uP cos 2 - 6) —-W=0. 
Hence we obtain tan G = u, 


* 
P=W cos 0 Wasp)" 
VI. Suppose a heavy string which is not of uniform 
density and thickness to be suspended from two fixed points, 
and to be in equilibrium, Let ¢ be the tension at any point, 
@ the angle which the tangent at that point makes with the 
horizon; then ¢ cos @ will be constant. For imagine any por- 
tion of the string to become rigid, then the only horizontal 
forces which act on it are the resolved parts of the tensions at 
each end; and these must therefore be equal in magnitude: 
therefore 
t cos = constant r suppose. . . (1). 
Let w be the weight of the portion of the string contained 
between any fixed point and the variable point considered. 
Then by resolving the forces vertically we obtain in a similar 
manner 
t sin 0 — w = constant; 


therefore 10 r tan 0 constant 2) 


Again, proceeding as in Art. 193, that is resolving the 
forces which act on an element along the normal, we fin 


„on cos 0 ee tls 
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gude is taken as the weight of the element és. Hence, 


— 
—= gm cos’ 0. 
p 


> 
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1. In the common catenary shew that the weight of the 
string between the lowest point and any other point is the 
geometrical mean between the sum and difference of the 
tensions at the two points. 


2. If a and g are the inclinations to the horizon of the 

tangents at the extremities of a portion of a common catenary, 

ithe length of the portion, shew that the height of one 
extremity above the other is 


the portion is supposed to be all on the same side of the 
lowest point. 


3. A uniform heavy chain 110 feet long is suspended from 

two points in the same horizontal plane 108 feet asunder; 

shew that the tension at the lowest point is 1.477 times the 
weight of the chain nearly. 


4. A uniform chain of length 22 is suspended from two 
fixed points in the same horizontal plane; 2a is the distance 
between the fixed — and ¢ the length of chain whose 
weight is equal to the tension at the lowest point; shew that 
when is such that the tension at the points of suspension is the 


Teast possible that tension is equal to the weight of a length a 
of the chain, and / and e are determined by 


1e Ee, +e)caal’. 
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5. Ifa uniform chain be fixed at two points, and any 
‘number of links A, B, C. ... be at liberty to move along 
smooth horizontal lines in the same vertical plane, prove that 
the loops AB, BC, CD, ... will form themselves into curves 
which will all be arcs of the same catenary. 


6. Three links of a chain 4, B, and C are moveable 
freely along three rigid horizontal straight lines in the same 
vertical plane. If when A and Care pulled as far apart as 

ible, their horizontal distances from B are equal, shew 
that this will always be the case when they are held in 
any other position. 


7. A chain hangs in equilibrium over two smooth points 
which are in a horizontal straight line and at a given distance 
apart; find the least length of the chain that equilibrium may 
be possible. 

Result. The least length is he, where * is the given dis- 
tance. 


8. Prove that the exertion necessary to hold a kite 
diminishes as the kite rises higher, the foree of the wind 
being independent of the height, and the pressure of the 
wind on the string being neglected. 


9. A uniform heavy string rests on an are of a smooth 
curve whose plane is vertical, shew that the tension at any 
point is proportional to its vertical height above the lowest 
point of the string. If the string rests on a parabola whose 
axis is vertical, determine the vertical distance of its ends 
below the highest point so that the pressure at this point 
may be equal to twice the weight of a unit of length of the 
string. 

Result. The vertical distance is equal to half the latus 
rectum of the parabola, 


10. One end of a uniform heavy chain hangs freely over 
the edge of a smooth table, and the other end passing over a 
fixed pully reaches to the same distance below the table as 
the pully is above it. Supposing half the chain to be on the 
table in the position of equilibrium, compare its whole length 
with the height of the — 5 ; 

Result, The length is to the height as 6 + 24/3 is to 1. 


11. A uniform heavy chain is fastened at its extremities 
5 two rings of equal weights which slide on smooth rods 


2 ing in and inclined at the same an 

a to the vertical; find condition that the tension at 
lowest point may be equal to half the weight of the chain; 
and in that case shew that the vertical distance of the rings 
from the point of intersection of the rods is 


£ cot alog (1 + 4/2), 


where 2 is the length of the chain. 


12. The density at any point of a catenary of variable 
density varies as the radius of curvature ; determine the equa- 
tion to the catenary. 

Result, The curve in Art. 190. 


13. A heavy cord with one end fixed to a point in the 
surface of a smooth horizontal cylinder is below the 
linder and carried round over the top, the other end bei 

owed to hang freely. Shew that unless the portion whi 
hangs vertically be longer than the diameter of the cylinder, 
the cord will slip off, so as to hang down from the fixed point 
without passing below the cylinder, 


14. Ifo uniform string hang in the form of a parabola 
by the action of normal forces only, the force at any point P 


varies as (SP)*, & being the focus. 


135. If a string without weight touch a given cylinder in 
Ich part of its circumference and in a plane perpendicular to 
its axis, what tension at one extremity will support a weight 
of 100 bs. suspended at the other, friction being supposed to 
be th part of the pressure? To what will this tension be 
reduced if the string is wound round 1jth circumferences ? 


16. If »=}, and a string without weight passes twice 
round a post, prove, by taking approximate values of e and x, 
that any force will support another more than twenty times 
as great. 

17. If two scales, one containing a weight P and the 
other a weight Q, be suspended by a string without weight 
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over a rough sphere, and if O be on the point of descending, 
then the weight . put into the opposite scale will make 


that scale be on tlie point of descending. 


18. Two equal weights P, are connected by a strin 

without weight which passes over a rough fixed horizontal 

3 compare the forces required to raise P according as 
is pushed up or pulled down. 


19. 4, , C are three rough pegs in a vertical plane: 
P, Q, R are the test. weights which can be severally 
supported by a weight W, when connected with it by strings 
without weight passing over A, B, C, over A, B, and over 
B, C 8 shew that the coefficient of friction at B 
Q. | 
i 

20. <A light thread, whose length is 7a, has its extremities 
fastened to those of a uniform heavy rod whose length is 
5a, and when the thread is passed over a thin round peg, it 
is found that the rod will hang at rest, provided the point 
of support be anywhere within a space à in the middle of 
the thread; determine the coefficient of friction between the 
thread and the peg when the rod hangs in a position border- 
ing on motion, and find its inclination to the horizon and 
the tensions of the different parts of the string. 

Results. The coefficient of friction is determined by the 
equation =. The inclination of the rod to the horizon 


7 eS 
＋ 8 


81 
is co 25 

21. From a fixed point a heavy uniform chain hangs 
down so that part of the chain rests on a rough horizontal 
plane; find the least length of chain that may be in contact 
with the plane. 


22. A heavy chain of weight W rests entirely in contact 
with the are of a rough closed vertical curve in a state bor- 
dering on motion. If tana be the coefficient of friction, 
shew that the resultant normal pressure on the circle is equal 
to W cosa, and that its direction makes an angle a with the 
vertical, 


edge of the table, (which is rounded off into the form of a 
semicylinder of radius a) hangs freely down; shew that if z 
be the least length on the table consistent with equilibrium, 


* ( ＋ I) I- ra ra. 


24. A heavy uniform chain is hung round the circum- 
ference of a rough vertical circle of given radius. How much 
lower must one end of the chain hang than the other when it 
is on the point of motion ? 

Result. Let a be the length of the longer piece which 

down, 4 the length of the shorter piece, r the radius of 
the circle, tan g the coefficient of friction; then 
arf sin 28 

6 +rsin 28 

25. A uniform beam of weight W is moveable about a 
—— at one extremity, and has the other attached to a string 
without weight which, passing over a very small rough 
placed vertically above the hinge, and at a distance it 
equal to the length of the beam, supports a weight P; shew 


that if @ be the inclination of the beam to the vertical when 
it is just on the point of falling, then 


en 


pie 4 


sin 30 f 
Find also the strain on the hinge. 


26. One end of a heavy chain is attached to a fixed point 
A, and the other end to a weight which is placed on a rough 
horizontal plane passing through A, and the chain ot 
through a slit in the horizontal plane. Shew that if “ 
the of the chain, a the greatest distance of the weight 
from A at which equilibrium is possible, a the coefficient of 
friction, and n twice the ratio of the given weight to the 


weight of the chain, 
p(1+n) marr 1+{1+p" (1+n)'}, 
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27. A uniform string acted on by a central force assumes 
the form of an arc of a circle; determine the law of the force, 
the centre of force being on the circumference of the eirele. 


Result. The force varies inversely as the cube of the 
distance. 

28. A smooth sphere rests upon a string without weight 
fastened at its extremities to two fixed points; shew that if 
the arc of contact of the string and sphere be not less than 
2 tan g, the sphere may be divided into two equal portions 
by means of a vertical plane without disturbing the equi- 
librium. 

29. Shew that if a chain exactly surrounds a smooth ver- 
tical circle, so as to be in contact at the lowest point without 
pressing, the whole pressure on the circle is double the 


weight of the chain, and the tension at the highest point is 
three times that at the lowest. 


30. Two strings without weight of the same length have 
each of their ends fixed at each of two points in the same 
horizontal plane. A smooth sphere of radius r and weight 
W is supported upon them at the same distance from each of 
the given points. If the plane in which each string lies 
makes an angle a with the horizon, prove that the tension of 


each is = cosec a; a being the distance between the points. 


31. A uniform heavy chain hangs over two smooth pegs at 
a distance 2a apart in the same horizontal plane. When there 
is equilibrium, 2s is the length of the chain between the ; 
which hangs in the form of a catenary, o is the length of a 
portion of the chain whose weight is to the tension at 
the lowest point, and à the length of the end that hangs 
down vertically. If ds and &i be the small increments of 
s and h corresponding to a small uniform expansion of the 
chain, shew that és : dh =s.c—h.a: I. s. a. 


32. A uniform heavy chain is placed on a rough inclined 
plane; what length of chain must hang over the top of the 
plane, in order that the chain may be on the point of slipping 
up the plano? 


log Se) ten ie) 
r -a ° a—y\F—(a*—F) tan® ja} * 


34. AB, AC are two equal and uniform rods moveable 
about a fixed hinge at A, CB a uniform chain, equal in 


length to AB or AC and (3) of its weight, connects the 
ends B and C; shew that in the position of equilibrium, the 
angle @ which either rod makes with the horizon is given 
approximately by the equation 

1 
4(n+1)*" 


n being large compared with unity. 


cos 9 = } — 


35. A heavy uniform beam has its extremities attached to 
a string which passes round the arc of a rough vertical circle ; 
if in the limiting position of equilibrium the beam be inclined 
at an angle of 60° to the vertical, and the portion of string in 
contact with the circle cover an are of 270°, shew that the 


coefficient of friction is 27 log 3. 


36. A uniform string just circumscribes a given smooth 
circle, and is attracted by a force varying as the distance to 
a point within the circle. Find the tension at any point, sup- 

ing it to vanish at the point nearest to the centre of force, 
and that the force at the greatest distance 


__ Whole pressure on circle 
mass of the string 


— ( —ͤ —— 
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37. A heavy string whose length is [a rests on the cir- 


cumference of a rough vertical circle of radius a; if the string 
be in a position of limiting equilibrium, and if 8 be the 
angular distance of its highest extremity from the vertex of 


the circle, shew that 
pr 
—— 1 
tan 8 = (I 1 5 2 ; 


ur 


and explain this result when (1 — e —2y is negative. 


Also if A be such that 8=0, shew that the whole pressure 
on the curve is to the weight of the string as 2 is to xu. 


( 255 ) 


CHAPTER XII. 


FLEXIBLE EXTENSIBLE STRINGS. 


198. Ix the ing Chapter we considered the equi 
Uibrium of flexible tnertensiblo strings; we now 1 
some propositions relative to flexible extensible strings. Such 
strings are also called elastic strings. 

When a uniform extensible string is stretched by a force, 
it is found by experiment that the extension varies as the 
product of the original length and the stretching foree. Thus 
_ if T represent the force, “the original length, I the stretched 
UT 


122, 


where X is some constant depending on the nature of the 
string. 
The fact expressed by this equation is called Hooke’s law, 


from the name of its discoverer. 
The quantity x is sometimes called the modulus of elasticity. 
UT 


In the equation 11 if we put TN we obtain 


-N; thus * page of elasticity for any uniform elastic 
string is to the tension required to stretch that stri 
to double its natural length, * 0 


199. An elastic string has a weight attached to one end, it 
ts fastened at the other and hangs vertically ; determine the ex- 
tension of the string, talcing its own weight into account. 
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Let A'B’ represent the natural length of the string; AB 
the stretched length. Let A’P'’=2', P’Q' = 6&2’. ü 
Suppose 4 P stretched into AP, and “ into 
PQ; let AP=2, PO = dr. Let 45 =, 
w=the weight of the string, and W be the 
attached weight. 

Let T be the tension at Y, and 7'+67' the 
tension at O. Then the element PQ is acted on 
by the forces 7’ and 7’+67' at its ends, and by 
its own weight; its weight is the same as that af 


of P’Q’, that is ; 


1 5 


2 
-Q 


— R 


therefore T- T4 w=0, 
dT 5 
. 
or 7 ultimatel / (1); 
therefore T=- ＋ + constant, 


The value of the constant must be found by observing that 
when 2 =a, T=; therefore 
W =— w + constant ; 


therefore T=W+w (1 — =) e (2). 


Also the element PQ may be considered ultimately uniform 
and stretched by a tension 7’; hence, by the experimental 
law, 


: fg 
85 85 (1+5) „ (3); 
dx i 
therefore 2 =1+ 7 ; 
W w =) 
tegrate; thus 
ema (1+ E) 
* 2a 


No constant is required because S O when 2 =0, 
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Let a denote the stretched length of the string; then put- 
| * =a’, we have 

: W+w\ wa, W+ 

8 4 2 (-K (1+ ) 

Thus the extension is the same as would be produced if an 
elastic string of a’, the weight of which might be neg- 
lected, were s by a weight W+ Ju at its end. 


200. In the solution of the preceding problem we might 
have arrived at equation (2) by observing that the K 
any point must be equal to weight of the string below 
that point together with W; but the method we adopted is 
more useful as a guide to the solution of similar problems. 
It is 1 superfluous to notice an error into which 
students o fall; since the element & is acted on by a 
tension 7’ at one end, and 7'+ 67’ or ultimately T at the 
other end, 217 is considered the stretching force, and instead 


of (3) 
2 85 (1+ N 


is used. This would be of no consequence if uniformly 
adopted, for it would only amount to using I instead of Xx in 
* but mistakes arise from not adhering to one system or 
the other. It should be observed that if a string without 
weight be acted on by a force 7’ at each end, it is in the same 
state of tension as if it were fastened at one end and acted on 
by a force 7 at the other. 


201. The equations of Art. 187, and Art. 196 may be a 
plied to an elastic string in equilibrium. They 8 
length of the string instead of the stretched length. 

and és’ t the natural lengths which become 
by stretching; let m’ds' be the mass of an element 
before stretching, and més the mass of the same element after 


més = m S, 


— . 


FF 
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therefore m (1 + 5) =m. 
Hence the first equation of equilibrium of Art. 187 may be 
written 144 5 
77 
2 + yoo 
1+ * 


and the other two equations may be written similarly. 


Equation (2) of Art. 188, or equation (4) of Art. 196 becomes 


(K + 14 2% =o; therefore 


1 dx d. dz 
r(1 +5)+2m α + ro + 2) de = constant, 
provided m’ be constant; that is, provided the string in its 
unstretched state be uniform. 
T sass ; 
Since (1 + x) = (Z) „the last equation may be used to 


connect s and s, and thus find the extension of the string. 


202. We may apply the preceding Article to the case in 
which the weight of the string is the only force acting on it, 
the string being supposed originally uniform, and fixed at 
two points. 


In this case X= O, Y=—g, Z= O, as in Art. 190; therefore 


55 ( 7 n eee eee (1). 
(1 + x) $ (70 m =. . . . . (2). 


From (1) 7 = =a constant M g suppose; 


therefore Tee e ce (3), 


where Weis the angle which the tangent to the curve at the 


point (c, y) makes with the axis of . 


F 


Hence 2) gives 
(1+ * 8 soy) % K . (4), 


Gents e- SESE 


thus ö sce y) SEY = —1, 


0 
1 dy * tan . 1 
cosy dx * de 5 


thereſore, by integration, 


r. 


— 


that is 


ige un Vs ssesssssseee (5). 
No constant is required in the integration if we suppose the 


axis of y to pass through the lowest point of the curve, for 
there y= 0. 


From (4) we may deduce 
sin y (1+ , sec ) tet — (6); 
therefore, by integration, 
sch + Ot Gate OOo: (7) 
No constant is required in the integration 
—— 18 below 41 * 


5 
F 
7 
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From equation (7) we may find sec in terms of , and 
then cos ¥ and sin can also be found; thus by substituting 
in (5) we could obtain the equation between a and ): this 
equation however would be very complex. 

Ina 2 1. case we a Peed obtain an approximate 
0 


value of y in terms of a Let X=m'gl; then (5) may be 
written 
i+siny _ i : 
cos . 
cos V -n 
therefore D h ‘a 
therefore by addition and reduction . 
2 un - tan y | 
cosy Coy 8 , 
therefore tan! y=} (er Te gratis, 


Now suppose 3 is a very small quantity, put u for 4 E — 47 5 
and v for 4 (el + 4 9 ; then the last equation gives 
cu ev 


1. 27 kan 


from this we can find tan Y approximately, and then see 
will be known approximately, and by substituting in (7) we 
shall obtain approximately y in terms of æ. 


Equation (2) may also be written 
d dy ‘ 
da (Tdh -, 
27 
therefore, by integration, 


tan y=u—F tan 4 


here s’ denotes the natural length of that portion of the string 
Which is between the lowest point and the point (2, y). 


Hence for tan W in (5) and (7) we may put 2, and make 
_ corresponding substitutions for sin and cosy. Thus (7) 


As an example of these formulw suppose that a heavy uni- 
form elastic string hangs in equilibrium over two 

in a horizontal Gad Vet it be teqrained 05 find tam dior 
of the ends of the string below the vertex of the curved 


portion. 


From (3) the tension at any point of the curve is 
mg /(e +s"). 
Let F be the natural length of the portion which over 
one of the ; then the weight of this portion is mt. Let 
s denote the unstretched length of the portion between the 
6 n 
the tension, we have 


m gl =m'g /(c +8”), 
therefore rr (9); 
_ thus from (8) and (9) 
py me =u, 1 aul osiwt et (10) 


__ Suppose 7 to be the length to which a string of natural 
length T hanging. vertically would be stretched; then iy 
199, 


By (10) and (11) 
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Thus the end of the string descends to the depth 27% be- 


low the axis of , and therefore to the depth e (1 + 25 
below the vertex of the curve. 


- EXAMPLES. 


1. Two equal heavy beams, 4B, CD, are connected dia- 
gonally by similar and equal elastic strings AD, BC: shew 
that if the natural length of each string equals AB, and the 
elasticity be such that the weight of 4B would stretch the 
string to three times its natural length, then 


„ 
AB BOC" AC’ 


2. An elastic string will just reach round two pegs in 
a horizontal plane; a ring whose weight would double the 
length of the string hanging from a point is slung on it: 
shew that if @ be the inclination of two portions of the string 
to the horizon, 

sin 20 = 2 (/2—1). 


3. An elastic string has its ends attached to those of a 
uniform beam of the same length as the unstretched string, 
the weight of the beam being such as would stretch the 
string to twice its natural — 95 shew that when the system 
is hung up by means of the string on a smooth peg, the 
inclination @ of the string to the vertical will be given by 
the equation 

tan 072 sin @—2=0. 


4. Three equal circular dises are placed in contact in 
a vertical plane with their centres in the same horizontal 
line, and an endless elastic cord wound alternately above and 
below them, so as to touch every point of their circumferences 
without being stretched beyond its natural length. When 
the support of the middle disc is removed, the centres of the 


three form a right-angled trian Shew that the modulus 


of elasticity of the cord is . 1 , W being the weight 


5. A fine elastic string is tied round two equal cylinders 
whose surfaces are in contact and axes Ulel, the string 
not being stretched beyond its natural oor ; one of the 
cylinders is turned through two right angles, so that the 
axes are again parallel: find the tension of the string, sup- 
Erik a weight of 1 Ib. would stretch it to twice its natural 


12 
Result. wag a lb. 


6. Two equal and similar elastic strings AC, BC, fixed 
at two points A, B in the same horizontal line, support a 
given weight at C. The extensibility and original 9 
of the strings being given, find an equation for determining 
the angle at which each string is inclined to the horizon, 
and deduce an approximate value of the angle when the 
extensibility is very small. 

7. Six equal rods are fastened together by hinges at each 
end, and one of the rods being supported in a horizontal posi- 
tion the opposite one is fastened to it by an elastic string Join- 


their middle points. Supposing the modulus of elastici 
a equal to the weight of sank tod find the original len of 
the string in order that the hexagon may be equiangular in 
its position of equilibrium. 
Result, , where a is the length of a rod. 


8. An unstretched elastic string without weight has n equal 
weights attached to it at equal distances, and is then sus- 
from one end. Prove that the increase of length is 
what it would be if the same string were stretched by a 


weight equal to n +1 of the former hanging at one end. 

9. Three equal cylindrical rods are placed symmetrically 
round a fourth of the same radius, the bundle is then 
surrounded by two equal elastic bands at equal distances 
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from the two ends; if each band when unstretched would 

just round one rod, and a weight of 1 Ib. would just 

stretch it to twice its natural length, shew that it would 
uire a force of 9 Ibs. to extract the middle rod, the co- 
cient of friction being equal to zr. 


10. Two elastic strings are just long enough to fit ona 

here without stretching; they are placed in two planes at 
right angles to each other, and the sphere is suspended at 
their point of intersection. If 20 be the angle subtended at 
the centre by the are which is unwrapped, shew that 


9. 5 W 


n 
@ being supposed small. ) 

11. In the common catenary, if the string be slightly 
extensible, shew that its whole extension will be proportional 
to the product of its length and the height of its centre of 
gravity above the directrix. 


12. A uniform rough cylinder is supported with its axis 
horizontal by an elastic string without weight; the string lies 
in the plane which is perpendicular to the axis of the cylinder, 
and passes through its centre of gravity; the ends of the 
string are attached to points which are in the same horizontal 
plane above the cylinder and at a distance equal to the dia- 
meter of the cylinder. Find how much the string is stretched. 

Result. Let 2W be the weight of the cylinder, à the 
radius of the cylinder, 3’ the natural length of each vertical 
portion of the string; then the extension is 

— 
27% W 4. 22 10 r+ We* 
pe 

13. A heavy string very slightly elastic is suspended 
from two points in the same ee plane; shew that if 
, I be the lengths of unstretched string whose weights are 
respectively equal to the tension at the lowest point and the 
modulus of elasticity, the equation to the catenary will be 
very approximately 


y=' EK e 9. 


14. A t P just supports another weight O by means 
of a fine cals — over a W 0 whose 
axis is horizontal. be the modulus of elasticity, A the 
coefficient of friction, and à the radius of the cylinder, shew 
that the extension of that part of the string which is in con- 
tact with the cylinder is 

a OX 

pS Pr - 


15. A sphere placed on a horizontal plane is divided by a 
n which are just held toge- 
ther by an elastic string, which round the test 
horizontal section ; find the n of the string. 
Zar 
Result. iTAN 


16. Four equal heavy rods are fastened to one another by 

hinges so as to form a square ABCD; A and C are connected 

by an elastic string whose natural length is equal to the dia- 

rn from the point A; 
the position of equilibrium. 

Result. Let W be the weight of a rod, @ the inclination 

of each rod to the vertical; then 


08 0= 7, (147 N). 


17. An elastic band, whose unstretched N is 2a, is 
placed round four rough pegs A, B, C, D, which constitute 
the lar points of a square whose side is a; if it be taken 
hold of at a point P, between A and B, and pulled in the 
direction AB, shew that it will begin to slip round A and B 
at the same time if 


AP =a ——. 
14er 
18. An elastie string without weight of variable thickness 
in, e extention. 
19. An elastic string whose density varies as the distance 
from one end, is suspended by that end and stretched by its 
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own weight. If W be the weight of the string, ?“ its un- 
stretched length, “ its stretched length, shew that 
. 2W 


20. A circular elastic string is placed on a smooth sphere 
so that the whole string is in one horizontal plane; the string 
subtends when unstretched an angle 2a at the centre, and an 
angle 20 when in a position of equilibrium; shew that 


sin o = sina (1 + sin a tan 6) ‘ 


where a= radius of sphere, and e depends on the nature of . 
the string. 


21. A heavy uniform elastic string rests horizontally on a 
portion of a surface of revolution, of which the axis is vertical, 
in every position: prove that the generating curve is a para- 
bola a diameter of which is the axis of revolution. 


22. <A heavy elastic string surrounds a smooth horizontal 
cylinder, so that the surface of the cylinder is subject to no 
pressure at the lowest point; find the pressure at any point 
of the cylinder, and the tension of the string; its modulus 
of elasticity being equal to the weight of a portion of string 
the natural length of which is g; of the diameter of the cylinder. 


23. A uniform heavy elastic string, whose natural length 
is a, is stretched and placed in equilibrium on a rough in- 
clined plane; find the tension at any point, and shew that 
the direction of the friction changes at a point of the string, 
the natural distance of which from the upper end is 


a tan a 
5 (1+ ; ). 


where a is the inclination of the plane to the horizon. 


24. A heavy elastic cord is passed through a number 
of fixed smooth rings. Shew that in the posrtion of equi- 


25. An elastic string is laid on a cycloidal arc, the plane 
of which is vertical and vertex u and when stretched 
* own weight is in contact with the whole of the cycloid ; 
modulus of elasticity is the weight of a portion of the 
string whose natural length is twice the diameter of the gene- 
rating circle; find the natural length of the string. 


_ Result, It is equal to the circumference of the generating 


— —: . . 
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CHAPTER XIII. 
ATTRACTIONS. 


203. Ir appears from considerations which are detailed in 
works on Physical Astronomy, that two particles of matter 
placed at any sensible distance apart attract each other with 
a force directly proportional to the product of their masses, 
and inversely proportional to the square of their distance. 


Suppose then a particle to be attracted by all the particles 
of a body; if we resolve the attraction of each particle of the 
body into components parallel to fixed rectangular axes, and 
take the sum of the components which act in a given direc- 
tion, we obtain the resolved attraction of the whole body on 
the particle in that direction, and can thus ascertain the re- 
sultant attraction of the body in magnitude and direction. 
We shall give some particular examples, and then proceed to 
general formule. 


204. 7% find the attraction of a uniform straight line on | 


an external point. 


By a straight line we understand a cylinder such that the 
section perpendicular to its axis is a curve, every chord of 
which is indefinitely small. 


Let AB be the line, P the attracted particle; take A for 
the origin, and AB for y 
2 direction of the axis 
of z Draw PL n- 
dicular to Az; let 150 — J, 
AL=a, PL=bd. Let 
M and N be adjacent 
points in the line, AM=z, 3 
V= dr. If p be the 4 ** * 2 © 
density of the line, and « the area of a section perpendicula 
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to its length, the mass of the element is Let m be the 
‘mass of P; then the attraction of the t MN on P is 


where n is some constant tity. Hence, the resolved 
n axis of “ai 


S ML um px (a — x) d 
r PA ss (0° + (a—a)|! 
Also the resolved part of the attraction of the element parallel 
to the axis of y, is 
um p PL ae um pc hò 
F Tre 
Let X and F be the resolved of the attraction of the 
line, parallel to the axes of # and y respectively ; then 
1 (a- dr 
„(a- het 
: bdx 
Ya umpe| U 


| (a -der 1 : 
(-t (- 


. (a- h) d 5 1 2 
18 J (a -n l (a- (+a) 


X = pm px 


ye); 


dx 
en Wary ye 


therefore 


$ zd 1 ao a=) 
ee aloe, Fre-. 


————— 
* 
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Hence, putting f for up, we have 
1 1 
X= fa 75 5 Fat ese (3), 
fn (AL BL 
= 22 8 25 e (4). 


Let APL =a, BPL=B, AB =; then 


x= Sessa a), 
y=2" (sin a— sin); 
therefore ./(X*+Y*) =F” less B= cos a)*+ (sin a - sin ) 


= ™ (220089) ein .. G. 


This gives the magnitude of the resultant attraction. Also 


X cos g cos a ＋ 
beat an — . sin B = tan 35 (6). 
This shews that the direction of the resultant attraction bisects : 
the angle APB. 


If IJ fall between A and B, it will be seen from (1) and (2) 
that the expression for X in (3) remains unchanged, but that 
for Y in (4) is changed to 
fn (AL , BL 
PL \PA* PBS* 

This will not affect the result in (5), and the direction of the 
resultant will still bisect the angle APB. 


From the investigation it appears that X is the resolved 
attraction parallel to the axis of # directed towards the axis of 
y, and Y the resolved attraction parallel to the axis of y and 
towards the axis of æ. ! 


| particle; in future we shall 
always suppose the mass of the attracted particle to be 
quantity, we may tapes two partis ach having 


tance between them is the unit of length. As, however, ty 
ee choosing the unit of mass we may make = 1, we 
not in future consider it necessary to introduce u. 


Let AB be any circular are; 
draw a line 1 
i 


tion of the element PQ resolved 
to the axes of 2 and y 
respectively is, if p and « have the 


me meaning as in Art. 204, 
07 cos and “PP sin g, 


3 
* * 


r- Jin G =0. 


. these results with those in Art. 204, it 
pea: tat th stain of a citcular are on a particle at 
centre is the same in magnitude an as of an 
sigh lie J which oucey the area and i terminate 
by the lines OA and OB produced, the are an he 

pposed.to sve the same density, and the areas of their 
rse sections equal, 
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If OP and OQ be produced to meet the line A'B’ in points 
P and @ respectively, it may be shewn that the attraction 
of the element Y. on a particle at O is equal to that of PQ, 
and in this manner we might prove what we have just shewn, 
that the attractions of and A’B’ on a particle at O are 
equal and coincident. This proposition is given in Earnshaw’s 
Dynamics, p. 326. 


It easily follows, that if a particle be attracted by the three 
sides of a triangle, it will be in equilibrium if it be placed at 
the centre of the circle inscribed in the triangle. 


207. To ind the attraction of a uniform circular lamina 
on a particle situated in a straight line drawn through the 
centre of the lamina at right angles to its plane. 


Suppose C the centre of the circle DAB, the plane of the 
paper coinciding with one face of 
the lamina, and the attracted par- 
ticle being in a straight line drawn 
through C perpendicular to the 
lamina and at a distance e from 
C. Describe from the centre C B 
two adjacent concentric circles, one 
with radius CP=r, and the other 
with radius CQ=r+é6r. Let x 
denote the thickness of the lamina, 
which is supposed to be an in- 
definitely small quantity, then the mass of the circular ring 
contained between the adjacent circles is 2epxrér. Every 
particle in this circular ring is at a distance /(c*+7*) from 
the attracted particle; also the resultant attraction of the ring 
is in the straight line through C at right angles to the lamina, — 
and is equal to 


D 


Qapxrér 0 N 
„r rr 


the factor Tear being the multiplier necessary in order to 


resolve the attraction of any element of the ring along the 
normal to the lamina through C. 
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Hence, the resultant attraction of the whole lamina is 


. rade 
„(l' 
eee 
rade 1 
Fri Nr) 


rade 1 1 
Was J. Fe 8 TTP 
therefore the resultant attraction 


ret 

pm le N 
If we suppose 5 to become infinite, we obtain for the at- 
traction of an infinite lamina on an external particle, the 


expression rpg, which is independent of the distance of the 
stizscted particle from the ate 


From the last result we can deduce the resultant attrac- 
— of a uniform Piste of a ae but 75 infinite 
tent, on an ex e. or, su e te 
ivided into an indleRnitely k large number m ig whe — 
r then the attraction 2238 een 
in a straight line thro the attracted icle perpendicular 
» the surfaces of the plate, and is 26 to 2erpx. Hence, 
he resultant attraction will be found by adding the attrac- 
ons of the Iaminm, and will be Ag, if A be thickness 
of the plate. 
icle be placed on the exterior surface of an infinite 
late result just found will express the attraction of the 
ate on the particle. If it be placed in the interior of the 
te at a distance A from one of the bounding planes and 
{ from the other, the resultant attraction will be 2 (-I) 
rds the latter plane. 


208. By means of the preceding Article we can find 
he 1 
T. S. 8 
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situated on its axis. Suppose the cylinder divided into an 
indefinitely large number of lamine by planes perpendicular 
to its axis; let 2 be the distance of a lamina from the at- 
tracted particle, da the thickness of the lamina, 5h; the radius 
of the cylinder; then the attraction of the lamina is 107 


279 1 5 rect Sx. 


Suppose the attracted particle outside the cylinder at a 
distance c from it; let A be the height of the cylinder; then 
the resultant attraction of the cylinder ; 


eth a 
r. a 
= 2mp[h—v{(c +h) +0} +V (e+ 2). 


If we suppose c=0 so that the particle is on the surface of 
the cylinder the resultant attraction is 


2p {h— J/(h* + b) +B}. 


209. To find the attraction of a uniform cone on a particle 
at its vertex, we begin with the expression 


x 
ar- reo} 
for the attraction of a lamina of the cone. Also, if a be the 
semivertical angle of the cone, we have 


x 
Te +8) = COS a; 
hence, the resultant attraction 
A 
2 (1 — cosa) [ dz = 2mp (I- cos a) h; 
0 


where / is the height of the cone. 


It is easily seen that the same expression holds for the 
attraction of the frustum of a cone on a particle situated at 
the vertex of the complete cone, 4 representing in this case 
the height of the frustum, ) fl 
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If the cone be an oblique cone the base of which is any plane 
| 1 Alas thes attraction of « frastam on « 


of these lamina on the particle at the vertex will be the same. 
For take any indefinitely small element of area on the surface 
CC 

ight lines whi o perimeter is area an 
oe attracted particle ; this conical surface will inter- 
cept ts in the two laminw which are bounded by similar 
plane figures. Now, supposing the laminw of the same thick- 
ness, the masses of the elements will vary as the squares of 
their distances from the attracted particle, and thus they will 
Pn NN 

e corresponding pair of elements in the two laminm, 
IT eee tha particle af the verion 
attractions which are equal in amount and coincident in diree- 
tion. From this it follows that the attraction of a frustum 
Varies as its thi 
210. We have hitherto considered the attracting body 
to be of uniform density, but considerable variety may be 
introduced into the questions by various suppositions as to 
the law of density. Suppose, for instance, that in the case 
of the circular lamina in Art. 207 the density at any point 
of the lamina is & (C, where r is the distance of that point 
from the centre; & (r) must then be put instead of p in Art. 
„ and must be placed under the integral sign. erefore 
the attraction of the lamina will be 

* (r) rdr 

Aroæ DV 

I, (r 


11 6 2, where ¢ is a constant, the result is 
’ dr Arch 
dre Get er „l 
21. To find the resultant attraction of an assemblage of 
artic a 


eS , T rl COC OTF! EC 


276 ATTRACTION, SPHERICAL SHELL. 
Let O be the centre of the shell, Jf any particle of it, P the 


attracted particle. Let Mr, PM=y, CP =c, = the 


angle PCM, ¢ =the angle which the plane PCM makes with 
the plane of the paper, 5r=the thickness of the shell, and 
let p denote the density of the shell. 


The volume of the elementary solid at Mis sin 0dr 60 5h 
(see Art. 130). The attraction of the whole shell acts along 
PC; the attraction of the element at J resolved along PC is 


pr’ sin 0 br 80 86 e x cos 8 


. y 
We shall eliminate @ from this expression by means of the 
equation 
y =e +7° Aro cos 0; 
therefore sin 0 5 2 
er 
r eos 04 ait Sad 


20 
Therefore the attraction of Jf on P along PC 
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Hence the resultant attraction of the whole shell 


Tea Ree 
= ee (on + 21) -er mess 2 shell 


This result shews that the shell attracts the particle at P in 
the same manner as if the mass of the shell were con 


at its centre, 


212. It follows from the preceding Article, that a sphere 
which is either homogeneous or consists of concentric spheri- 
cal shells of uniform ity, attracts the icle at P in the 
same manner as if the whole mass were collected at its centre. 


213. To find the attraction of a homogeneous spherical shell 
of small thickness on a particle placed within it. 

We must proceed as in Art. 211; but the limits of y are in 
this case r—c and re; hence the resultant attraction of the 


me — (1 - 75°) dy = 72 (eo 20) =0, 


Therefore a particle within the shell is equally attracted in 
every direction. ; 

a particle inside a homogeneous sphere at the dis- 
tance r from its centre; then by what has just been shewn all 
that portion of the sphere which is at a greater distance from 
he centre than the particle produces no effect on the particle. 
Also by Art. 211, the remainder of the sphere attracts the 
particle in the same manner as if the mass of the remainder 
r at the centre of the sphere. Thus if p be 
the density of the sphere the attraction on the particle is 


214. The itions respecting the attraction of a uni- 
r 
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given by Newton (Principia, Lib. 1. Prop. 70,71). The result 
with respect to the internal particle was extended by Newton 
to the case of a shell 8 by similar and similarly situated 
spheroidal surfaces (Principia, Lib. I. Sy ke Cor. 3), The 
proposition is also true when the shell is bounded by similar 
and similarly situated ellipsoidal surfaces, which we 

to demonstrate in the method given by Newton for spheroidal 
5 


215. Ifa shell of uniform density be bounded by two ellip- 
soidal surfaces which are concentric, similar, and similarly 
situated, the resultant attraction on an internal particle vanishes. 


Let the attracted particle P be the vertex of an infinite 
series of right cones. Let MEM N and am mn be two 
generating lines of one of these 
cones, and suppose the curves in 
the figure to represent the inter- 
section of the surfaces of the shell 
by a plane containing these gene- : 
rating lines. The curves will be ie 
similar and similarly situated el- 
lipses, and by a property of such 
ellipses, E 

MN=M'N’ and mn mn. ry 

By taking the angle of the cone small enough, each of the 
two portions of the shell which it intercepts will be ultimately 
a frustum of a cone, and being of equal altitude and having a 
common vertical angle, they will exercise equal attractions on 
P. (See Art. 209.) Similar considerations hold with ) 
to each of the infinite series of cones of which P is the vertex, — 
and consequently the resultant attraction of the shell vanishes. 

This result being true, whatever be the thickness of the 
shell, is true when the shell becomes indefinitely thin. | 


216. In a somewhat similar way we may establish the 
following proposition which is due to Poisson; the resultant — 
attraction of an indefinitely thin shell bounded by two ellip- 
soidal surfaces which are concentric, similar, and similarl 
situated on an external particle is in the direction of the axis 
of the en mn cons e ‘Nab See br e . 
ticle. ( Crellè s Journal, Vol. xII. p. 141.) Denote the external 


Nn 
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axis 

of contact of the cone and the ellipsoidal shell, Draw 
: Sigg Poy er as in the preceding 
yure nee 
the mass of the clement Mun. 


The attraction of I is equal to gas? and it acts along OM; 
the attraction of / is equal to O fa and it acts along O. 


Now nnn 
D 
and it is known that QM and QM‘ make equal angles with 
QP (see Conic Sections, Chap. xv., last example) 1 
EM PM’. 
1 1 
and therefore Oi" * OM*’ 


Thus the elements u and A exert equal attractions on O; and 
since the directions of these attractions make equal angles 
with QP, the resultant attraction of these two elements acts 
along QP. A similar result holds for every pair of elements 
into which the Tica shell may be decomposed ; and thus 
the proposition follows. It appears from the course of the 
demonst tion that any plane throagh P divides the shell into 
two parts which exercise equal attractions on O. 

It follows from this result, by proceeding to the limit, that 
the resultant attraction of the indefinitely thin shell on a 
particle in contact with the external surface is in the direction 
of the normal to the surface at the point of contact, 

Me shall now give in the next two Articles some proposi- 
tions which will serve as exercises; the i results 
which we shall obtain may be subsequently verified by an 
exact investigation. (See Art. 226.) 

217. To find the attraction of a homogeneous oblate spheroid 
small excentricity on a particle at its pole, 

Let 2c be the length of the minor axis and 2a that of the 
jor axis of the generating ellipse. The spheroid may be 


| 


4 
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supposed made up of a concentric sphere, the radius of which 
is c, and an exterior shell; we shall calculate the attractions 
of these portions separately. 
Let a section be made of the sphere and spheroid by a 
plane perpendicular to the axis of revolution of the spheroid 
at a distance from the attracted particle. This plane cuts 


the sphere and spheroid in concentric circles; the area of the 


former being v and of the latter a „where y*=2ca— a"; 


: 2 
the difference of these areas is 1 0 — 1) J. If a section be 


made by a second plane, parallel to the former and at a 
distance da from it, the volume of the portion of the shell 
intercepted between the planes will be 7 (5 — 1) y’su. The 
distance of every particle of the annulus thus formed from 
the attracted particle is approximately (Nc), and, as the 
resultant attraction of the annulus will act along the axis of 
the spheroid, it will, approximately, 


== ($-) Y 2 


Therefore the resultant attraction of the shell 


eee e 


If we suppose c=a(1—e), e being very small, we have 
a’ — ade approximately; 
therefore the resultant attraction of the shell 


* 167 e 
15 


Also the attraction of the sphere on the particle, by Art. 212, 
= $7pe; 
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D W on the particle 
= imp (1+ ˙ e. 
218. To find the attraction of a homogeneous oblate spheroid 
Wf mail eccotricly on a parte et fn Spectr. 
Let 2c be the length of the minor axis, and 2a that of the 


major axis of the generating elli The spheroid may be 
-mupposed to be the dfleenes between a concentric sphere 
shell 


and a shell, and the attractions of the sphere and 
may be separately calculated. Let a section be made of 


the sphere and spheroi o 


icle with the common centre of 


particle ; IL = the sphere in a circle the 
area of Phich is wy’, where , and it will cut the 


spheroid in an ellipse of whi . 
y and A, and the area of which is therefore 2. The dif- 


ference of the two areas is (15. If u section be 
made by a second plane parallel to the former, and at a 
distance & from it, Fhe volume of the portion of the shell 
intercepted between the planes will be r (1-5) Nd. The 


distance of every particle of the annulus thus formed from the 
attracted eee VZ ar); and as the result- 
ant attraction Bon of the annulus will act along, the straight line join- 
ing the attracted particle with the centre, it will approximately 


—9 2 r 
Vaz) 2ax 

2a — at 
113 — — 


Therefore the resultant attraction of the shell 


. (ar — al) de = E 


if c=a(l—é). 


= =p(1- 


ae 


282 ATTRACTION OF A MOUNTAIN. N 

Also the attraction of the sphere, by Art. 212, 
Arpa; 

therefore the attraction of the spheroid on the particle 


Ap — 1 -% a 


= {mp (1+ $e) ¢. 


In the same manner it might be shewn that the attractions 
of a homogeneous prolate spheroid of small excentricity on 
particles at the pole and equator are respectively 


imp (1 - 3% e and 37 (1 - $e) e, 


2c being the axis of revolution of the spheroid, and 


a=c(l—e). 2 


219. One more example may be given. It is sometimes 
useful to compare the attraction exerted by the Earth on a 
article at the top of a mountain with the attraction exerted 
5 the Earth on the same particle at the ordinary level of the 
rth's surface. The investigation is given by Poisson, 
(Mécanique, Tom. 1. pp. 492—496). Let r denote the Earth’s 
radius, & the height of the mountain, g the attraction of the 
Earth on a particle of a unit of mass at the ordinary level of 
the Earth’s surface. If there were no mountain the attraction 
of the Earth on the particle at a distance ꝙ from its surface 


would be g = we have then to add to this expression 
the attraction exerted by the mountain itself. Suppose the 
mountain to be of uniform density p, and consider it to be 
cylindrical in shape, and the particle to be at the centre of its 
upper surface; then by Art. 208 the resultant attraction is 


27 {a — v(x" +") + , 
where is the radius of the cylinder. If 5 is so large in com- 


x 


parison with a that the square of 5 can be neglected, this 
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expression reduces to 27, Thus if ꝙ denote the attraction 
ik the top of the mountain. 7 

; 91 

Ker 

Let c denote the mean density of the Earth, so that the 


mass of the Earth is 2; then 


; * Zo 
Now the mean density of the Earth is known to be about 
five and a half times that of water, and from what may be 
conjectured of the density of matter at the Earth’s surface, we 
1 
may suppose P= —, And 


aaa 
+a) 


| 22 3 5 

a 9 (t-F 47) =9 (1-7): 

Ho far the 4 roximations made in this Article are allow- 
able might be difficult to estimate; from Article 207, it a 
that in taking 2px to represent the attraction of the 
| tain, we do in fact make the mountain to consist of a 
uniform plate of finite thickness x, but of infinite extent. 

For investigations relating to the attractions of mountains 
the student may consult Pratt's treatise on Attractions... and 
the figure of the Earth. 

We have hitherto confined ourselves to simple examples 
of the ordinary law of attraction; we now proceed to consider 
some other laws of attraction, and also some more complex 
cases of the ordinary law. 


q the Y a body attract with a 7 
Ei eas 
f of r * yea! mass of ly 


(1 — =)". 1— = approximately ; 


7 
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Take the centre of gravity of the attracting body as the 
origin of co-ordinates, and let a, , ¢ be the co-ordinates of 
the attracted particle. Divide the attracting body into inde- 
finitely small elements; let a, y, z be the co-ordinates of an 
element, m its mass, and 7 its distance from the attracted 
particle. Then the attraction of this element is mr, and by 
resolving it parallel to the co-ordinate axes, we obtain 


a—a* b—y c—2 
mr. > mr. , MTs 7 
r * 


respectively. Hence, if X, V, Z denote the resolved parts of 
the whole attraction, we have 


Tanni Ke Sen Bx 9)jol em Bealeton 


But, since the origin is the centre of gravity of the attracting — 


body, we have 
Xmz=0, my = O, Em = O; 
therefore X arm, T= Um, Z= cm. 


But these expressions are the resolved attractions of a mass 
Xm placed at the origin, which establishes the proposition. 


221. To find the attraction of a homogeneous spherical shell 
on a particle without it; the law of attraction being represented 
by $(y), where y is the distance. 


If we proceed as in Art. 211, we find the resultant attrac- 
tion of the shell on P along PC 


= Te [yt to) by) dy. 
Suppose i  (y) dy = $, (Y 


and [¥8.(v) dy = (y)- 
Then, integrating by parts, we have 
[rt e-7) $y) dy= G -2 [yds 9) d 
e- (9); 


eg 
ens [FF 4, (042) -g -- bed 
s % HLN. 


This last form is introduced merely as an analytical artifice to 
simplify the expression. 


ogg To And the attraction of the shell on an internal par- 


Tyne calculation is the same as in the last Article, except 
that the limits of y are r—c and r+c. Hence, the attrac- 
tion of the shell 


= apr get 47="4, ro) a4 (re) 4 ¥ (raf 
ei-. 


223. The ſormul of the preceding two Articles will give 
the attraction when the law of attraction is known, 


Ex 1. Let ¢(r)=4; therefore 6. (r) UA, 
¥ (r) =-— r+ yA +B; 
A and B being constants. 


Therefore the attraction on an external particle 


d (—4r +A (er- Ae 
er J, 25 9 


=2nprir 4. ( 240 D, (Art. 211). 
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The attraction on an internal particle 
d {= 4o+A (r+c)*—A nat 


= 2aprér a *. 
= ampror . 27247 =0, (Art. 213). 


Ex. 2. Let 50 =r; 4 
The attraction on an external same 


= Qarprér — ae + * (o 2 r)* + 55 (e + r)* — 44 (o in a 


= amprbr 4 (or + 1° + 2Ar} 


Arp ed r = mass x c. 


The attraction therefore is the same as if the shell were 
collected at its centre. This property we discovered for the 
law of the inverse square. e shall now ascertain whether 
there are any other laws which give the same property. 


224. To fer what laws of attraction allow us to suppose 
a spherical shell condensed into its centre when attracting an 
een, particle, 


Let ꝙ (r) be the law of force; then, if ¢ be the distance of 
the centre of the shell from the attracted particle, r the ra- 
dius of the shell, and Y (r) = f{r ſ (r dr} dr, the attraction of 


the shell 
en 
de | 0 


Apròr 


But if the shell be condensed into its centre, the attraction 
= 4 erh (e); 
d or) — — 
a, |, {ECE = Trg ary 


| Expand (e r) and ¥ (c—r) in powers of r; then using 
¥ (0) for % | Ge, we have 


-E B . 


O0 eO 
thereſore 8 {ay @+--| = 0, 
whatever r may be; therefore N 

d (¥'" (c) d e 

ile ts 4 -o. . 

But V (0) = ¢J¢ (e) de; 
therefore ¥" (0) = de rob (c); 
therefore O-. 
Therefore, by the first of the above equations of condition 
for y (e), 
8 20 ＋ (e) =a constant. 
Put 3A for this e ere both sides of the equa- 


by c and integrate; th 
( ) = Ac + B; 


mera i 


Tt, alas satisfies all the other equations of condition for 
tir therefore the required laws ' tela are those of 
distance, the 4 inverse square, and a law compounded 


225. To find for what laws the shell attracts an internal 
| in every direction, 


— ee 


— — — — . tm? of 


— — — 
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When this is the case, 
d ((r —¥ (r—c) ; 
31 } =o; 


0 
therefore r) + f * ) +... 24, 
whatever c is, A being a constant independent of e; therefore 
( r) =A, 7) =0, &e. 
From the second condition, we have 
V ) =B+ Br TBN, 

where B, B', and B“ are constants. 

Hence Y) or rfp (r dr = B'+ 2B" r; 


therefore ſch (Y) dr= 2 ＋ 23“ 


, 


therefore ¢(r)=— : 


with this value of ¢(r) all the other equations of condition 


are satisfied; hence the only law which satisfies the condition 
is that of the inverse square. | 


226. To *. the attraction of a homogeneous oblate spheroid 
on a particle within its mass, the law of attraction being that 
of the inverse square of the distance. 


Let a and e be the semi-axes, a being greater than e; and 
let the equation to the spheroid referred to its centre as origin 


0 * ＋ 75 
+7 25 
ca + a —— 1 6555446 (1) 


Let 5 g, h be the co-ordinates of the attracted particle; r 
the distance from the attracted particle of any print of the 
attracting mass; 0 the angle which r makes with a straight 
line parallel to the axis of 2; ꝙ the angle which the plane 


+" 


rand a straigh the * 
ee ane tC 

fan element of the attracting 5 
sin 080 80 Sr, 


in Art. 130. nnn the spheroid ; then 
attraction of this element on is 

7 and the l, to the 
6 


sin’ cos ꝙ 80 dc or, p sin sin ꝙ 0 ðch Sr, 
and psin @ cos @ 80 8¢ dr, 
ivel Hence the attractions of the whole spheroid will 
found by Grind to ail nes e ee 


3 (1) put 
Fr sin o cos ¢ for æ, 
9er sin @ sin ¢ for , 
Ar cos o for 2 
jen the equation to the spheroid becomes 
eT el Baa . 1 


0, cos" Fein g cosh . ein d ein. I 
e. er ebend knnen. g 


e 
Nea: 
sin“ cos“ 

Put a + * = &, 
1 h cos @ . 
2 — 

ert r =) = H; 
Ta ae (2), 


‘ T. S. 19 


LL  . i —_ see ~~ 
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2 (2) will give two values for 7, one positive and th 
i negative; these values we may denote by v, and —7, 
where . 
. F+/H 

T, ; K ; 72 — K . | * 
Hence to find the whole attraction of the spheroid parallel te 
the axis of x, we first integrate the expression . 

o sin* 6 cos ꝙ 80 dc Sr 
with respect to r between the limits r =0 and r=r,, and also 
between the limits 7 =0 and r=r,, and take the difference ; 
we thus obtain 

psin’® 6 cos ꝙ (r, -.) dd öh; a 


this must be integrated between 0 and for &, and 0 and 7 
for 0. If A denote the whole attraction parallel to the axis 
of x, acting towards the origin, we have then 


A=2p J Tee cos ꝙ di dd, 


We may simplify this expression by omitting those tense 
which vanish by the principles of the Integral Calculus ; thus 
A= apt J. Sa oto | 
oP | 5 ct ind 6 60 
e 
= alee 2175 85 a cour ein 940 


_2mfpe( , l = 
% eve un 5 1. 
Let = d (1-0); then the result may be written 


4 = 2 . 2 sine — =| ; 


ry 
* 


r 
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same manner, if B denote the 
— whole attraction parallel 


B= angp {MOS sinte 19. 


Let C denote the whole attraction parallel to the axis of 2, 


- 


Cm 29 f Kn 
-e || Sac r 
72. “fain 0 — Saree } aa 


e eae 
Ar * 2 sin-*e} 4 
erat Date ais less thane. It may be shewn 


2 ape. : ＋ 
Aaa {1 8 log 5 . 
22 -A 
vas? 1c log 5 . 


. e- 
eee J. 


eee 


A B.C 
7 9 up. 


From the expressions in the preceding Article we see 
: the attraction is independent of the magnitude of the 
and depends solely upon the excentricity. 

19—2 
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Hence the attraction of the spheroid similar to the given 
one and ing through the attracted particle, is the 
as that of any other similar and similarly situated concentri 
spheroid comprising the attracted particle in its mass. Hence 
a spheroidal shell the surfaces of which are similar, similarly 
situated, and concentric, attracts a particle within it D 
in all directions. This has been already established; see 
Art. 215. 

If we put the ellipticity of the spheroid = e, and suppose 
e very small so that we may neglect its square, we have for 
the oblate spheroid, since c= a (1—e), 


621 — 2 = 1—(1—e)’=2e approximately. 


After expansion and reduction we shall obtain approximately . 

A = 4p (1-46) f, | 
B= 7p (1— $e) 9. : 
C=4mp(1+4e)h; 

For the prolate spheroid, since a=c (1—e), 


1-3 21— (1-07 2e. 


25 
0 
After expansion and reduction we shall obtain approximately 
A= jrp(l+3ef 

B= np (1+3e) 9, 

C= 4xp (1-46) l. 

228. If instead of the spheroid we take an ellipsoid whose 
semi-axes are a, ö, e, it may be shewn that | : 
2 * cos’ sin d | 
* [ Va cos" O +e sin® 0) (Gres OF Fane) > 
and the values of A and B may be found by symmetrical 
changes in the letters a, ö, c and f, , h. | 


If, we change a, ö, g into 4 (1 c, 5 (T, ¢ (ken)! 
respectively, the expression for C remains unchanged ; an 
also the expressions for A and B remain unchanged, Thi 
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that a shell of any thickness, the internal and external 
boundaries of which are similar and similarly situated con- 
mtric ellipsoids, exerts no attraction on a particle within 
inner boundary, This has been already established; see 


229. Su we require the attraction of a spheroid on 
‘ Fee req sp 


In the equation (2) of Art. 226, we shall now have * — N 
positive quantity, and the two roots of that quadratic equa- 
tion will have the same sign. Hence we shall find b 


A = 2p d e gdp a8. 


The limits of the in ion with respect to d will involve 
for these limits will be found by putting 7=0, and this 
to the following quadratic equation for determining tan 6, 


esrb 
een 20) 0. 


Then the limits of & are to be determined from the condition 
that the values of tan 9 furnished by this quadratic equation 
must be ; this leads after some reduction to the following 
equation for determining the limits of ¢, 


| (feos + sin G f-. 

It is however unn to proceed with these complicated 
integrations, for we tay Datgid ths result indirectly - means 
vory's theorem, which furnishes a relation between the 
attractions of ellipsoids on external and internal particles ; this 
theorem will be true for spheroids as they are included among 
ellipsoids, and since the attraction of a spheroid on an internal 
particle has been already found, the theorem will enable us to 
letermine the attraction of a spheroid on an external particle. 


~ 


230. We shall require a prelimi definition and 
sitio Silkeh We wave — — 
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Corresponding points on two ellipsoids are se 
—— — are proportional to . axes to „ch f * 


respectively parallel. sy 


In confocal ellipsoids the distance between two points, one on 
each ellipsoid, is equal to the distance between their woe 
sponding points. 

Let (@, y, 2) and (F, 1, C) dene two points P and 00 on an 
ellipsoid whose semi-axes are a, ö, o; then the e 


ints P and O on an ellipsoid whose semi-axes are a’, b’,¢ 
will be denoted by 


ag by os oF; ot, St) 
(e. , e) n (E, V., S,. 
Thus 


--- 46-9 
Therefore PQ? P 


-F (1-5) =- οο 


=(¢-09 {5-549 - 278 


because the ellipsoids are confocal. 
a 25 a? 72 22 f 
But * 54545: 
therefore PQ"? -O =; 
thus PQ =P. 


Ivory’s Theorem. The attraction of an ellipsoid on a 
ticle on the surface of a confocal ellipsoid aria para 
prin se the attraction of the second ellipsot 7 


ing point on the surface of the first en 80 


> ¢ 
— ———— 


to 
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: ag ee , 0 
of the second. Let 1 


; of the first ellipsoid ; the corresponding t 
go the surface ofthe second lila 10. Put 


The attraction of the first ell particle at 1. 
x he ation fh i lipo Ni 


( αανν 


where P= (o— f")+(y— 28 


and the law of attraction is represented by #1) hn 8 om 
stant: the 1 is to extend throughout the volume of 
the first ellipsoid. 


Let dr=(r). Integrate with ; and 
let v 22 22 values of Pa the sethor of a 
chord of the ellipsoid parallel to the axis of «. Thus the 
resolved attraction is 

HY 
In the PP 
t surface 
au ellipsoid may be 2 Res 
A CO- de. 
Nom suppose that we Fyn 2 


175 


her ene 
7. r and r. ,; 


2-5 


Hence the first resolved attraction is to the second as dec is 
to Bie! ; and this establishes the theorem. 


and we have also 


. r 


„r 


— — — 
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It will be seen that the demonstration establishes some- 
thing more than Ivory’s theorem enunciates, namely the fol- 
lowing: take any elementary prism of the first ellipsoid the 
edges of which are chords parallel to an axis, and take the 
corresponding elementary prism of the second ellipsoid; then 
the attractions of these prisms resolved parallel to the axis on 
the corresponding points are as the products of the other 
axes: and 1 A, theorem follows from the fact that the 
ellipsoids may be supposed to be formed of corresponding 
elementary prisms. 


We observe that one of these ellipsoids lies entirely within 
the other. For if not the points at which they intersect would 
lie on the curve of which the equations are . 


* 2? a 2 
581 and tht Sal; 


the co-ordinates of the points of intersection must therefore 
satisfy the equation : : 


o(b-2)+¥b-B)+#G-3)=0 


Since the ellipsoids are confocal this becomes 


en 
a N e 


and this equation can only be satisfied by supposing æ, , 
and 2 to vanish; and these values do not satisfy the equa- 
tions to the ellipsoids. Thus the ellipsoids do not intersect 


at any point. 


Hence to find the attraction of an ellipsoid of which the 
semi-axes are a, b, c on an external particle of which the co- 
ordinates are i. „9% M, we must first caleulate the attraction, 
resolved parallel to the axes, of an ellipsoid of which the 
semi-axes are a’, B, c on an internal particle of which the 
co-ordinates are , , h; tliese six quantities being determined 
by the equations : 


4d d-, de c U | 


g... 


fa, 9 -. r=; 


and then the resolved parts of the required attraction will be 
these three calculated results, multiplied respectively by 
| be ca ab 

We’ ca’ ab” 

It may be shewn that there is only one ellipsoid which can 
have its semi-axes a’, J’, e satisfying the conditions required 
in Ivory's theorem. 

n order of magnitude. 
Put ¢ for c; let -=, and el 80 hat > al q 
are positive quantities, We have then 

4a pt, Wagtt; 
thus we obtain the following equation for determining t, 


ee ee 
n 120. 


By examining the changes of sign of the expression which 
forms the left- rope ed of this equation, we see that 
there is a root between —p and - g, a root between -g and 0, 
and a root between 0 and . Corresponding to the first root 
we should obtain an hyperboloid of two sheets; nd- 
ing to the second root an hyperboloid of one sheet; cor- 
responding to the third root an ellipsoid. 


- ©¢ 


cording to the same law, whatever that law be. 


Let the origin of co-ordinates be taken at the centre of 
gravity of the attracting body, the axis of 2 through the 


298 ATTRACTION ON A DISTANT PARTICLE. 


attracted particle; let ¢ be its abscissa, and a, y, 2 the co- 
ordinates of any particle of the body, p the density of that 


particle, 
Then the distance between these two particles, or v, 
Ve 2)’ + 9 +2"}. 


Let r¢ (r’) be the law of attraction; then the whole attrac- 
tion parallel to the axis of 


= [Ip (e — x) ꝙ ( —2ca + a? + 9" + 2*) dæ dy dz, 


the limits being obtained from the equation to the surface 
of the body. This attraction therefore 


I (ea) c e) Ger Ne) ꝙ (e +...) dæ dy de 


> / WHC) 1s $'(c’) 7 
Soße) oli = (14 175 ebe 6% end 


= Mosc?) +229 (2) | [p L dt dy d-, 


M being the mass of the body, and fi/pxdxdydz = O, since x 
is measured from the centre of gravity of the body. | 


Now suppose , y, 2 to be exceedingly small in comparison 
with o; then all the terms of (A) after the first are extremely 
small in comparison with that term, it being observed that 
o' (c*) is of the same order as co (c) in terms of c. Hence 
the resultant attraction is very nearly Mc ¢ (c); that is, it is 
very nearly the same as if the particles were condensed at 
their centre of gravity and attracted according to the law 
determined by the function r¢ (7”). 


232. From Art, 224, it appears that when the law of 
attraction is that of the inverse square of the distance, a 
sphere composed of shells, each of which is homogeneous, 
attracts an external particle with a resultant force, which is 
the same as if the sphere were condensed at its centre. It 
may be shewn also that two such spheres attract each other 
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Eihere ; the attraction of this on the second sphere will be 
and opposite to the resultant attraction of the second 
on it, and will therefore be the same as if the 
second sphere were collected at its centre. Similarly, the 
attraction of any other element of the first sphere on the 
second will be the same as if the second were collected at 
its centre. Proceeding thus, we find that the whole action of 
the first sphere on the second is the same as if the second 
were collected at its centre, and therefore the mutual attrac- 
tion of the spheres is the same as if each were collected at its 


centre. 

If the law of attraction be that of the direct distance, then 
two bodies of any shape attract each other with a resultant 
force which is the same as if each were collected at its centre 

vity. 
0 be to general formule for the attraction of bodies 
of any form. 


233. Let there be a body of any form; let p represent the 
density of an element, the volume of which is drdydz, x, y, 2 
being the co-ordinates of the element. Suppose the attraction 
between the particles of masses m and m respeetively, at a 
distance r, to be mm’ Fr); then the components X, I. Z 

rallel to the axes, and the origin, of the attraction of 
the body on a particle whose mass is unity, and co-ordinates 
a, ö, e are found by the equations 


* Ha 
1 r-. e YA. 
2 -f. F@) dedyds, 
r being =I -a (- E-. 


The integrations are to be taken so as to include all the ele- 
ments of the attracting body. 


300 GENERAL FORMULA. 


Let ¢ (r) be such a function of r that I () is its differential 
1 with respect to r, and let 1 


U ob (r) dædi da, 
the integrations being extended so as to include all the ele- 
ments of the attracting body; then will a 

dU dU dU 
2 f F 1 Zn ae 


. K-40 fe, 


therefore X=- i |[e a (r) dxdy dz | 


Similarly, the equations Y = wo and Z 45 may be 


de 
established. 


It may be observed that if in any case, for example that 
of an infinite solid, the integral U becomes infinite, but the 


differential coefficients“, 4%, e, are finite, the preced- 
ing values of X, Y, Z will still be correct. 


For suppose we take a finite portion of the solid; the com- 
ponents of its attraction will have for values the differential 
coefficients of U. Suppose now that we extend without limit 
the portion of the mass considered, the components of the 
attraction will always be 


au % 4 
Ga? Tab ae 

whether J increase without limit or not. Hence, if these 

three expressions tend to limits, those limits will be the com- 


= ˙ W 


P ˙ O ˙ ⁰- —ͤ 0 


3%yyy;Üͤ⁵eũ ʃ—i!1 ⁵ꝶ•—ͤpæ: y). ²“ui 


Function . 


301 
of the attraction of the infinite solid. And if they 
i „ we may conclude that the attraction 


234, If the law of attraction be that of the inverse square, 
we have ‘ 
: F(r) =, and $(r b. 


Let V =— U, that is, let 


then, as in the preceding Article, we have for the attractions 
parallel to the axes of æ, , 2 respectively, and from the origin, 
dV dV dV 


XT Y=» Z= do’ 


independent of the axes, rectangular or polar, which we may 
find it convenient to employ. Suppose we use the ordi 
formule, and take the position of the attracted parti 

for the origin then the element of volume is (Art. 130) 
sin 0d 80 dr; therefore 


For sin @ d dO dr. .. .. (2). 

_ Suppose the attracted particle forms of the attractin 
Ne 
ing mass which are in contact with the attracted particle, 
from equation (1) it would be doubtful if V is finite in this 
case; but from (2) we see that it really is finite. 

235. To express by means of V the attraction resolved 
along any line. 

Let s be the length of the are of any curve measured from 
a fixed point up to P the attracted particle; J, m, n the direc- 
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tion cosines of the tangent to this line at P; N the a 
resolved along this tangent; then ) 
R=1X+mYV+nZ 

GE | Get 
Now, if we restrict ourselves to points lying on the line s : 
V will become a function of s alone; for V is a function o 


a, b, and c, and each of these may be regarded as a function 
of s; thus we shall have by the differential calculus, 


dV _dV da, dV db | aV de, 
ds da de db de de ds’ 


13 db de i 5 ; 
and since > = 1, ms de , We get 110. 


dq 
E 


236. To examine the meaning of the function V. 
This function is of so much importance that it will be well 
to dwell a little on its meaning. | 
In the first place it may be observed that the equation (1) 
contains a physical definition of V, which has — 9 to do 
with the 3 of co-ordinates, rectangular, polar, or any 
other, which may be used to define algebraically the positions 
of P and of the attractin icles. Thus V is to be con- 
templated as a function of the position of Pin space, if such 
an expression may be allowed, rather than as a function of 
the co-ordinates of P; although, in consequence of its de- 
pending upon the position of P, V will be a function of the 
co-ordinates of P, of whatever kind they may be. 
Secondly, it may be remarked that although an attracted 
N has hitherto been conceived as situated at P, yet V 
as a definite meaning depending upon the position of the 
int J, whether any attracted matter exist there or not. 
Thus V is to be contemplated as having a definite value at 
each point of space, irrespective of the attracted matter which, 
may exist at some places. | 
he function V is called the potential of the attracting 
mass. ö N 


= 
os — 


ittracting shell 
%-Ordinates of this point; then th 
his point is pu’ sin G dn 80 ö, and 


we (* ein 0 du di do 
ed r , 
where u, and u, are the internal and external radii of the 
shell; hence, | 
Vaan [ L. 
24 7 
Now r’ = u’ — 2au cos 8 + a’; 
therefore. ingen, 
and V== ſſeudu dr. 
We must now distinguish three cases. 


I. When P is beyond the external surface, the limits of r 
are a—u and a+u; therefore 


ed 


a == ee. . (1). 
BP iut if Af denote the mass of the spherical shell, 
Men der d; 

4 
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therefore V= 2 


Hence, X- 2-4, or the attraction is the same as 


if the mass of the shell were collected at its centre; this was 
proved in Art. 212. 


EE. 


II. When P is within the internal surface, the limits gf g 
are u—a and ua; therefore sid 


27 f ute 
var [pu dud 
1 
= 47 pu du eeeesere — * * (2). 


Since this is independent of a, we have 
dV 


—-=0. 


da 
This is equivalent to the result found in Art. 213. 


III. By combining the results contained in equations (1) 
and (2), we see that if P be between the bounding surfaces 
of the shell, 


V= a [" pute + sor | “pu du. 
uy a 


From this we may deduce a result involved in Arts. 212 and 
213, namely, that the resultant attraction is the same as if all 
the matter which is nearer to the centre than P were collected at 
the centre, and the rest of the matter neglected. 


238. At any point (a, b, e) where there is no particle of the — 
attracting mass, the function V satisfies the partial differential 
equation 

2 
227 20 
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For since r= {(a —a)*+(y —b)*+ -e, 


200 40.5 20-55 


ius - e, 


av ran 
dat =|] a O oda, 
similar expressions hold for 5 and 44; therefore 
r @V @v 
qe tata? 
This result holds so long as the attracted particle is not in 
with the attracting mass. If, however, the attracted 
is in contact with the attracting mass, r can vanish, 
: therefore ~ and its differential coefficients become infinite ; 
e preceding demonstration does not hold in this case, 
239. At an internal point (a, b, c) about which the density 
p, the function V satisfies the equation 
av av av 
a apt ae =o 
determine the value of 4 +2 +27 in this case, 
T. 8. 20 


| 
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suppose a sphere described in the body so that it shall inclu 
the attracted particle, and let V= 75. V,, where V, refers 
the sphere and F. to the remainder of the attracting body 
then 

d aV @V_ dV, av, dh 

Ta + as + Gx = Gt + ape + Ge 


2 2 
N 2 54 
2 
. 
by what has been already proved. 


Now the centre of the sphere may be chosen as near 
attracted particle as we please, and the radius of the sph 
may be taken so small that its density may be consi 
ultimately uniform, and equal to that at the point (a, ö, c). 


Let a, B, y be the co-ordinates of the centre of the 
then the attractions of the sphere on the particle parallel 
the axes are, by Art. 212, | 


* 


4 477 47 
3 1% (a), 3 (, -) 


therefore eye =e (a — a), — 


F Tr or canes cant 
d 
therefore ** 


d dV. d' 
therefore dae + FR + F =— 4p. 


240. Application to the Sphere. In Art. 237 we ha 
calculated V by direct integration in the case of a body con 


— will act along the straight ine which 10 
points, and will be denoted by 4” 


dV _aV dr da. 
da d da dr r 

@V adv IgA, 

df N r # dr’ 

. GV dF idV Na 

miley DAP d tea Pa’ 

@V _ea@V 1aV_eav 

. de 5 dy t dr 5 dr 

By adding these equations we have, by Art. 238, at a point 
gere there is no particle of the attracting mass, 


there C is some constant. 

‘Suppose the sphere to be hollow, and that the attracted 
ticle is within the inner surface, the radius of which we 
, 20—2 
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shall denote by 7,. Since the attraction ought evidently 
to vanish when r=0, we must have C=; therefore ov = 0. 


Hence the attraction always vanishes, and the particle is in 
equilibrium whatever be its position within the unoccupied 
part of the sphere. | 


Suppose next that the particle forms part of the mass of 
the sphere; we have, by Art. 239, : 


dV ‘2aVv | 
de f de 7 
o being a given function of r. : 


Multiply by 7’, and integrate from the value 7, of r; since 


> = 0 for all points in the interior, it is so at the limit r, ; 


, wd . 
thus 7 A end. 


But | Ar pdr is the mass comprised within that surface of 
the sphere which passes through the attracted particle. If we 

call it M, we have 4 
27 

dr oy? * 

1 

The absolute value of the attraction will therefore be = : 


it is the same as if the mass M acted alone and were collected 
at its centre. . 


If the attracted particle is on the exterior surface havir 5 
its radius =7,, we have, if M be the whole mass of the hollow 


sphere, 
2720 
dr 75 


and the attraction exercised upon this particle will have for 
its value a . 


72 
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Last! consider a particle outside the sphere; that is, for 
renne 


dL _@ 
r, r° 
it in uence of the discontinuity arising from 


rticles of mass, the constant O is not restricted to 
» the same value as for the interior points. To deter- 


nine it we put r=r,; then, from the precedin we 
fight to have ; r 


rerefore C=-—M; 

d we shall have for external points, 

N ay." 

er 5 

he attraction will therefore have for its value 


M 
1 7 
s agrees with Art. 212. 


The preceding application to the sphere serves well to 
ustrate 89 but 8 give 5 
mnstration of the results which it involves; because the 

dess in Art. 239 assumes that the attraction of a sphere on 

‘internal particle is known. But we may easily obtain the 

sts connected with the attraction of a spherical shell with- 

t using Art. 239. 

Consider a spherical shell where the density is any function 

the radius; then we have, as shewn at the commencement 

the present Article, the result 

| 29 

- ¢* 

here C is constant when we pass from point to point without 
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For any point within the inner surface of the shell C . 
because the attraction must vanish when r=0. é 


For any point without the outer surface of the shell 
C =— AM, because for points at an indefinitely great distance 
the resultant attraction of the shell must be the same as if the 
shell were condensed at its centre of gravity; see Art. 231. 


Thus the required results are obtained. ord 


241. Application to an indefinite cylinder. Consider next 
a hollow indeGinite cylinder composed of homogeneous shells, 
the density being a function of the distance from the axis of 
the cylinder which we take for the axis of 2. Its action upon 
any particle will be directed towards the point where the axis 
is cut by 3 plane passing through the attracted 
particle. Take this point of the axis for origin; let 1 be its 
distance from the attracted particle; the attraction will depend 
only on 7, and its value will be 


av 
ar” 
But for the points which are not part of the mass of the 


cylinder, we have, by Art. 238, observing that V is inde- 
pendent of c, | 


EV OV 
da® * ab 


@V 1d | ul 
whence WF + 2 0. 


=0, 


Multiplying by v, we have 


therefore — 22, 


C being some constant. 
We observe, as in the case of a hollow sphere, that th 
ints exterior to the cylindrical shell and those in the interior 

bang separated by those of the shell, for which the cireum- 
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tances are there is a discontinuity in from 
alue Der . to 
hose of r leas than the radius of the internal surface. 

For points of the interior of the shell C is invariable ; but it 
obviously = 0 when r= 0; therefore for all points in the 


dV 
on" 


Hence we conclude, that an indefinite hollow cylinder composed 
0 VVV 
ated within the interior of its internal surface. 


Let us now find the value of © for points belonging to the 
s of the cylinder; for these points we have, by Art. 239, 
* * 147 

a de ty ar ~~ 4m 

and we find by integration, calling r, the radius of the internal 


dV * 


No constant is necessary, because . =O when rn, since it 
80 for all the points of the interior of the surface of which 

the radius is r,. Put r=r,, then 

| dV ar [* 

. r 7 J 

For external points we ought to have 

Bo dV @ 

» dr 

fake ri, then, by reason of the preceding equation, 


C= — 4 | "pra 


— 


— 


. —— — a cammnaa 
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The constant being thus determined, we have for all values 


* greater than ; x 
: 4＋ 9 f 
dr 7 
and the attraction of the cylinder will be 
5 
1 


We shall now give some propositions extracted from an 
article by Professor Stokes, in the fourth volume of the Cam- 
bridge and Dublin Mathematical Journal, to which we have 
been already indebted in Art. 236. 7 


242. A surface of equilibrium is one on which a particle 
would rest in ah Re if acted on by the forces of the 


system, the surface being supposed fixed. 

If V be the potential of an attracting body on a particle, 
then V = constant, is the equation to a surface of equilibrium 
with respect to the attraction of the body. For we have 
shewn in Art. 235, that ＋ is equal to the attraction resolved 
along the tangent to a curve drawn through the attracted | 
particle, but if this curve be on the surface V = constant, 


then 2 =0; that is, there is no force acting on P in the 


direction of any tangent to the surface V = constant. Hence, 
if P be 1 05 the surface, it will remain in equilibrium. 
(Art. 33. 
Lines of force are curves traced so that the tangent at 
any point is the direction of the resultant force at that point. 
Hence the lines of force are perpendicular to the surfaces of 
equilibrium. ; 


243. If S be any closed surface to which 1 
isa of 


mass is external, n element of S, and dn an element 
normal drawn outwards at d, 


dV 
2 dS=0, 
the integral being taken throughout the whole surface 8, 


be the mass of any icle which is 
tuatec feelin. * 1 
rough an cu uce it 
definite ono dition fom 2. fhe line will in 


the surface S be re-entrant 

closed surface which — be cut by a tangent plane), 
i six, or any even 1 gs ints, 
of section, taken in order, by I 5 &., 
which lies nearest to F. With E. foe vertex 
about “the line Z a conical surface containing an in- 
lid angle measured by the area a which the 
surface cuts out from a sphere of radius unity, with the 
Vertex of the cone as its centre; and denote by A,, A,, ... the 
reas which the conical surface cuts out from & about the 
N.. Let 0, 0, be the angles which the nor- 
wn outwards at , B, Den e with the line Z, 
i mt at Pi Py avd g n 


: 
5 11 


We have also in the limit, 

A. = ar, see d., A, = ar, sec (r %, Ko.; 

1 therefore 

N,A,=am', NA. — am, NA, = am, Ko.; 

id therefore, since the number of points I, P,,... is even, 
NA NA, + NA. + N. A. am - am am a 0. 


ha the whole solid angle contained within a conical 
» described with Y for vertex, so as to circumscribe 8, 
y be divided into an infinite number of elementary solid 


may r will apply; 
and it is evident that the — Ne 
u We have, therefore, 

limit of [NA = 0; 
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or, by the definition of an integral, 
JNdS=0. i 


The same will be true of each attracting particle m; and there 
fore, if NV refer to the attraction of the whole attracting mass, 


we shall still have NS = o. But, by Art, 235, N — 
which proves the proposition. 


244. If V be the potential of any mass M,, and 1 be the 
portion of M, contained within a closed surface 8, | 


iV 
fe 48 Au, 


dn and dS having the same meaning as in Art. 243, and the 
integration being extended to the whole surface S. | 


Let m' be the mass of an attracting particle situated at the 

int P’ inside S. Through J draw a right line L, and pro- 
— it indefinitely in one direction. This line will in general 
cut & in one point; but if S be a re-entrant surface, it may be 
cut by L in eines, five, or any odd number of points. About 
L describe a conical surface containing an infinitely small solid 
angle a, and having its vertex at P, and let the rest of the 
notation be as in Art. 243. In this case, the angles @,, G. 
will be alternately obtuse and acute, and we shall have 


n 


L 


on 
Pie rane ee prea 
A, = ar, sec (1 — 0,) =— ar; sec 6, 


and therefore MA, - am, 


Should there be more than one point of section, the terms 
NA., N,A,, &c. will destroy each other two and two, as in 
Art. 243. Now all angular space round Y may be divided 
into an infinite number of solid angles such as a, and it is 
evident that the whole surface S will thus be exhausted. 
We get, therefore, . 


limit of [NA =— Tam = mn Ta; 
or, since Ta = Adr, [NdS=—Arm’. 


The „ e er 
F 

=0. Hence, 0 ta, 
and aer 
ticles, internal and external, we get [NdS = — AM. 


But V , which proves the proposition. 


245. For the researches of M. Chasles on the attraction 
of ellipsoids, we refer to Duhamel's Cours de Mécanique, or to 
the original memoirs in the Journal de U Ecole . 
tom. xv., and the Mémoires...des Savans Etrangers, tom. Ix 
In the original memoirs will be found copious references to 
preceding writers on the subject. 

On the general theory of attractions, the student may con- 
sult a memoir by Gauss, translated in Taylor's Sctentific 
Memoirs, vol. III., and in Liouville’s Journal de Mathématiques, 
tom. VII.; and also a memoir by M. Chasles in the Con- 
naissance des Temps pour l'année 1845. 

Valuable notes by Plana on some of Newton's propositions 
: ing attractions will be found in the Memorie della Reale 
Accademia...di Torino, second series, vol. x1., 1851. 

Some further references will be seen in the article by Pro- 
fessor Stokes already cited. 

For the application to the theory of electricity, we refer to 
a series of articles by Professor Thomson in different volumes 
of the idge and Dublin Mathematical Journal. Sce 
vol. I. p. 94, and vol. III. p. 140. 


246. The following propositions will illustrate the sub- 
ject of the present Chapter. 
I. To find the attraction of a uniform lamina in the form 


of icle situated i ight line 
re 


Let n be the number of sides in the polygon, a the length of 
perpendicular from the centre of the polygon on a side. 
Let axes of & and y be drawn through the centre of the 
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polygon, the axis of x bein dicular to a side. Let o b 
the 8 of the N Fon the lamina, The resul 
attraction acts along the straight line which joins the particle 
with the centre of the lamina; and its value is 


off G rari 


The integration must extend over the area of the polygon. 
To effect the integration it is convenient to transform to 
polar co-ordinates; thus we obtain 


r dr dO 
ect. 
We must integrate with respect to r from r=0 tor seh, 


and then with respect to @ from @=0 to @=~; and multiply 
the result by 2n. 


Now 


ca eee ee 
( (err 
taking this between the limits we obtain 
1 cos 6 
c C co a" 
Hence the required result is 


1 cos 6 | 
35 dé, 
2n pe |” | Vo cos 6 + a’) 
that is | 


cos o do 
2m — Ome f Med 


that is 
. 7 
wah 
2 — 2nu sin Æ 
4 n en Nee 
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II. To find the attraction of a uniform lamina in the form 
a rectangle on a particle situated in a straight line drawn 
the centre of the lamina at right angles to its plane. 
Leet 2a and 24 be the length and breadth of the rectangle, 
o the distance of the particle from the lamina, Proceeding as 
before we obtain the expression 
[25 
we Wert 
We have to divide the integral into two parts. For one 
part we integrate with respect to r from r=0 to r= asec d, 


and then with respect to @ from @=0 to bt. For 
the other part we integrate with respect to r from 10 
to r=bcosec d, and then with respect to @ from ta 


to 9-7. We multiply the result by 4. 


1 rdr 31. cos 8 
„ rei „ ee ee 


I Integrate with respect to 0; thus we get 


6.1.., csndé 


„ b e+e) 
1 * r. 1 dine 
„ Cry co) einer) 


Integrate with respect to @; thus we get 

@. 3. eau 

en, Nc. 

_ Hence the required result is 

fF — sin” ay ee BN. - 
7 rr rere 


; u {cos 2 ein- ope pa} 
V+ 8) V (a +") Vet P) VU +e) 
* ab 
% n Ne 


Bie 5 
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III. Required the form of a homogeneous solid of 
tion of given volume, which shall exercise the greatest 
traction in a given direction on a given ras the 
tion varying as any inverse power of the distance, 


Take the given particle as the origin, and the given direc 


distance; let r, @ be the polar co-ordinates of any 8 in 
a fixed plane passing through the given direction. ö 
the attraction vary inversely as the n™ power of the distance, 
the attraction of an element whose co-ordinates are r and @ 


may be denoted by 5 ; and the resolved part of this attrae- 
tion in the given direction will be b cos h. Hence the 


equation 
4 — 

55 cos 6 = constant | 
represents a curve such that a given element placed at any 
point of it will exert the same attraction on the given parti 
along the given direction. Hence this equation will represent 
the curve which by revolving round the given direction will 
generate the required solid of greatest attraction, the constant 
being determined so as to give to the solid the prescribed 
volume. It is obvious that such is the case, because the 
surface we thus obtain separates space into two parts, and 
any element outside the surface exercises a less attraction 
along the given direction than it would if placed within 
the surface. 


Some references connected with this problem will be found 
in the History of the... Calculus of Variations ..., page 485. 


IV. Every element of the are of a polar curve attracts 
with a force which varies inversely as the n™ power of the 
distance: determine the form of the curve when the resultant 
attraction of any arc on a particle at the pole bisects the angle 
between the radii vectores of the extremities of the are. 


Take the pole as origin, and any straight line through it as 
the initial 2 Let r and 6 2 the polar co-ordinates of 


an — ag 1 r * the are 
on a particle ong the ini ne, and at right 
Siites to it; we obtain Soe there. two compinente = 


[Sem oS, a0 and [5 un h dn, 
where the are considered extends from @=0 to a. Hence, 
by hypothesis, 
ae 
[S00 05, a0 a 


Put 6 (% for 1 4% thus we have 


J sin 8 dh = tan f f. C (0) cos 008. 
Now this relation is to hold for all values of a, and there- 


fore we may differentiate both sides with respect toa. Thus, 
1 Calculus, Chapter 1x., we have 


# (a) sin a= 5 see 3 | G (h con 0 d0 + un ꝗ $ (2) cova 
therefore 
* (sina —tan $ cos a) cost F= |g (@ cos 6 dé, 


that is $ (2) sin a= ["$ O cos c d 
Differentiate again with respect to a; thus 
$ (2) cosa + sin u ¢ (a) = ¢ (a) cosa; 


4. 
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Thus ¢ (a) is constant for all values of a, that is 


4 & = constant =k say. 


This result might have been anticipated: it expresses 
elements of the curve which subtend equal infinitesimal angles 
at the pole exert equal actions on the particle there. * 


Therefore r+ (a n; 
ae 
this leads to either 49 0 or else 
S 
(45 Fr 
The former supposition makes r constant, and so gives a 
circle. Taking the latter, and putting for r we have 


u du 


Oo" ee)? 
so that -D O=sin? 
where C is a constant. 
Therefore 3 sin {(n—1) 0+ C}. 


If n =2 we obtain 
1er sin (6+ , 
which is the equation to a straight line: see Art. 204. 


If n =3 we obtain : 
1 = sin (20+ ), 


which is the equation to a rectangular hyperbola, the pole 
being at the centre. eee 


’ EXAMPLES, 


Tn the fo Examples the ordinary law of attraction i 
to be ped gh a 1 — be stated. A. 


1. A solid is 7 1 5 by the revolution of a sector of a 
circle about one of its bounding radii; find the attraction on a 


particle at the centre. Result. wap sin’ g. 
2. The rim of a hemispherical bowl consists of matter 
slling with a force ing directly as the distance; shew 


that a particle will rest when placed anywhere on the concave 


* 


3. A tube in the form of a parabola is placed with its axis 
rtical and vertex downwards; a heavy particle is placed in 
tube, and a repulsive force acts along the ordinate upon 
he particle: find the law of force that it may sustain the par- 
ele in any position. 

4. A portion of a cylinder of uniform density is bounded 
y a spherical surface, the radius of which is greater than that 
of the cylinder, and the centre coincides with the middle point 

the base; find the attraction on a particle at this point. 


Result. onpa — 70, where a is the radius of the cylinder 
nd h the radius of the sphere. 


5. Find the resultant attraction of a spherical segment on 
particle at its vertex. 


Beat aml {1 — 3% l). 
there a is the radius of the sphere and A the height of the 


ie 


6. Find the resultant attraction of a spherical segment on 
particle at the centre of its base. 


50 (at — Sah +3 = (2a—A)ti), 
T. S. 
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7. Find the locus of a point such that its resultant attrac- 
tion on a fixed straight line may always pass through a fixe 
point in the straight line. Result. A sphere 


8. Find the attraction of a segment of a paraboloid of re- 
volution, bounded by a plane perpendicular to its axis, on 
particle at the focus. : 

9 ＋ 


Result. apa log , where æ is the distance of 
bounding plane from the vertex. 


9. Round the circumference of a circle n equal centres of 
force are si, symmetrically; each force is repulsive and 
varies inversely as the mm power of the distance. A particle 
is placed in the plane of the circle very near its centre; 
shew that approximately the resultant force on it tends to the 
centre of the circle and varies as the distance of the particle 
from the centre, except when m= 1. 


10. Eight centres of force, resident in the corners of a 
cube, attract, according to the same law and with the same 
absolute intensity, a particle placed very near the centre of 
the cube; shew that their resultant attraction passes through 
the centre of the cube, unless the law of force be that of the 
inverse square of the distance. 


11. If the law of force in the preceding example be that 
of the inverse square of the distance find the approximate 
value of the attraction on a particle placed very near the 
centre. 


Result. Take the centre of the cube as origin and the axes 
parallel to the edges of the cube; then if æ, y, z be the co- 
ordinates of the particle the attraction parallel to the axis of x 
is approximately 7 

3% 4 3259 
9 (a /3)° 


towards the origin; 2a being the length of an edge. 


12. The attraction of a uniform rod of indefinite length o 
an external particle varies as (distance) of the point from the 


13. An elliptic lamina attracts an internal particle (x, y) 
with a varying inversely as the distance; shew that if 
X, be the whole attractions parallel to the axes, 


A ta 


14. If A, B. 0 be the attractions of an ellipsoid in diree- 
tions parallel to its axes on an internal particle situated at the 
point (/ g, 4), shew that 

: 43 0 

See Arts. 228 and 239.) 


15. The resultant attraction of a particle which attracts 
necording to the inverse cube of the distance on a plane 
na is the same as on that part of the spherical shell 
escribed about the particle as centre and touching the 

the lamina, which is cut off by straight lines from the 
re to the edge of the lamina. 


16. A particle attracted by two centres of force at A and 
is in a fixed groove. Shew that the particle re- 
ains at rest at whatever point it is placed, provided that 
form of the groove be such that 

i (AP—e)(BP—c’) e, 

there c, e are constants dependent upon the absolute forces. 
17. If a portion of a thin spherical shell, whose projections 
jon the co-ordinate planes h the centre are 
„ B, O, attract a particle at the centre with a force varyin 
‘any function of the distance, shew that the particle wi 
gin to move in the direction of the straight line whose equa- 

are 


21—2 
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18. The particles of a thin hemispherical shell attract with 
a force = u (distance), and those of a right conical shell repel 
with a force = u (distance). The rims of their bases coincide, 
and their vertices are turned in opposite directions, shew that 
a particle will rest in the common axis produced at a distance 
from the vertex of the sphere = length of the axis of the cone, 
the vertical angle of the cone being 2 tan™ 4, | 


19. Shew that if the attraction vary inversely as the dis- 
tance an indefinitely thin plane ring exerts no force on a 
rticle in the plane of the ring within its inner cireum- 
erence. 


This and the following example depend on the integral 
1 (a — o cos g) d 
„ar —2ac cos 0’ 
for which see Integral Calculus, Chapter IV.] 


20. Shew that if the attraction vary inversely as the dis- 
tance an indefinitely thin 15 ring attracts a particle in the 
plane of the ring beyond its outer circumference in the 
same manner as if the mass of the ring were collected at 
its centre. 


21. Ifa straight line be the attracting body, shew th 
the lines of force are hyperbolas and the surfaces of 
librium spheroids. (Cambridge and Dublin Ma 
Journal, Vol. III. p. 94.) 


22. From the proposition established in Art. 244, ded 0 
that established in Art. 239. (Cambridge and Dublin 
matical Journal, Vol. v. p. 215.) 


( 825 ) 


CHAPTER XIV. 
VIRTUAL VELOCITIES, 


247. We proceed to establish a general theorem 

ing the equilibrium of a body or system of bodies, the 

Principle of Virtual Velocities. ; 

When a system of icles is in equilibrium, and we 
each r ition indefinitely near 

that which it really occupies, without disturbing the con- 

nexion of the parts of the system with each other, the straight 

line which joins the first position of a particle with the second 

is called the virtual velocity of that particle. 

The term velocity is used because we may conceive all the 


established phraseology, but it is evident from these explana- 
tions that the words virtual velocity might be conveniently 
hypothetical displacement. 


By the words, without disturbing the connexion of the 
of the system with each other, we mean, that aay gid body 
which exists in the system is supposed to remain of invariab 

form, and that any rods or strings which connect different 


by 

the different parts of a system are uently so connected 
that when those of a definite 6 : 

those of all the rest necessarily follow. 


248. The virtual velocity of a particle estimated in a 
iven direction is the projection of the virtual velocity on 
N it is consi positive when the direction 


— 
— 
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of the motion of the particle, in passing from its first position 
to its second, makes an acute angle with that along nie 
we are estimating the velocity. Thus the virtual veloci 
of a particle estimated along any given straight line is found 
both in magnitude and sign, by multiplying the absolute 
virtual velocity by the cosine of the angle which its direction 
makes with the given straight line. * 

The virtual moment of a force is the product of its intensity 
by the virtual velocity of its point of application estimated in 
the direction of the force. 

We can now enunciate the principle of virtual velocities. 

If any system of particles is in equilibrium, and we con- 
ceive a displacement of all the particles which is consistent 
with the conditions to which they are subject, the sum of the 
virtual moments of all the forces is zero, whatever be the dis- 
placement. And conversely, if this relation hold for all the 
virtual displacements, the system is in equilibrium. 


249. The student will derive from the demonstrations 
which follow a better notion of the meaning of the principle 
than from the mere enunciation of it; it is, in fact, n 
to obtain a general view of the whole subject before at- 
tempting fully to comprehend the preliminary definitions and 
statements. One remark may be made for the purpose of 
anticipating a difficulty ; each virtual moment is by definition 
an indefinitely small quantity, that is, ultimately vanishes, 
pa 7 ae principle rene a 9 4 by only to this, Lo one | 

ce of t stem and multiply it by a quantity whi — 
mately Bee then the sum of these products vanishes. The 
. however, implies more than this statement, as we 
shall see. 


The convenient term virtual moment is given by Duhamel; 
it may, however, be useful to enunciate the principle of virtual 
velocities without introducing this term, and we therefore give 
the following. 


Suppose a material system held in equilibrium by any 
forces, and ce pi the points of application of the forces 
moved through very small spaces in a manner consistent 
with the connexion of the parts of the system with each 


of TT del 
tnal ‘velocity of the point th respect to that force, and is 


Before we proceed to a general demonstration, we will 
consider two simple cases, that of a particle, and that of 
a rigid rod acted on by forces at its ends. 


a, 4, - the angles which their directions ively make 
with any fixed straight line arbitrarily chosen; then, by Art. 29, 
=P cosa=0. 


If every term of this equation be multiplied by the arbi- 
teary quantity i, we have Nr os a= 0. ut 7 cos a, is the 
projection of the length r, measured along the fixed line, on 
the direction of the force B; a similar meaning may be 
“oy er r cos d. . Also r may be considered as 
the distance of the first position of the particle from a second 
position arbitrarily chosen, and therefore, when r is indefi- 
nitely diminished, r cos a, r cos a,, ... become the virtual ve- 
locities of the particle with respect to P,, P,,... Hence, the 
principle holds in this case. 

Conversely, if =Frcosa=0 for all directions of displace- 
ment; then, =P cos a = 0 for all directions, and the particle is 
in equilibrium under the action of the given forces. 

In this case, we observe that the hypothetical displacement 
of the particle may be of any itude we please, and that 
the sum of the products of each force into jection of 
the displacement on its direction is not only ultimate but 
always zero. 
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251. Since when a system of forces acting on a particle 
is in equilibrium, each force is equal and opposite to the re- 
sultant of all the other forces, and, as we have just seen, the 
sum of the products of each force into its virtual velocity is 
zero, it follows, that the product of any force into its virtual 
velocity is numerically equal to the sum of such products for 
any system of forces which it balances, but is of the opposite 
sign. Hence if a single force is the resultant of a system of 
forces acting at a point the product of the single force into 
its virtual velocity is equal to the sum of such products for the 
system of forces. 


252. Next, suppose a rigid rod acted on by a force at each 
end. Let æ, y, z be the co-ordinates of one end, and , /, 2 
those of the other; / the length of the rod; then 


(a — a’)? + (y—y'P+ (2 -) = E. ceceees (1). 


Suppose the rod displaced; let da, dy, ö be the changes 
made in the co-ordinates of one end; &, dy’, dz’ those made 
in the co-ordinates of the other end; then 


(w+-8a—2x'—62')’+ (y4+by—y'—Sy')*+ (2 +82z—2'—82')*=T’.... (2). 
From (1) and (2), | 

2 (w — 2) (Ba &) +2 (y—y') Cy — dy) +2 (2—2’) (82 de) 
+ (8a - &) + (By — dy’)? + (da —82’)*=0......... (3). 


Let a, B, ꝙ be the angles which the original direction of the 
rod makes with the axes; then | 


a —x=Ilcosa, cos B, cos , (4). 

If then, in (3), we neglect the terms (8a —8z')*, (Sy /), 
(dz — d) in comparison with those we retain, we have 
(e) (Bx — Bx!) + ON) (By — By) + (e—#') (Be de) =0, 
or, by means of (4), 
dxcosa+édycos8+ dæ cos = d cosa+dy’ cos8+5z' cosy... (5). 


5 1 P the resultant of the forces acting at one end of 
the rod, and Y the resultant of those acting at the other end; 
then, in order that there may be equilibrium, these forces 
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ee Sone a nee ect slong the od i 
opposite directions, This is obvious, or may be easily shewn 
by Art. 73. Since then Y = — P, we have by (5) 


( cos a + dy cos 8 + d cos +) 
+ (& cos a+ Sy cos 8 + dz’ cos y) = 0......(6). 


Since P acts along the rod, the first term is the product of 
P into the resolved virtual velocity of its point of application, 
and the second term is a similar product for P; , the 
principle of virtual velocities holds in this case. 


The converse of this theorem is true in this case, but we 
shall not give a separate demonstration of it; the general 
— tion of Art. 253 will sufficiently illustrate this 

t. 


N true, then in the case of a rod, as in 

that of a single particle, the sum of the products of each force 

into the pews of the displacement of its point of applica- 

tion on the direction of the force would be zero, whether the 

: jinite or infinitesimal. But (5) instead of 
true 


— — tex is obtained fro b lecting 
tal 3 
squares — of the „ n Sy. 


253. We proceed to establish the truth of the principle in 
the case of a rigid body. We shall assume that any possible 
i tofa rigid body may be produced, by first making 
the poy pee aes ote > aad then movin the 
i e body through equal spaces in el direc- 
— See Spherical Trigonometry, Chapter xill. Suppose, 
for simplicity, that the axis of z is made to coincide with the 
axis t which the body is turned; let @ be the * 
which the body is turned, then the co-ordinates of a 


particle which were pagel x wed will become, if we 
ee ee ne eee eek: Go? amt Hdl 
inate z of the particle remains un- 


respectively; the co-o 


Let the body be now further displaced, so that each particle 
moves through a space of which a, }, e are the projections on 


ae „ 
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the co-ordinate axes; then, if &, 8, 8e denote the whole 
changes made in the co-ordinates æ, , z of a particle, we have 
dv =-, Sy=b+20, dec. 
Since the forces which act on the rigid body are supposed 
to keep it in equilibrium, we have by Art. 73, 
X=, X To, 3Z=0, 
= (Zy— Yz)=0, X( - Z) = O, L (T Xy)=0. 
Multiply the first of these equations by a, the second by ö, 
the third by c, and the sixth by @, and add; we then find 
= (X (a—y0) + Y(b+26) + Z} =0, 
or > (Xbox + T + Zbz) = 0. 
Let P, denote the force of which X,, V., Z, are the com- 
ents, and B, Res have similar meanings; and let 


Ye ee be the resolved virtual velocities correspond- 
ing to these forces; then, by Art. 250, the above equation 


may be written 25 
2 0. 


This proves the principle in the case of a rigid body. 


Conversely, if the sum of the products of the forces and the 
resolved virtual velocities vanishes for every possible displace- 
ment of a rigid body, the forces keep the body in equilibrium. 


For suppose, in the first place, the body is so displaced 
that every point of it moves parallel to the axis of x over a 
space a; then we have, by hypothesis, 


~Xa=0; 
therefore LX =0, 
Similarly, by suitable displacements, we may prove that 
~Y=0, and Z = C. 


Next, suppose the body turned round the axis of z through 
a small angle @; then, by hypothesis, 


(Ad + Ydy) = 0, 
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and Sr -%, dy=26; 
therefore OS (Xy — Ya) =0; 
therefore = (Ya —Xy) = 0. 


Similarly, by suitable displacements, we may prove 
> (Zy— Yz)=0, &(Xz—Zz) =0, 
Hence, the six equations of equilibrium hold. 
If there be a system of two or more rigid bodies, then, since 
the principle of virtual velocities holds foe any possible dis- 
t of any one of the bodies, it holds for any possible 


isplacement of the system. 


Let r be the distance of any point (x, , 2) from the origin; 
G the angle this distance tam Bp 20 42 iven straight line; 
— perpendicular from (æ, y, ) on the given straight line; 


therefore p* or * sin! = N — (lx + my + nz)’. 

Su the body turned through a small angle @ round 
the „ let Parse pas 9. ng py 
of that point of the body which was originally at (2, , 2). 

e by the displacement, we have, 


by neglecting (&)“, (dy)*, (6z)* in comparison with &, dy, ds, 
0 = wbx + ydy , 
0 = ix + mby + nds; 

therefore 2 ka =X suppose......(1) 


EE EEE 
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And since ((d) + (8y)" + (8z)"}' = 2p sin 30, 
x In eng- I. El- ane + Em- yl)"}) = 25 sin}, 
or XN +? + 2° — (la + my ne) = 20 sin 30; 
therefore N= 9. .. dest eee („„ 
neglecting d and higher powers of 0. a 
Suppose the body to be further displaced, so that each 
particle moves over spaces a, b, c parallel to the co-ordinate 
axes; if dx, dy, 6z denote now the whole displacement of the 
particle whose original co-ordinates were , , 2, we have 
dx = (n - am) O+a, 
dy = (zl n) 6 +4, 
de = (am - yl) Oc. 
else a ae ee 
> (Id ＋ Ty + 752) =0. 


255. We shall illustrate the principle of virtual velocities 
in the solution of the following problem. 

A beam in a vertical plane rests on a post B and against a 
wall at A; required the este 3 9 of equilibrinm, 

Let the distance of B from the wall =; let G be the centre 
of gravity of the beam; AG =a; and the inclination of the 
beam to the wall=@. The reaction (P) of the post at B is 


4 
A. 


. to the surfaces in contact, and therefore to the 
; the reaction (2) of the wall is perpendicular to the 
wall for the same reason; let W be the weight of the beam. 
We may consider the beam in equilibrium under the action 
of H A, V, and suppose the post and wall removed. 
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Now the of the ee ay ones 
mine the position of equilibrium, or to determine P and 
not N, or N and not P, or to determine both I and I and also 
the position of equilibrium. We shall solve the problem by 
the principle of virtual velocities under these four suppositions, 


in order to explain the method of ing so as to avoid 
as much trouble as possible according to nature of the 
question. 


1) Su the position of equilibrium only required. 
ws 4 en give the beam a small pacha g etric 
motion such that the unknown pressures P and A shall not 
occur in the equation of virtual velocities; the beam must 
therefore remain in contact with the wall and the post, as 
in the figure. 

Let 80 be the increase of @ owing to the displacement. 
Then the height of & above the horizontal straight line 
through B, (or 2), before displacement 


= GBcos 0 = (a—b cosec @) cos = a cos 0—b cot d; 


the height after displacement is found by changing @ into 
17 8 in 5 . therefore, the vertical space described 
or 


d cos (0 + 80) - cot (0 + 84) — (a cos 6 — bcot 8) 


b : 
(A9 - 4 in 8) 80; 
and, by the principle of virtual velocities, N=; therefore 
b—asint@=0, an- e, 
and this determines the position of equilibrium, 

(2) But suppose we wish to find the pressure P as well 
as the position of equilibrium. 

We must in this case move the beam off the post, in order 
that the virtual velocity of B with respect to P may not 
vanish, and consequently P not disappear as in the first case. 

Let AA’ e, and let, as before, 80 be the change of @. 


— 


— 


i 
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We have to find the displacement of B estimated along 


&- 
4 
A. 


the line of action of P. Now conceive the beam brought 
into its second 2 by two steps; first let it be moved 
arallel to itself till the lower end comes to A’, and next let 
it revolve round A’ through a small angle 80. By the first 
step B moves through a space parallel and equal to 4A’; } 
the second step B describes a small are of a circle the | 
of which is A B. do, that is h cose 060. Thus the displace- 
ment of B estimated along the line of action of P is ultimately 
sin 0 —bcosec 0 86. 

Similarly by the first step & moves through a space equal 
and parallel to AA’, and by the second step G describes a 
8 of a circle the length of which is a8. Thus the 
8 7 of & resolved vertically downwards is ultimately 

sin 0 -e. 


Therefore, by the principle of virtual velocities, 
W (asin 050 — c) + P(c sin - cosec 650) = 0; 
therefore, 50 (a sin - Pb cosec ) - - Psin 6) =0; 
and, since c and 6@ may be any independent small quantities, 
Wasin - cosec = O, W—Psind=0; 


e n Pilg 
therefore sind= 4/7, end y MF. 


3 Suppose we wish to know N and the position of 
equilibrium, and not P. 

Then we should displace the beam so as to give toda 
virtual velocity with respect to 2, but not one to B with 
respect to P. 

The beam must therefore still remain in contact with the 
peg. Let AA’=c, and let a be the angle which AA’ makes 


into contact wi 
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with the vertical. Now conceive the beam brought into its 
second position by two steps; first let it be moved parallel 


N 


to oat till the a = — to A’, owt ay let it revolve 
round A’ an angle 6@ so as to bri e beam again 
3 aboer The displacement of A estimated 
along the line of action of N is e sin a. The displacement of 
G estimated vertically downwards is a8 sin @ — c cos a. 
Moreover there is a relation between 80, c, and a, arisi 
from the fact that the whole displacement of the beam is 
as to keep the beam still in contact with the peg. From the 
triangle ABA’, we have 


sin 60 AA’. 
sin(@—a) A’B’ 


; 39 = Sin O— a) sin? un by. 
Therefore by the principle of virtual velocities 
| wit sin*Gain (0-2) -ccosa} + Resin a=0; 


that is, 
i) ea (E- N sin*@ con) sina =0; 
and o cos a and e sin a are independent; therefore 


on? 
oom e -1=0, R— "9 sin @ cos 0 =0; 


therefore sind= 4/*, and -M. 
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(4) Lastly, su we wish to determine P and R and 
the position of squiltehim, 


Then we must give the beam the most general displace- 
ment possible in the plane of the forces; let AA’=c, and 


c 
0 


ä 


let a be the angle which 4.4’ makes with the vertical. Now 
conceive the beam brought into its second position by two 
steps; first let it be moved parallel to itself till the lower end 
comes to A’, and next let it revolve round A’ through an 
angle 80. The displacement of A estimated along the line 
of action of N is csina, The displacement of & estimated 
vertically downwards is 


add sin 6 - o cosa. 


The displacement of B along the line of action of P is 
c COs (a+ 7 0 — b cosec 680, 


that is, c sin (9 — a) - h cosec 080. 
Therefore by the principle of virtual velocities 
W (a86 sin @—c cos a) + Re sin a 
+ P{csin (9 - a) - h cosec 656} = 0; 
that is, 
(Wa sin - Pb cosec d) 80 + (Psin - W) ccosa 
+ ( P cos 6) csina=0, 
and 80, o cos a, and o sin @ are independent; therefore 
Wa sin - Pb cosec =, P sin - =, R—Pcosd=0, 
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‘These three equations are the tions which we should 
ie obtained by the * Nr 57 they give by 


, g P ant R - 
no-. - (J) r 
prinei 2 pote 1 bserve —— 3 0 — — 
inciple ; we 0 „in t o obj 
of the problem does not require certain unknown forees, we 
must gi e 
— without giving the points of application of these 
any motion in their directions. 

256. In applying the principle of virtual velocities to de- 
duce the conditions of equilibrium of any system, it is often 
convenient to give the body such a disp ent as to make 
the virtual moments of some of the forces separately vanish. 
This has been exemplified in the preceding Article, and we 
will now enumerate some cases in which the virtual moment 
of a force vanishes. 


_ (1) In the hypothetical displacement, if any particles of 

the system have remained in their original places, the virtual 
moment of forces acting at such points is obviously zero. If 
a body, for example, have one point fixed, then the virtual 
velocity of this point is zero for any hypothetical displacement 
of the 7 which does not break the condition of this point 


being 
(2) Suppose a body compelled to remain with one point 
im-contact with a smooth fixed plane, eo that the plane exerts 
a force on the body at the point of contact in a direction 
a to the plane. the body be displaced so as 
to the same point still in contact with the fixed plane, 
then the perpendicular drawn from the new position of the 
point of contact on the old direction of the action of the fixed 
plane meets that direction at the old position of the point of 
contact; that is, the virtual velocity of the point of contact 
relative to the force exerted by the plane is zero, 


Similarly, if the body have more than one point in con- 
tact with the plane, and be so displaced that the same points 
of the body remain in contact with the fixed plane, the 
T. S. 22 


8 


~ 
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virtual moment of each force which the plane exerts on the 
body vanishes. 9599 


3) Let two smooth bodies be in contact; then each exerts 
a force on the other along their common normal. Sup 
one of them 80 3 that the point in it which was 
originally in contact with the other body still remains in con- 
tact with it; the case is similar to that of a body in contact 
with a fixed plane; the virtual velocity of the point of contact 
relative to the normal force is not zero, but is indefinitely 
small compared with the absolute virtual velocity, 


Let BAC be a section of one body made by a plane which 


contains the common normal to the surfaces, and DAZ the 
section of the other made by the same plane; A the point of 
contact. Suppose the body BAC displaced into the position 
BA, so that the point A is moved to A’, Draw A M per- 
pendicular to the common normal to the surfaces. Then AM 
represents the virtual velocity of the point of contact with 
respect to the normal force, while the straight line joining 4 
and A’ is the absolute virtual velocity. Since MAA’ is ulti- 
mately a right angle, AM vanishes compared with AA’, 


(4) Suppose two bodies in contact at a single point, and 
let them be oth displaced so that they still remain with the 
same point of each body in contact. Let P denote the force 
in the normal on one body, and therefore —P that on the 
other; then, if Pép denote the virtual moment of the normal 
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force with respect to the first body, — Pp will be the virtual 
moment with to the second body. Hence, by taki 

the sum of the moments for the two bodies, the mu 

action P 

A similar result holds if the bodies be in contact at more 
points than one, 

(5) Suppose a body in contact with a smooth fixed plane 
at a single point, and let the body be displaced by rolling it 
on the plane. 

Let BAC be a section of the body made by a plane through 


n 
* a 


the point of contact A containing the common normal to the 
surfaces, and suppose this section a circle, Let DAE be the 
intersection of plane with the fixed smooth plane. Sup- 
BA the position of the body after displacement, A’ 
fing the new point of contact, and let a be the point in the 
body which was originally in contact with the fixed smooth 
plane. Draw an ndicular to the normal AN; then, An 
represents the 1 virtual velocity of the point of contact 
with respect to the normal force. Now An is equal to the 
— 7 — of the chord A’a and the sine of the angle between 
is chord and A'A; and as this angle is ultimately indefi- 
nitely small, An is indefinitely small com with the chord 
La, and therefore also compared with the are A or AA’, 
Hence if we neglect powers of AA’ higher than the first, the 
virtual moment of the force along the normal acting at the 
point of contact is zero. 

A similar result holds if BAC, DAE be any curves instead 
of a circle and straight line respectively. 

If a displacement is made up of two, one like that in the 
second case, and one like that in the present case, the fixed 
: being smooth, the virtual moment of the force exerted 
the plane will vanish. 

22—2 


OO 
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(6) Let us suppose the bodies in contact to be rough, and 
a displacement to be made by rolling one upon the other as in 
the e case. The action of each body on the other will 
not be directed along the normal AN, but may be resolved 
into two, one along AN and the other at right angles to ANV. 
The virtual moment of the former force vanishes, as we have 
shewn in the preceding case; and since the direction of the 
straight line joining A and à ultimately coincides with AN 
and is therefore perpendicular to the second force, the virtual 
moment of the second force vanishes in the same manner as 
in the third case, 


The result depends on the hypothesis that the bodies roll 
on each other; if there is sliding the virtual moment of the 
force at right angles to AN will not vanish. 


(7) Suppose an inextensible string to have one end at- 
tached to a fixed point, and the other end to a particle either 
isolated or forming part of a rigid body; one of the forces f 
the system is then the tension of this string which acts along 
its length. Let the particle be so displaced as to keep the 
string stretched, then it may pass from its first to its second 
position by moving over an arc of a circle, and in the same 
manner as in the third case, we see that the virtual velocity 
of the particle with respect to the tension which the strin 
exerts, is indefinitely small compared with the absolute virtua 
velocity of the particle. Hence, the tension of the string dis- 
appears from the equation of virtual velocities. : 


(8) Suppose an inextensible string connecting two parti- 
cles Me —— and let the A Cn be 5 d a 
direction of the string, the string being kept stretched. * 
if one particle be displaced through a space ép, and P denote 
the tension of the string, and therefore the force exerted by 
the string on this particle, Pép is the virtual moment of the 
force which the string exerts on this particle; also — Pp will 
be the virtual moment of the force which the string exerts on 
the second particle. Hence, by taking the sum of the virtual 
moments for the two particles, the tension of the string dis- 
appears from the equation of virtual velocities. 


(9) If we suppose a further displacement of the system 
the preceding case, by keeping one particle fixed and maki 


* 


8 


in 
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that the two . can undergo, so long as the string is 
kept stretched. Hence, the tension of a string connecting two 
particles disappears from the equation of virtual velocities. 

We have supposed the string to in a straight line from 
one particle 10 the other, bus tat pats result would hold if 
the string were deflected by passing through one or more 
smooth fixed rings, supposing it always kept stretched. The 
demonstration would not hold for an extensible string. 


257. We can now understand more distinctly the meaning 
of the words, without disturbing the connexion of the B sop of 
the system with each other, which are introduced into the enun- 
ciation of the theorem. The theorem is shewn in Art. 250 to 
ees pete if then we consider a rigid body to be 
a collection of particles held together by molecular forces, the 
theorem will hold for every displacement of the particles of 
the rigid body, provided we include the molecular forces and 
estimate their several virtual moments. But from the demon- 
stration in Art. 253 it that we need not consider the 
molecular forces, provided we give to the different particles 
such displacements only as are consistent with the unbroken 
rigidity of the body. So with respect to such forces as are 
enunciated in the preceding Article, we may, if we take them 
into consideration, give to the system any displacements we 
please; but if we do not take them into consideration, we 
must give such displacements only as we can prove will not 
introduce the virtual moments of these forces. Hence, the 
words which we are explaining amount to a direction to be 
careful to include every force of the system, except such as 
we know have their virtual moments zero for the particular 
displacement we are considering. 


258. The following example will shew how the principle 
of virtual velocities may assist in the solution of problems, 
Six equal rods are fastened together by hinges at each 
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and one of the rods being supported in a horizontal position 
the opposite one is fastened to it by an elastic string joining 
their middle points; determine the tension of this string. 


Let W denote the weight of each rod, 7 the tension of the 
string. Suppose the system displaced slightly so that the 
lowest rod descends vertically through a space . Then it 
will be easily seen that the centre 1 ty of each of 8. 
two rods which are adjacent to the Sight rod descends 


through a space 75 and the centre of gravity of each of the 
two rods which are adjacent to the lowest rod descends 
through a space 4 22 ; the point of application of the tension 


on the lowest rod prone through a space x Therefore by 
the principle of virtual velocities 


27 2 24 Wa I 0; 


therefore T=3W. 
The mutual actions at the hinges disappear from the equation 
furnished by the principle of virtual velocities, and thus the 
required result is readily obtained. 

259. The following is the process by which we may dec } 
duce the equations of equilibrium of any system from as: | 
principle of virtual velocities. j 


Py 5 ie , . ., denote the forces which act on a system; 
their respective virtual moments for any dis- 


tae Pe by the principle, 
Pp. + Ip, + PS pg 1 . = 0. (1). 
This equation we proceed to develope. 


Let a,, B., y, be the angles which the direction of H 2 
with the co-ordinate axes; , y,, 21 the co-ordinates of the 
point of application of P,; ‘then 

Sp, = cos did, + cos H., + 008 7,82, . (2)3 
— is rigorously true, and similar equations hold for ép,, 
11 | ) y abies 7 
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— . of the system, for 


example, the of some parts of it, or the junction of 
parts by rods or — hold —— the co- 
ordinates , u, , %» Ye» , , in virtue of which all of 
them be in terms of a certain number of them; ; 


or all of them may be expressed in terms of certain other 
independent co-ordinates and angles. 


„ 35 15 . th ind 
n 


on pra and higher powers of Bry h . BE, 
rer „ chr, „we shall obtain equations of Pi tiling 


Br, = A,BE, + ABE, . aG, + aG, . 
bax, = BSE, + BBE, 4 + 0,8, +556, + 


POPP „ „ „ „ „ „ „ „„ „„ 


where A,, A,, : „die be. are functions of 
the variables, | but be not 3 che 8 n SF, 


Let the values of &, dy, ... be substituted in the equations 
of which (2) is the type, and then let the values of Syn Sp., 
be substituted in (1); this equation will take the form 


Q,5E, + Q,5F, +... + 7,56, + 7,5d, .. . 0... (3). 
The conditions for the equilibrium 3 
Q,=0, 0. = 0, .. 9. = 0, 9. 0 . . (4). 
For since F,, „Sch, 2 .. are by supposition inde- 


1 be re he hoy eck "and then 3) 
as to ve to 37 * 1? 9 un 7 3 
would reduce 


Ok. = 0; therefore C. =0. 
Similarly, we may shew that the other equations of (4) hold. 


260. We will give a simple example in illustration of the 
method of the preceding Article. A Sing of given length has 
one end fixed at a point in the line of intersection of two ver- 
tical planes at right angles to each other, and at the other end 
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carries a heavy particle which is repelled from these planes by 
forces of which one is constant and the other varies as the 
distance from the plane; find the positions of equilibrium. 


Take the vertical plane from which the particle is repelled 
by a constant force as the plane of (a, z), and the other ver- 
tical plane as the plane of (J, 2); take the point to which the 
end of the string is fixed as the origin, and let the axis of z 


be vertically downwards. Let x, J, & denote the co-ordinates 


of the particle in a position of equilibrium, and 7 the len 

of the string. Let W be the weight of the particle, 7” 
constant repulsive force, ua the force which varies as the dis- 
tance of the particle from the plane of (, 2). Conceive the 
particle displaced into an adjacent position, the co-ordinates 
of which are + 6x, y+dy, 2+6z. Then by the principle 
of virtual velocities — 


pocda + Fü + W Sz = O. . .. . . . (I) 
the tension of the string has no virtual moment by Art. 256. 
Also e eee, „ 
therefore b + YOY + 2d . . (3). 


By (3) we can express dz in terms of dz and dy; thus (1) 


(ue =) 80+ (F- nt) Sy =0, 


| Therefore ln E o, and F-"Y =o, 


From the first of these equations we obtain either z = = ; or 


else = . If we take the former solution we obtain y = = ‘ 


and then is known from (2); thus one position of equili- 
brium is determined. If we take the solution 2 =0, then y 


and z must be found from the equations 


F- Wy=0, YA; 
thus another position of equilibrium is determined. 
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261. The principle of virtual velocities is useful in Statics 


in the solution of such problems as that in Art. 255, where 
forces ocour which have ir virtual moments zero for certain 


A system of rigid bodies under the action of no forces hut 
per eee mutual pressures, yas ahaa: upon smooth 
ö W eee eee 


Let 2,, , denote the distances below a fixed horizontal 


plane * different 1 oe system ; ber * the 
weights of these e system ma in equi- 
librium, we must have 5 1070 
1,52, + 10, 88, + 10, Sr, +... 0 (1); 


for by Art. 256 the virtual moments of all the other forces 
which act on the system vanish. Let z denote the depth of 
the centre of gravity of the system below the fixed horizontal 
plane; then 
Sua re FEE cee, 

; % + 10, + %% . 

therefore (w, + w, + w. + ...) & = %, + w,d2, + w,52,+ ... (2). 
Now ahs 2 has a maximum or minimum value, N 


Hence, when the centre of gravity is at a maximum or 

minimum distance from the fixed horizontal plane, (1) is 
satisfied and the system is in equilibrium. 
The equation (3 N BaP NB cn con- 
dition for ay a maximum or minimum value; hence, 
we cannot assert conversely, that when the system is in 
rere must be at a maximum or 
minimum depth. 


Ik the system of rigid bodies be such that the centre of 
gravity is always in the same horizontal plane, every position 
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is a position of equilibrium. For in this case z is a constant, 
and therefore & always = 0. f 
If some of the bodies are rough the result will still hold if 
reaper be such as to prevent any sliding; see case (6) 
of Art. 256. 2 


262. Suppose a system in equilibrium, and that an in- 
definitely small displacement is given to it; if it then tend 
to return to its original position, that position is said to be 
one of stable equilibrium; if the system tend to move further 
from its original position, that position is said to be one of 
unstable equilibrium. | 

To determine in any case whether the equilibrium of a 
system is stable or unstable, is a question of dynamics on 
which we do not enter. The reader may refer to Poisson, 
Art. 570, or Duhamel, Tom. II. Art. 69; the best investi- 
gation of the question, however, will be found in the Cours 
Complémentatre d Analyse et de Mécanique Rationelle, par 
J. Vieille, Paris, 1851. 


The following general theorem is demonstrated. Suppose - 
the forces which act upon a system such that 


Aar + Ydy + Ale) 


is the immediate differential of some function of the co-ordi- 
nates, &; then, for every position of equilibrium, ¢ is, in 
general, a maximum or minimum; in the former case the 
equilibrium is stable and in the latter unstable. 


An important particular case is that of the system in 
Art. 261, in which the equilibrium is stable when the centre 
of gravity has its lowest position, and unstable when it has 
its highest position. 


263. We will now illustrate the principle contained in 
the preceding Article by application to two examples. ) 


I. A uniform heavy beam is placed with its ends in con- 
tact with a fixed smooth vertical curve in the form of an 
ellipse with its directrices horizontal: determine the position 
of stable equilibrium, the length of the beam being supposed 
not less than the latus rectum, 7 
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Let Pand 0 denote the extremities of the beam; let PM 
and QN be i on the lower directrix, and S the 
focus ing to this directrix. Then the height of 

the centre of gravity of the beam above this directrix is 


+ (PM+ o); for stable equilibrium this height should be a 
minimum. If e be the excentricity of the ellipse we have 


PM + QN == (SP + 80 


and therefore SP+SQ must be a minimum. But SP 80 
is alwa 8222 PQ, except when S is in the straight 
line PO. the position of stable equilibrium is that 
in which PQ passes through the focus. 

Since the beam is in equilibrium under the action of its own 
weight and the normal resistances of the curve, it follows that 
the straight line which joins the point of intersection of nor- 
mals at the ends of a focal chord of an ellipse with the middle 
point of the chord is parallel to the major axis: this result 
may be verified geometrically. 


II. The principle of Art. 262 may be applied to a liquid 
which may — as a collection of indefinitely small 


Suppose a set of rectangles, all of the same length, but with 
any breadths. Let them be connected along their lengths by 
smooth hinges, so as to form a hollow prism without ends ; 


the 5 vertically on a smooth horizontal plane. 

liquid be poured into the vessel thus formed. In 
position of stable equilibrium the centre of gravity of the 
be at a minimum height above the horizontal 
therefore the area of a horizontal section of the 
ill then have a maximum value. 


by the NN of Hydrostatics the rectangles which 
e 
0 


27 75 
Ls 


vit 
: 


the vertical sides of the vessel are acted on by pressures 

i MEE deus a eee tte vie ee 

11. at the end of Chap. rv.: and therefore when there is 

iu horizontal section of the prism must form a 
hich can be inscribed in a circle, 


2 


; 


22 
8 C. 
4.5 
S 


8 


E 
E 
= 
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Hence we obtain the following result: if an area is to be 
bounded by given straight lines the area is greatest when the 
straight lines are all chords of a circle. See also Differential 
Caleulus, Art. 240. alt 


264. The following is a simple example of distinguishir 3 
the nature of equilibrium. * 


A heavy body rests on a fixed body, to determine the nature 
of the equilibrium’; the surfaces being supposed rough. 
Let BAC be a vertical section of the upper body made 


by a plane through its centre of gravity G, and DAE the 
section of the lower body made by the same plane. We 
suppose these sections both circular; let r be the radius of 
the upper section and E that of the lower. Let the upper 
body be displaced into the position B’A’C’, and suppose a 
that point in the upper body which was originally at A; 
at A’ the new point of contact draw the common normal 
AN, meeting at O the radius AO of the lower surface, anc 
at N the radius aN of the upper surface. Draw a vertical 
line through A’ meeting aN at M; let g be the new position 
of the centre of gravity of the upper body. If we suppos 
the surfaces rough enough to prevent all sliding, the upper 
body will turn round 4’, and the equilibrium will be unstable 
if me further from à than M, and stable if g be betwee 

and a. 


* 
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Loet 404 - 0, N=. 
Since we suppose the upper body displaced by rolling on the 
lower, we have 
arc AA = are aA; 
therefore RO = rd. 
MN sin 0 sin 0 
Also =— = 
NA’ © sin (0+ 4) sin (1 0 
= 
1 
=—— ultimately ; 
172 
* 
* 
thereſore VSA: 
* Rr 
8 0 arg Ree 


Hence, the equilibrium is stable * unstable according as 
: aq, or AG, is less or greater than Af 


If the lower surface be concave instead of convex, it may 
be shewn in the same way that the equilibrium is stable or 


unstable according as AG is less or greater than E, 


The results of this Article will hold when the sections BAC 
and DAE are not circles; r and # will then stand for the 
radii of curvature of the upper and lower sections at the 
point A. If the lower surface is plane, I is infinite, and for 
stable equilibrium AG must be less than v. 


iy’, Rr . 

265. If AG= H in the first case, or i in the 
second case, the equilibrium has been called neutral. In this 
case, a further investigation will have to be made to deter- 
mine whether the equilibrium is stable or unstable. Suppose, 
for example, that a portion of a paraboloid rests in neutral 
equilibrium with its vertex in contact with a horizontal plane, 
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it is required to determine whether the equilibrium is stable 
or unstable, Me: 


Since the equilibrium is neutral, the centre of i G 
must 2 with the centre — 


» 


of curvature of the generating onal 


arabola at the vertex; now, if 
ifferent points be taken in a 
parabola, the further the assumed 
int is from the vertex, the 
farther is the point of intersec- 
tion of the normal and the axis 
from the vertex. Hence, the 
normal Ain the figure meets Al 


the axis of the parabola further from a than & is, and the 


equilibrium is stable. 


It is easy to shew generally, that if a portion of a solid 


of revolution rest in neutral equilibrium with its vertex on 


a horizontal plane, the equilibrium is really stable or unstable, 


according as the radius of curvature of the generating curve 
has a minimum or maximum value at the vertex. 


266. The results of Art. 264, when the sections BAO and 
DAE are circles, may also be obtained by using the theorem 


which we have quoted in Art, 262, 


Let z denote the height of the centre of gravity g above 


the horizontal line through O, and let Ng=c; then 
z= (NY) cos O- e cos (6+ ¢) 


(Nr) cos c eos (1 + 7 0. 
Expand the cosines in powers of the angles; thus 


eee ur 


160 -G! oe 
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the coefficient of & not to be zero; then when 9 
is indefinitely small 2 is greater or less than R+r—c, ac- 
cording as the coefficient of @ is positive or negative; in the 
former case +r—c is a minimum value of z, and in the 
latter case it is a maximum value. Therefore the equilibrium 


is stable if e be greater than Her. end unstable if e be leas 
r 
er 
Suppose however that e I, then the coefficient of & 
is zero; in this case the equilibrium is said to be neutral. 
er 
coefficient is 
1 r 
UGG =) -G, 
Ke 1 ((R N ; 
that is, = = {EST real, 


_R(R+r) (R+ 2c). 
14 1 


since this is a negative quantity it follows that R+r—c is a 
maximum value of z and the equilibrium is really unstable. 
267. The following problem will furnish an instructive 


example. A frame formed of four uniform rods of the length 
a connected by smooth hinges, is hung over two smooth pegs 
in the same horizontal line at a distance 7) the two pegs 
being in contact with different rods; shew that the frame is 
in equilibrium when each angle is 90°, and determine whether 
the equilibrium is stable or unstable. 

Denote the pegs by A and B; suppose the beam in con- 
tact with A to make an angle @ with the horizon, and the 
beam in contact with B to make an angle ¢ with the horizon; 
let u denote the depth of the centre of gravity of the system 
below AB. Then it may be shewn that 

: esin @sing 


Ol — “—~ <= 
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where c= — 


Thus x is a function of the two independent varia 
and ¢, and in order that u may have a maximum or mi 


value @ and & must be taken so as to satisfy a =0 


du . . r 7 4 
40 It will be found on trial that 9 and om = are 


suitable values. But it will be found that with these values 
for h and ꝙ we get 28 


8 
= 
2 
° 


2 2 
so that (496 4% 40 is positive and u is neither a 
maximum nor a minimum when 927 and 924 All the ö 


foregoing is a simple example of the Differential Caleulus; 
we proceed to apply it to the Mechanical Problem in question. 


Let du denote the change in u consequent upon changing 
the value of @ from 4 to 7 +80, and the value of ꝙ from 


= to 77 8ch; then it follows from the preceding investiga- 
tions that * 

5 G0 + 4508p + (86) + Ke, ö 
where under the &e. are included terms in 80 and &ch of a 
higher order than the second. Now although u is neither 
a maximum nor a minimum when @ and ¢ are each 7. yet 


there is equilibrium then because 8u is then zero so far as 
terms of the first order in 6@ and 6¢. (See Art. 261.) But 
as uw is neither a maximum nor a minimum the equilibrium 

cannot be stated to be either stable or unstable wniversally; 
it is in fact stable with respect to some displacements and 
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the centre of gravity is by the di 1 
R 


268. Of all curves of a given length drawn between two 
points in a horizontal line, the common catenary is that 
which has its centre of gravity furthest from the straight line 
joining the points. 
This ition belongs to the Calculus of Variations, but 
an im — 4 — of it may be obtained 45 some of the 
principles, Since the string which hangs in a com- 
mon is in equilibrium we conclude that the depth of 
its centre of gravity from the horizontal line is a maximum 
or minimum. (See however Art. 261.) And we may infer 
that the depth is a maximum and not a minimum from the 


i fact that if the string be slightly displaced it 
a= 


and thickness its centre 8 cides with that of the 
curve. Thus the proposition is established. 


269. has given a demonstration of the princi 
of virtual ities, which does not assume a know of 
the conditions of equilibrium of any system of forces; this 
ren and’ hes not been ‘eniversally’ re- 
ceived. We shall place it here and refer the reader to 
Poisson, Art. 837, and to the article ‘ Virtual Velocities’ in 
the Penny Cyclopedia, for further information. 

We have first to shew 3 
i tension 


Mt << 
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Let forces B O, N, ., acting at the points A, B, C.. 
maintain a system in equilibrium; let pullies be fixed to the 
system at the points A, B, C,, and let the pullies a, 5, e,. 
be attached to fixed blocks, so that Aa may be the pied tic 

nn 
A0 
) E. 


2 
. 


1 


of the force P, Bb that of O, and so on, Let a string have a 
weight W attached to one end, and be passed round the pully 
N and then round the pullies a and A a sufficient number of 
times to render the sum of the tensions equal to P. Let the 
same string then pass on to the pully b, and be passed round } 
and B a sufficient number of times, until the sum of the ten- 
sions is equal to O. ‘The string is then passed on to e, and 
round cC, and so on; the end of the string is fastened toa 
fixed point M. Thus the system of forces P, Q, I, Boh 
be replaced by a single string, the tension of which is W. We 
here assume that the forces P, O, I, ., are commensurable. 


We proceed now to the proof, in which we follow La- 
grange’s words very closely. tee 
It is evident, in order that the system may remain in eq 
librium, that the weight W must be incapable of desce 
when any indefinitely small displacement whatever is given 
the points of the system; for since the weight always tends t 
descend, if there were any displacement of the system whi 


pining these pullies will thus be diminished by pz, gf, ry, ... 
us, in uence of the inextensibility of che string, the 


weight W would descend through the space pa + g8+ry+... 
Hence, in order that the system of forces J, e 
equilibrium, we must have 


v nr soe =O; 
and therefore, since P= pW, Q = @W,... 
P2+ QS + Ry . . 


This equation is the analytical expression of the principle of 
akan . 

If the quantity Fa + Q8+ Ry+..., instead of being zero, 
were negative, it might appear that this condition would be 
sufficient to ensure equilibrium, since it is impossible that the 
weight could of itself ascend. But we must remember, that 
whatever may be the connexion of the parts of the system, 
the relations which consequently hold between the indefinitely 
small quantities a, G, . .. can only be ex by differen- 
tial equations, and which are therefore l as to these 

uantities ; so that there will be necessarily one or more of 
— which remain indeterminate and may be taken with a 
positive or negative sign; thus the values of these quantities 

will be always such that they can simultaneously change their 
i Hence, it follows that if for a certain displacement 
ofthe « tem, the quantity Pa + Q8 + y+... is ive, it 
would positive by changing the signs of a, B, , 
thus the opposite displacement is equally possible, — 
would make the weight descend and the equilibrium. 


23—2 
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_ Conversely, if the equation lim Liner 
Pa+ QB + Ry +... =0 n 

holds for every possible indefinitely small displacement of 

the „it will remain in equilibrium. For, the wei ght 


remaining unmoved during these displacements, the forces 
which act on the system remain in the same condition, and 
there is no reason r should produce one, rather th 1 
the other, of the two displacements, for which a, 8, , ... ha ve 
different signs. This is the case of a balance which remains 
in equilibrium, because there is no reason why it should in- 
cline to one side rather than the other. * 


Ne 
The principle of virtual velocities being thus proved for 
badge, forces, will also hold when the forees are in- 
commensurable; for we know that any proposition which can 
be proved for commensurable quantities may be extended by a 
reductio ad absurdum to incommensurable quantities. 


7 
* 


4 EXAMPLES, 

oa A cone whose semi-vertical angle is tur, U is enclosed 
in the circumscribing spherical surface ; shew that it will rest 
in any position. : 
2. A heavy uniform rod of length à moves in a vertical 
n A string fastened 


hinge, and is attached to a weight equal to half that of the 
_ rod, which rests on a curve. e length of the string and 


4 


r = da sin' 3%, 
the pully being the origin and the prime radius being vertical. 


4. 3 heroid rests with its smaller end on a hori- 
Is the equilibrium stable or unstable? 


5. A cylinder rests with the centre of its base in 


with the highest point of a fixed sphere, and four times the 

r 
. i 0 in contact to 

t prevent aiding shew that the cylinder may be made to 
through an angle of 90°, but not more, without falling 

off the 

, about one 


6. A small bar of matter is moveable 
en is fixed halfway between two centres 


. ing inversely as the square of the distance; 
— — 29 botwten 


FAA 


EEE . ——V3VHS 
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centres of force, prove that there will be two positions of 
3 for the bar, or four, according as the ratio of the 
absolute intensity of the more powerful force to that of the less 


powerful, is, or is not, greater than ate and distinguish 
between the stable and unstable positions. oh e 


7. Two particles connected by a string support each other 
on the arc of a vertical circle; shew that the centre of ) 
is in the vertical through the centre of the circle. hat 
the nature of the equilibrium ? ui 

AAS rs | 

8. A sphere of radius a, loaded so that the centre of 

gravity may be at a given distance 5 from the centre 

gure, is placed on a rough plane inclined at an angle a to 
the horizon. Shew that 5 will be two positions of equi- 
librium, one stable and the other unstable, in which the 
distances of the point of contact from the centre of gravity 
are respectively, 


4 cb8 A = sin’ a), 7 
and a co a ＋ N= d sin a). 


Hence, find the greatest inelination of the plane which will 
allow the sphere to rest. Is the equilibrium stable or un- 
stable in this limiting case? ora 1 Z 


9. A sphere of radius r rests on a concave sphere of 
radius 2; if the sphere be loaded so that the height of its 
centre of gravity from the point of contact be jr, find I 80 
that the equilibrium may be neutral, Result. IN gr. 

10. A heavy cone rests with the centre of its base on 
the vertex of a fixed paraboloid of revolution; shew that th 
equilibrium will be neutral if the height of the cone be 80 
to twice the latus rectum of the . parabola. 8 
that the equilibrium is really stab vist %% 
* 

11. A heavy particle attached to one extremity of an el 
string is placed upon a smooth curve, the string lying upon 


EXAMPLES. : 359 


curve and its other extremity being fixed to a point in the 
curve ; find the curve when the particle rests in all positions, 
hs Result, A cycloid. 
12. A uniform square board is ble of motion in a 
vertical plane about a hinge at he of its angular points; 
& string attached to one of the nearest angular points, and 
passing over a dy above the hinge at a distance 

m it equal to side of the square, supports a weight 
whose ratio to the weight of the board is 1 to 2. Find the 
positions of . and determine whether they are re- 
spectively stable or unstable. 


13. Two small smooth rings of equal weight slide on a 
fixed elliptical wire of which the major axis is vertical, and 
are connected by a string passing over a smooth peg at the 
upper focus; prove that the rings will rest in whatever posi- 
tion they may be placed. 


14. A small heavy ring slides on a smooth wire in the 
form of a carve whose plane is vertical, and is connected by 
a string g over a fixed pully in the plane of the curve 
with er weight which hangs freely ; find the form of the 
curve that the ring may be in equilibrium in any position, 


Vv 
» Result. A conic section having its focus at the pully. 


15. If an elliptic board be placed, so that its plane is 
Vertical, on two pegs which are in the same horizontal plane, 
there will be equilibrium if these pegs be at the extremities 
4 of conjugate diameters. What are the limits which 
the between the pegs must not exceed or fall short 
of, in order that this position of equilibrium may be possible ? 
Shew that the equilibrium is unstable. 


4 16. 4 solid of revolution, whose centre of gravity coincides 
with the centre of curvature at the vertex, rests on a rough 


horizontal plane. Shew that the equilibrium is stable or un- 
stable according as the value of 8 (7%) — 40, when a and y 
vanish, is positive or negative, 2 and y being co-ordinates of 
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the generating curve, measured along the tangent and normal : 
at the vertex. bes gore 


17. If a plane pass through one extremity A of the base 
of a cylinder and be inclined at an angle of 45° to the a 
the piece so cut off will rest in neutral equilibrium, if 7 
with its circular end on the vertex of a paraboloid whose | 
rectum is five-eighths of the diameter of the base, the point o 
contact being also at this same distance from A. 17 


18. A piece of string is fastened at its extremities to two 
fixed points; determine from mechanical considerations the 
form which must be assumed by the string in order that the 
surface generated by its revolution about the straight line join- 
ing the fixed points may be the greatest possible. 1 
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1. A uniform wire is bent into the form of three sides 
AB, BC, OD of an equilateral polygon; and its centre of 
gravity is at the intersection of 40 and BD, Shew that the 
polygon must be a regular hexagon. 0 


2. Three forces act along three straight lines which may 
be considered as generating lines in the same system of a 
N of one sheet; shew that if the forces admit 
of a single resultant, it must act along another generating 
line of the same system. a 


it 

3. A gate moves freely about a vertical axis, along which 
it also slides; while a point in the plane of the gate, and 
rigidly connected with it, rests on a gives rough inclined 
plane ; find the limiting position of equilibrium, wale 


4. Suppose straight lines to be drawn from one of the 
centres ot the four circles that touch the sides or the sides 
33 of a given triangle to the other three centres, and 
et these straight lines represent three forees in magnitude and 
direction; then the straight line joining the first centre with 
the centre of the circle circumscribing the triangle will re- 
present in magnitude and direction one-fourth of the resultants 


from 
passing through the axis, Also find the 
of a for 1 helix in order that there may 
position of equilibrium of the particle. 


6. uadrilateral figure the following property ; 
Eel poind with tho anguler points of th ntres a 


a 


> 
2 


2 ante 8 1 circum — of a circle ; 
prove that diago of the quadrilateral are at right 
angles to each other, 3 * 


7. A square board is supported in a horizontal i 
by three — strings; if oo of them be prreE ep 
corner, where must the others be attached in order that the 
weight which can be placed on any part of the board without 


overturning it may be the greatest possible ? 


8. A triangular plate han three parallel threads 
attached at the . and does 7 heavy particle. Prove 
that if the threads are of equal strength, a heavier 
. at the centre of gravity than at any other 

0 


Pog ABC is a tri Rady 7,25 Sn ee Os 
sides opposite to A, B. O respectively; P is any point; 
PD, PE, PF are divided in a eset otk B, 

tively: shew by the theory of the centre of gravity that AA, 
BB’, and CO’ meet at a point. 


10. A right cone is cut obliquely and then placed with its 
section —— plane; prove that when the angle of 


the cone is less than sin 4, will be two sections for 
which the equilibrium is neutral, and for intermediate sections 
the cone fall over. 


11. A right cylinder on an elliptic base (the semiaxes of 
which are à and 5) rests with its axis horizontal between two 
smooth inclined planes inclined at right angles to each other; 


* 
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determine the positions of equilibrium, (i) when the ineliha. 
tion of one of the planes is greater than tan” 7 (2) when the 


, aR 


inclination of both planes is less than tan 7 n 


12. A pack of cards is laid on a table; each projeets in 
the direction of the length of the beyond the one below 
it; if each projects as far as possible, prove that the distances 
between the extremities of the successive cards will form an 
harmonic progression. 3 


13. Find the least excentricity of an ellipse in order that 
it may be ewe. of resting in equilibrium on a perfectly 
rough inclined plane. * 

e, = e F 9 0 
1+sina 7 
14. Two mutually repelling particles are placed in a para- 

bolic groove, and connected by a thread which passes through 

a small ring at the focus; shew that if the particles be at rest, 
either their-abscisse are equal, or the two parts of the thread 
form one straight line. ae 


15. Each element of a parabolic are bounded by the vertex 
and the latus rectum is acted on by a force in the normal 
proportional to the distance of the element from the axis ot 
the parabola. Shew that the equation to the straight line 
in which the resultant acts is | pe 


13% + 10 = 264. 


f : vane 
16. Each element of the are of an elliptic quadrant is 
acted on by a force in the normal proportional to the ordinate — 
of that point. Shew that the equation to the straight line 
in which the resultant acts is | aoa 
: 6by — gra + 4a. — 40° = 0. 


17. A smooth body in the form of a sphere is divided into 
hemispheres and placed with the plane of division vertical 
upon a smooth horizontal plane; a string loaded at its ex- 
tremities with two equal weights hangs upon the sphere, 
passing over its highest point and cutting the plane of division 
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he aml find the least weight which will preserve the 
um. 


18. The locus of the centre of gravity of segments of 

camel ape, A in an ellipse 1 ellipse whose 
is 

* 4 al? * ~ 

1 am, where A =~ (6 sin g.. 

19. The foci of a rough prolate spheroid attract directly 
as the distance; if a particle without weight be placed on 
7 spheroid, find within what limits it must be placed so as 

be in equilibrium. Shew that if the coefficient of friction 


be greater than f. Hi) - where v is the excentricity, the 
particle will rest anywhere on the surface. 


20. A circular disc of mass m' and radius ¢ rests in con- 
tact with two equal uniform straight rods AB, AC, which are 
ined at A by a smooth hinge, and which attract each other 
and the disc with a force varying as the distance; also the 
dise * the rods similarly. Shew that there is equili- 


i 


me (2c cos a - a sin a) = ma” sin“ a cos a, 


m is the mass of each rod, a the length of each rod, 
their inclination to each other. 


21. A square picture hangs in a vertical by a string, 
is n 
points symmetrically situated in one side of the frame. Deter- 
eg 
or unsta 

Results, Let “ be the length of the string, ¢ the distance of 
the two points to which the ends of the string are fastened, 
A the length of a side of the square; then if /A be r 
than oV) there is only one position of 1838 
namely, ordinary position, and the equilibrium is stable ; 
if UA be less than oV +A") there are two oblique positions 
of stable equilibrium, besides the ordinary position of equi- 
librium, which is stable with respect to some displacements 
and unstable with respect to other displacements. 


brium 
where 
and 2a 
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22. A flexible thread is placed in a tube of any form and 
is acted on by any forces. The diameter of the tube is equa 
to that of the thread and is infinitesimal. Determ | 
position of equilibrium. | 4 ai ' 

3 11 

23. Two equal ieles are connected by two given 
strings N are placed like a necklace on 
a smooth cone with its axis vertical and vertex upwards; find 


the tensions of the strings. . 


24. A triangle of area A revolves through an angle ꝙ about } 
an axis in its own plane taken parallel to one side; shew that 
the least amount of surface generated is mi od Ome 


U- it v oe 
2(b+e)a * | teal 


4 
where a is the greatest side. 
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